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In connection with the tracing of the origin of the apparent irreversibility exhibited by a class of simple 
mechanical systems, namely all multiply or conditionally periodic Hamilton-Jacobi systems, estimates 
are obtained for the Poincaré recurrence time of such a system in terms of the preassigned limits of error 
of the mechanical recurrence, e. By applying the theory of diophantine approximations, the asymptotic 
fraction of the time a system spends in such recurrences is found exactly. These results allow further 
deductions concerning the fraction of time a given system obeys a strict version of the second law of 
thermodynamics, as well as the existence and order of magnitude of the average Poincaré recurrence time 
of a Gibbsian ensemble of such systems whose degrees of freedom are indistinguishable. 

The relation of the results obtained for this important class of mechanical systems and the resolution 
of the paradoxes of heat theory propounded by Zermelo, Loschmidt, etc., due to Boltzmann and von 
Smoluchowski, is discussed. An especially easily visualized model, the one-dimensional gas of hard spheres, 


is treated, in particular, in some detail. 





I. INTRODUCTION 


ENTRAL in the theory of heat lies the problem of 

reconciling the irreversible phenomenological laws 
governing the transport of properties and matter and 
the reversible laws of mechanics which are simul- 
taneously obeyed by the molecules involved in the 
transport process. In particular the Poincaré cycle 
theorem! has been the starting point for a number of 
paradoxes showing the incompatability of statistical 
mechanics (based on dynamics) and macroscopic ther- 
modynamics on the one hand and the kinetic theory of 
gases on the other.” The resolution of these paradoxes by 


* This research was supported by the U. S. Air Force under 
Contract No. AF18(603)-122 monitored by the Office of Scien- 
tific Research of the Air Research and Development Command. 

t Present address: Bell Telephone Laboratories, Murray Hill, 
New Jersey. 

1 For an excellent review of these matters see S. Chandrasekhar, 
Revs. Modern Phys. 15, 1 (1943). This theorem asserts that for 
a system of material particles under the influence of forces which 
depend only on the spatial coordinates, a given initial state 
(given by a representative point in phase space) must, in general, 
recur, not exactly, but to any desired degree of accuracy, infinitely 
often, provided the system always remains in the finite part of 
the phase space. 

2J. Loschmidt, Wien. Ber. 73, 139 (1876); 75, 67 (1877); 
E. Zermelo, Ann. Physik 57, 485 (1896) ; 59, 793 (1896). 


Boltzmann,® von Smoluchowski,‘ and others have de- 
pended on the recognition that the period of one such 
Poincaré cycle is so very large that the recurrence of an 
initially improbable state is so highly improbable that 
during the times normally available for observation the 
chance of reversal of a spontaneous thermodynamic 
process is exceedingly small. Unfortunately, except foran 
incomplete and very rough estimate of this recurrence 
time for a gas by Boltzmann,'* no completely satis- 
factory demonstration of the emergence of apparent 
irreversibility from a strictly mechanical system has 
been achieved.’ In this connection, a number of 
quasi-mechanical models incorporating certain statis 
tical assumptions, such as the urn and wind-tree 
model,® have been recently investigated.’'® 

The purpose of the present investigation will be to 
elucidate certain details of the reconcilation suggested 

§L. Boltzmann, Ann. Physik 57, 773 (1896) ; 60, 392 (1897). 

*M. von Smoluchowski, Physik. Z. 13, 1069 (1912); 14, 261 
(1913). 

5 This includes von Smoluchowski’s theory of fluctuations in 
molecular concentrations! which has been criticized by M. Kac, 
Am. Math. Monthly 54, 369 (1947). 

®P. and T. Ehrenfest, Physik. Z. 8, 311 (1907). 

7B. Friedmann, Comm. Pure and Appl. Math. 2, 59 (1949). 

8D. ter Haar and C. D. Green, Proc. Phys. Soc. (London) 
A66, 153 (1953); Proc. Cambridge Phil. Soc. 51, 141 (1955); 
Physica 21, 63 (1955). 


Copyright © 1956 by the American Physical Society 


1 





2 HARRY L. FRISCH 


by Boltzmann, von Smoluchowski, etc. for a class of 
simple mechanical systems. In particular this will 
involve finding estimates of the Poincaré recurrence 
time of conditionally or multiply periodic mechanical 
systems derivable froma time-independent Hamiltonian 
function. More to the point, we will describe exactly 
the asymptotic distribution of recurrences up to a 
given time of observation in terms of the preassigned 
limits of error of the mechanical recurrence. For 
simplicity we shall carry out the discussion in terms of 
the least complicated mechanical model system of 
the general type described, namely a one-dimensional 
gas of identical rigid spheres. The ease with which 
details of the statistical behavior of this model can be 
grasped suggest further pedagogical resons for the 
procedure we shall follow below. 


II. VELOCITY DISTRIBUTION OF THE ONE- 
DIMENSIONAL GAS OF RIGID SPHERES 

Consider a one-dimensional gas composed of N—1 
identical perfectly elastic spheres contained between 
two perfectly reflecting (elastic) walls. Without loss 
in generality, we can represent the walls as another 
perfectly elastic sphere and think of all V spheres now 
as being distributed along the circumference of a circle 
of unit radius. Let the mass, (angular) position, and 
(angular) velocity of the spherical gas molecules be 
m, 9;, w;, respectively, with i=1, 2, ---, N. Since the 
molecules must collide head-on and the molecules are 
elastic, we have on collision to satisfy the two conserva- 
tion conditions: 

wit wip1=0;’ +wi41', 
oF ton 2?=wi? +041”, 


where the primed quantities refer to the molecules 
before the collision and the unprimed quantities to the 
molecules after collision. The solution 


a4 ’ eee 
WiF=Wii1l, Wi41 =i, 


shows that the velocities are only permuted among 
the different particles. Furthermore, a collision involv- 
ing more than two particles can always be factored 
into a product of two-particle collisions. Since the 
molecules are indistinguishable, we can think of a 
collision as not only exchanging momentum but also 
the assigned numbers by which the particles had 
originally been distinguished. The particle with a 
given assigned number moves as if it passed clear 
through another particle without collision. 

If u=p(61,---,0n;1,-*+,wnw;t) denotes the density 
in phase space of a Gibbsian ensemble of such systems, 
then the (N-particle) molecular velocity distribution 
(M.V.D.) $(w1,-++,wy; 2) is given by 


$(w1,- ** ON; t) 


=f. fue, : + On; 1,° > * wn; £)d8,- ss “dbx, 
(NY) 


with the normalization condition 


f. : + [600s + WN} t) dw: --dwy=1. 


Let $(a1,:+-,ww; t=0)=¢(w1,--+,ww)=¢ be the initial 
M.V.D. If the particles are indistinguishable, ¢ must be 
a symmetric function of its arguments. Since we have 
shown that collisions in the system only permute the 
w; and since a symmetric function remains invariant 
under the permutation of its arguments, it follows that 
for all times 


$(w1,° °*,QN; t)=$(1,° - * WN). (1) 


Thus our M.V.D. is determined if the initial symmetric 
distribution is given. We can say something about the 
physically unrealistic case where @ is initially not 
symmetric for, by the above argument, ¢ can never 
become symmetric and hence can never represent 
indistinguishable particles. 

An immediate consequence of Eq. (1) is the vanishing 
of the time derivative of the average over phase of any 
time-independent function F of the velocities wj, i.e., 


d(F (w,: ois wn))/dt=0, (2) 
where 


(P)= fo [Plo +-sodu Oy» sow dba da 


= fio fPles- sox) 60s: sox)doy day 


III. DENSITY DISTRIBUTION IN A ONE- 
DIMENSIONAL GAS OF RIGID SPHERES 


While the above system is highly “nonergodic” as 
regards its velocity distribution, it behaves in a manner 
expected insofar as the distribution in the positions of 
the N molecules is concerned; exhibiting the expected 
“diffusion” of molecules from regions of high density 
to regions of low density in molecules. Thus if initially 
the molecules are uniformly distributed everywhere 
except in a circular sector of # radians and the velocities 
are bounded from above, then the probability of finding 
m particles in the sector of @ radians at any later time 
tis given by a Bernoulli distribution {[N !/m !(N—m) !] 
xX p(t)[1— p(t) ]}*-"} with the parameter p(t) depend- 
ent on the time, which can be explicitly obtained by 
induction on N, the total number of particles. For 
large N, this distribution becomes more and more 
peaked and in the limit approaches a Gaussian distribu- 
tion. The latter is centered about the mean (m) which 
incidentally rapidly approaches,® in an oscillating 
fashion, (m)+4.0=(0/2r)N. Thus the sort of diffusion 


E. Teramoto 
4, 411 (1955), 


® This and similar results were also obtained b 
and C. Suzuki, Progr. Theoret. Phys. (Japan) 
whose discussion of these points is quite explicit. 
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of molecules predicted by a Second Law consideration 
actually occurs. 


IV. POINCARE RECURRENCE TIME 


How can one reconcile then this apparent “irrevers- 
ible” behavior with the approximate recurrence of any 
initial state in time according to the theorem of 
Poincaré? To answer this, we will first clarify the 
meaning of such a recurrence and then estimate its 
duration. By a Poincaré recurrence of such a mechanical 
system, we will mean a recurrence of a given initial 
pattern of positions and velocities, the former specified 
to within an error of 27 radians, 0< e<1, independently 
of any permutation in the numbering of the gas 
molecules. The Poincaré recurrence time is then the 
time of the first recurrence of such a pattern, 
t=t(v1,-++,vy;€) where v;=w;/2r are the angular 
frequencies. The remarkable thing is that ¢ depends only 
on the frequencies and e¢. Precise recurrence (i.e., e=0) 
occurs only if the »; are rationally dependent, i.e. 
there exist integers m,--+,my such that > ym »,;=0. 
Otherwise ¢ is the least real number such that, given 
N-+1 arbitrary real numbers »;(i=1,---,N) and .«, 
e>0, the N inequalities 


| tv;—n;| <e (3) 


are simultaneously satisfied for suitable integers n;. 

Before proceeding with the development of Eq. (3), 
we would like to show the almost complete analogy in 
the dynamical behavior between the one-dimensional 
gas of rigid spheres and a multiply periodic mechanical 
system with a time-independent Hamiltonian function. 
Let the generalized coordinates and momenta of the 
latter system be qi,--+,gw and p1,---,pw and the total 
energy E. Making use now of well-known results from 
the Hamilton-Jacobi theory,!° we can introduce action 
and angle variables J1,---,Jy and w1,:--,wy in terms 
of Hamilton’s principal function S and the character- 
istic function W satisfying 


S=-Et+W, 
pi=0S/dq;=9W /Aq:, 


as ow 
0g: 0g: 


v= 270W/dJ = 2x (vit+6;) ; 6;= 0S/dJ ;. 


In terms of these variables, E is a function of the J’s 
alone and 


dE/dJ ;= Vi (4) 


yields the constant angular frequencies y;. A multiply 
periodic system is further, by hypothesis,°" a system 


10H. Goldstein, Classical Mechanics (Addison-Wesley Press, 
Inc., Cambridge, 1950), Chap. 9. 

A thorough discussion of the existence theorems involved 
here is given by M. Born, The Mechanics of the Atom, translated 
by J. W. Fisher (G. Bell and Sons, London, 1927). 


for which the characteristic function W is separable 
in at least one set of canonical variables q;, p;(t=1, 
-++,N). For these systems the recurrence behavior 
is completely determined by the set of frequencies 
v1,°**,¥w Since all coordinates can be represented as a 
Fourier series: 


oe 


u=  » cnper™ inert 
nko 


It can be shown” that the motion of any such system 
is completely specified in any cube of w space of 
length 2x. The locus of the motion of the system in 
this space is a straight line whose direction cosines 
; with the axes stand in the relation 


VuiYore SP YN= Wi: Wei SWh= Vi vets ivy, 


in complete analogy with the behavior of our model 
gas. The Poincaré recurrence time is again given by 
Eq. (3) with the constant frequencies v; [see Eq. (4) ] 
and 2z7e the error in w;. Henceforth, in treating the 
mechanical recurrence properties of this class of systems, 
it suffices to examine the analogous property of a 
one-dimensional gas of rigid spheres. If furthermore 
we specialize to the class of multiply periodic mechanical 
systems whose degrees of freedom are indistinguishable, 
then the analogy is complete and the statistical 
mechanics of this subclass and our model are identical ; 
e.g., Eq. (1) applies. 

Returning now to Eq. (3), the item of greatest 
physical interest concerning ¢ is its behavior as e—0 
for fixed N. In order to deal with dimensionless 
parameters, let »y=maxy,;(i=1,---,N), r=v, t=vf, 
and §;=»;/v; then Eq. (3) becomes 


lféi—ni| <e. (5) 


An upper bound for ¢ is immediately obtained by 
virtue of the following thecrem': N real numbers 
£,---,&y are to be approximated by rational fractions 
with denominator g such that the error 


1 
ghtiin 
If at least one of &; is irrational, then there exist an 
infinite number of systems of N fractions of this type. 


Thus, with given ¢, choose the least g such that e>q'/"; 
then we certainly have [see Eq. (5) ] 


ce, 


which can by a theorem due to Minkowski" be improved 


2 See, e.g., W. Weizel, Lehrbuch der Theoretischen Physik 
(Springer-Verlag, Berlin, 1949), pp. 121-125. 

130. Perron, /rrationale Zahlen (Chelsea Publishing Company, 
New York, 1948), second edition, p. 132 (Th. 54). 

“J. F. Koksma, Diophantische Approximationen (Chelsea 
Publishing Company, New York, 1936), pp. 70-86. 
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The fact that i~rCye-, with 
1+1/N<Cy<[2(N+1) }[N+1]}", 


is suggested by the further result due to Furtwingler'* 
that there exist many sets of V real numbers £1,- - -,é 
such that there exist at most a finite number of fractions 
with common denominator g for which 


| N; 
“Seas 
Si 


q | 
and Cy<[2(N+1) }[N+1}?%. 


t rises very sharply as expected with decreasing e. 
This result still applies if the mechanical system is 
m-fold degenerate (m<.\); i.e., there exist integers 
ji such that }° ;1"j;7;=0. An extension" of a previously 
cited theorem allows us to conclude that i< re~4-™ 

A further question concerns itself with whether there 
exists an average recurrence time for these systems 
where the averaging is carried out over the Gibbsian 
ensemble of systems. Assuming that Eq. (1) holds, we 
can write for the average recurrence time T(e): 


<1/Cyg'tN 


(= f+ flose+-905 06(64-+ yon) dow, 


From Eq. (6), we can conclude that 


| « 


(7); 


po 2r 
= f os f —(w,° ** wn) dw: ‘ -dwy. 
1 


—o 


Te) <| 


Hence for M.V.D.’s for which (7) is finite, T(e) certainly 
exists. It is this time which von Smoluchowski* chooses 
as a scale for the apparent irreversibility of a process. 
Thus, a process appears irreversible (or reversible) 
according as whether the initial state is characterized 
by a long (or short) average time of recurrence compared 
to the times during which the system is under 
observation.} 


V. ASYMPTOTIC DISTRIBUTION OF RECURRENCES 


While the previously given estimates of the Poincaré 
recurrence times support strongly the central intention 
of this paper, they do not by themselves suffice to 
satisfy our curiosity as to the recurrence of an initially 


16 Reference 13, pp. 137-138 (Th. 57) 
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improbable state. The type of question we should like 
to ask is not, given that we start from some arbitrary 
initial state in phase space, what is the average length 
of time before we return to an € neighborhood of, that 
state; but rather, assuming that we perform a large 
number of observations on our system, what fraction of 
the time does the system actually spend in states within 
an ¢ neighborhood of our initial one? 

An answer to the above question is obtained by a 
modification of a theorem due to Weyl'*"®: If to a 
system of whole numbers m,:--,ny (N>1) there 
belong V+1 real numbers, »1,---,vy and y, such that 
(7) 
then there exist an infinite number of such y and 
these form an open interval. Because a;<1, no y can 
belong simultaneously to two different systems 
n,-++,nn. If t denotes any positive number, then there 
exist only a finite number of systems to which belongs 
a y in the interval 0<y<¢, since the n; are bounded. 
Those numbers y in the interval 0<y<¢ for which 
Eq. (7) holds for suitable integers m,---,2y form a 
finite number of open intervals. Their total length is 
henceforth denoted by Ni(n:;a;;¢). If the numbers 
¥1,°**,vn are rationally independent and if t1, to,---, 
denotes any sequence for which 


ni<viy—ni<nitaiy; a<i, 


tht 
lim i; = ©, 
ko 


then 
Ni(nisaijtk) 
lim - = 
ko ty 


(8) 


Qj. 
i=1 


Identifying the ¢,’s with the end points of the observa- 
tion time intervals and choosing 7;=0 and a;=e, then 
applying Eq. (8) we find for the desired fraction F 


N,(0; €5 ty) 
F=lim—— 
k-0 ti, 


(9) 


es 6 


If the error bounds on the w; are different, then Eq. (9) 
becomes 


N 
F= II €i5 0<e <1. 


i=1 


Thus, the larger the number of molecules (degrees of 
freedom) of the gas (system), the smaller is the fraction 
of the time spent near any initial state. 

Consider now some initial state of the system 
specified to within limits of error determined by e¢, Sj. 
As the system evolves in time, it may pass through a 
succession of different states, each, say, specified to 
within the same limits of error as S;. Assuming that a 
suitable system entropy can be defined,’ we can 
classify all successive states to S; according as the 


16 Reference 13, pp. 168-169 (Th. 67). 
17 See, e.g., F. Lurcat, Compt. rend. 242, 1686 (1956). 
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entropy difference with respect to S; is positive, 
zero, or negative. Denote the fraction of all accessible 
states of the system from S; in an arbitrarily large time 
which are characterized by a negative entropy difference 
by 2@(S;,0). Since the principal negative contribu- 
tions come from the vicinity of the recurrent state, 
Eq. (9) suggests that the fraction of the time for which 
the Second Law'® fails for this system is of the order of 
2 (S;,0)-eNCe%. Thus for these systems we can 
conclude in a restricted sense that the larger the 
number of molecules (degrees of freedom), the greater 
can be our belief in the applicability of the laws of 
thermodynamics. 


VI. CONCLUDING REMARKS 


While the Poincaré recurrence time certainly ranks as 
one of the important parameters characterizing the 
temporal unfolding of a mechanical system, it is not 
the only such parameter. Particularly important in the 
description of transport processes are various very much 
shorter relaxation times. Among the latter might be 
classed a time such as the one required on the average 
for the smoothing out of some initial inhomogeneity 
in the density of molecules of, say, our model gas. If L 
denotes the length of the circumference of our circle, 
then this time is of the order of L/(2E/m)}.° A partic- 
ularly challenging question arises if we consider the 
various interrelations between these times, since these 
determine the choice of the best approximate irrevers- 
ible transport theory for the description of the reversible 
mechanical system. In view of the simplicity of this 
model, the study of both exact and approximate trans- 
port theory appears feasible, particularly in view of 
relations such as Eqs. (1) and (2). 

What is very characteristic of both the Poincaré 


18 By the Second Law we mean here the strong statement that 
the (system) entropy of an isolated system (of constant energy) 
never decreases. 


recurrence times and their distributions for the class 
of mechanical systems under consideration is their 
independence of the location in configuration space of 
the recurring initial state. Hence one is little surprised 
to find that these systems are quasi-ergodic.’*” 

One should note that @ satisfying Eq. (1) can 
always be expressed in terms of the elementary sym- 
metric functions o1,-++,on7, where 


m -£ 


all permutations 


W1W2" * "Wi, 


(w1,° ‘ * wy) =y(01,° a on), 


where both ¢ and y obviously satisfy the integral 
equations 


” N 
#(on:-yas)= f+ f Tow) 
— i=l 


Xo(w7’,: “s wy’ day’ « . 


¥(o1,° 7 ox)=f i f Il 5(a;—0;’) 
(N) ve 


XW(o1',+++,0n')doy’++-doy’. 


ss dwy’, 


This relationship is a direct consequence of the fact 
that the vector of the velocities after collision, 
@®=@(w1,:*+,wv), is obtained from the vector of 
velocities before collision, w’='(wi’,---,ww’) by a 
suitable rotation of a sphere of radius (2E/m)! on 
which both w and a’ lie. Since this is also true of 
two-, three-, etc., dimensional gases of rigid spheres, 
we can expect that the analog of the integral equations 
(10) exists for a suitable kernel function K(@,w’). We 
shall not pursue this question further here. 

The author is indebted to Dr. W. Noll of the Depart- 
ment of Mathematics of the University of Southern 
California for many thought-provoking discussions in 
the course of this work. 
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Amplitude Dependence of the Velocity of Second Sound*t 
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(Received June 25, 1956) 


The amplitude dependence of the velocity of second sound in liquid helium was measured as a function of 
temperature between 0.936°K and 2.045°K. The results are in agreement with the theoretical predications 
of Temperley and Khalatnikov. The possibility that amplitude effects are the cause of the discrepancies in 
the various published values of the velocity of second sound is discussed. An explanation is offered for the 
anomalous dependence, observed by Osborne, of the velocity of large amplitude signals on the distance 


between the heater and the bolometer. 





INTRODUCTION 


F all the unusual properties displayed by liquid 

helium below the A point (2.18°K), perhaps the 
most striking is the ability of helium II to conduct heat 
in the form of a wave motion rather than the usual 
diffusion and convection current processes. 

Second sound was first detected in 1944.! Since then, 
measurements of the amplitude-independent velocity of 
second sound have been carried out over a temperature 
range from 2.18°K down to about 0.01°K.?-* However, 
the only experimental investigation of the amplitude 
dependence of the velocity of second sound was a 
qualitative one made by Osborne in 1951.'° 

The amplitude-independent velocity measurements 
give a method of checking the two-fluid hydrodynamical 
equations for helium II up to terms linear in 2, and 2,, 
where v, and », are the normal fluid and superfluid 
velocities, respectively. Thus, there is now general 
agreement on the first order hydrodynamical equations 
for helium II. However, as has been pointed out,!!:!? 
there is no such agreement on the terms quadratic in 0, 
and »,. When these terms are considered in the deriva- 
tion of the velocity of second sound, an amplitude- 
dependent velocity results. The amplitude dependence 
of the velocity of second sound has been derived by 
Temperley® and Khalatnikov. It is the purpose of 


* This project has been supported by contracts with the Office 
of Ordnance Research, U. S. Army. 

t Based on a thesis submitted by Alexander J. Dessler in partial 
fulfillment of the requirement for the Ph.D. degree at Duke 
University. 

} Present address: Missile Systems Division, Lockheed Air- 
craft Corporation, Palo Alto, California. 

1V. Peshkov, J. Phys. U.S.S.R. 8, 381 (1944). 

? Lane, Fairbank, and Fairbank, Phys. Rev. 71, 600 (1947). 

3D. V. Osborne, Nature 162, 213 (1948). 

‘R. D. Maurer and M. A. Herlin, Phys. Rev. 76, 948 (1949). 

5 J. R. Pellam, Phys. Rey. 75, 1183 (1949). 

6 J. R. Pellam and S. B. Scott, Phys. Rev. 76, 869 (1949). 

7K. R. Atkins and D. V. Osborne, Phil. Mag. 41, 1078 (1950). 

8 V. Peshkov, J. Exptl. Theoret. Phys. (U.S.S.R.) 18, 867, 951 
(1948) ; 19, 270 (1949) ; 23, 687 (1952). 

® deKlerk, Hudson, and Pellam, Phys. Rev. 93, 28 (1954). 
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13H. N. V. Temperley, Proc. Phys. Soc. (London) A64, 105 
(1951). 
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this experiment to check their theoretical predictions 
experimentally. 

Temperley’s and Khalatnikov’s results may be pre- 
sented in the form of a dimensionless coefficient 
T2= (Co—C20)/0n, Where Coo is the zero amplitude value 
for the velocity of second sound, cz is the velocity at a 
point on the profile of a second sound signal, and 2, is 
the normal fluid velocity at that point. 

Temperley obtained the expression r2=2—(p/p,), 
where p= total fluid density and p,=superfluid density. 
Temperley deliberately omitted the term due to the 
change in C29 with temperature [ (0c20/8T) AT, where AT 
temperature above the ambient of a point on the profile 
of a second sound signal] because he felt the term 
2—(p/p.) was much more important. However, for the 
sake of completeness, the term due to (0¢20/dT)AT is 
added to Temperley’s result. Thus, indicating Tem- 
perley’s r2 by ror, we have 


p ST 3d 
Ter = 2-—-—_+—_ <a: Inco, 
Ds oT 


sa 6 OC20 
savaumianace’e ins }oe= aT, 
Cor oT 


S=entropy and C=specific heat. 
For 72, Khalatnikov gives 


Ce a 8 
= — in( cot), 
C or : é 


where rex refers to Khalatnikov’s expression for 72. 
Temperley assumed for the entropy, S=S,(p,/p), an 

expression experimentally valid above 1.4°K and a 

good approximation above 1.0°K. When this expression 

for S is substituted into Khalatnikov’s equation for 72, 

Tox reduces to rer. Below 1.4°K 72x and rer slowly 

p ST O 

at 1.4°K, 2—-—=—- —In 

237 (1951). See also J. Exptl. Theoret. Phys. (U.S.S.R.) 23, 253 

(1952). 


diverge. For example, 
& 
(cot) =0.90 ; 
Ds e 
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Fic. 1. Graphs of the terms contributing to the amplitude 
dependence of the velocity of second sound. Curve A: The zero 
amplitude velocity of second sound vs temperature. Curve B: The 
change in velocity of a signal of temperature amplitude AT, due 
to the variation of the velocity of second sound with temperature 
vs temperature. Curve C: The net normal fluid and superfluid 
stream velocity per unit normal fluid velocity in a second sound 
signal vs temperature. Curve D: rz—sum of Curve B and Curve C 
with Curve B divided by normal fluid velocity. 


p 
at 1.0°K, 2——-=0.993, 
Ps 
ST 9 Cc 
while —- — in( cor) =0.96; 
GC FT i § 


p are Cc 2 
at 0°K, 2——=1.0, while —- — in( cx) =-, 
C 8f 3 


Ps T 


T2 is physically composed of two terms. The signifi- 
cance of these two terms may be seen with the aid of 
Fig. 1. Consider a large rectangular second sound pulse 
(the carrier pulse) with a short one (the mark pulse) 
riding on top (e.g., Fig. 2). The two amplitude-de- 
pendent terms which will affect the velocity of the mark 
pulse arise as follows: 

(1) The mark pulse will be traveling in liquid helium 
which will be slightly warmer than the ambient bath 
temperature owing to the temperature of the carrier 
pulse. Since the velocity of second sound is a function 
of temperature (Curve A, Fig. 1), the mark pulse will 
move either faster or slower than the carrier pulse 
depending on whether (0c20/9T)AT is positive or nega- 
tive (Curve B, Fig. 1). 

(2) The mark pulse will be traveling in a current or 
stream of normal fluid and superfluid due to the relative 
motion of these two fluids in the carrier pulse. The 
mark pulse will be carried along by the resultant of 
these two opposing velocities. 

From the second sound relationship of zero mo- 
mentum transfer p,Un+p,0,=0, we see that when pa<p, 
(ie., below 1.93°K), |v,|> |»,|. Therefore, below 
1.93°K the mark pulse will be carried along by a net 


Fic. 2. Photograph of oscilloscope screen showing received 
second sound signal with the mark pulse riding on top of the 
carrier pulse. The oscilloscope sweep was started simultaneously 
with the transmission of the second sound signal. In an actual 
measurement of re, the mark pulse was made very much smaller 
than shown in this photograph. 


stream velocity (v,+2,) which is in the direction of 
propagation of the second sound signal. Above 1.93°K, 
where |v,|> |v,|, the net stream velocity will be 
opposite to the direction of propagation and the mark 
pulse will be retarded. 

The term caused by this effect is sketched in Curve C, 
Fig. 1. The theoretical velocity change (in the tem- 
perature region above 1.4°K) due to the net stream 
velocity, may be obtained from rer by multiplying 
2—(p/p.) by . Thus Ace=[2—(p/p,)0n ]=n+?,. 
Therefore, we obtain the result that the change in 
the velocity due to this effect is equal to the net stream 
velocity of the normal and superfluid components. 

Tz given in Curve D, Fig. 1 is then simply the sum 
of Curves B and C with Curve B divided by 2,. 


EXPERIMENTAL DETAILS 


The amplitude dependence of the velocity of second 
sound was measured by means of a pulse technique. In 
the pulse method used, the time of flight of a small 
second sound pulse was measured over a known dis- 
tance. Then this small pulse (the mark pulse) was 
superimposed near the middle of a pulse of relatively 
long duration (the carrier pulse), Figs. 2 and 3. The 
variation of the velocity of second sound with amplitude 
was measured by noting the change in the time of 
flight of the mark pulse across the known distance when 
the carrier pulse of measured amplitude was on and 
then off. 

In order to insure that no error arose from tempera- 
ture fluctuations of the bath, an electronic temperature 
control!® was used above 1.5°K. When the temperature 
control was not used, a set of measurements was 
completed in about ten seconds—a time short compared 
to any significant temperature variations of the bath. 

Figure 4 shows a simplified block diagram of the 
second sound apparatus. The blocking oscillator in the 
upper left-hand corner of the diagram is the master 
trigger for the entire apparatus. The blocking oscillator 


16 W. S. Boyle and J. B. Brown, Rev. Sci. Instr. 25, 359 (1954). 
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Fic. 3. Photograph of oscilloscope screen showing the change in 
the time of flight of the mark pulse when transmitted on top of 
the carrier pulse (upper trace). Full length of sweep represents 
100 ysec. The leading and trailing edges of the carrier pulse are 
not visible because the oscilloscope sweep was started after the 
arrival of the leading edge and completed before the arrival of 
the trailing edge of the carrier pulse at the bolometer. 


initiates a second sound pulse approximately once every 
second when free-running. The blocking oscillator could 
also be manually keyed for single-pulse operation. This 
low repetition rate caused very little heat, due to 
transmission of second sound, to be introduced into the 
cryogenic apparatus. 

The oscilloscope sweep delay and the mark pulse 
were started simultaneously. Thus, the time of flight 
of the mark pulse was read directly from the accurately 
calibrated Tektronix 535 oscilloscope without making 
any correction for the delay between the start of the 
carrier pulse and the start of the mark pulse. The 
oscilloscope sweep delay was accurately calibrated and 
continuously variable. When recording the change in 
time of flight of the mark pulse, the sweep delay was 
set so that the oscilloscope did not sweep until the mark 
pulse had almost arrived at the bolometer. Then, the 
oscilloscope trace was swept quickly across the oscillo- 
scope screen. This fast sweep magnified the shift in 
position of the mark pulse on the screen. For example, 
at a representative setting, the sweep would be delayed 
for about 5000 microseconds. Then, the oscilloscope 
trace would be swept across the 10-cm screen in 100 or 
200 microseconds. 

The transmitter output was fed into a heater made 
of aluminum film evaporated on plate glass. Lines were 
scratched through the aluminum film to increase the 
electrical resistance. 

Because of the desirability of rapid thermal rise time 
and constant resistance in the liquid helium temperature 
range, the aluminum-film heater was used in preference 
to either the carbon-film heater® or the heater wound 
with fine resistance wire.’ 

. The carbon film heater while having a relatively 
rapid thermal rise-time, has the distinct disadvantage 
of having a strongly temperature-dependent resistance."® 


16H. A. Fairbank and C. T. Lane, Rev. Sci. Instr. 18, 525 
(1947). 
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Because of the Kapitza film,!’ the temperature at the 
surface of the second sound transmitter is of the order 
of magnitude 1°K above the ambient temperature while 
a signal is being transmitted. Thus, in order to know 
the power input into a carbon-film heater, it would be 
necessary to measure both the voltage and the current 
during the output pulse. 

The wire sound heater has a resistance virtually in- 
dependent of temperature if wound of wire such as 
constantan or manganin. This heater, however, was 
found to have a much slower thermal rise time than 
the aluminum-film heater. The slower rise time made 
it more difficult to pick a unique time for the arrival 
of the mark pulse. 

The heater and the bolometer resistor were supported 
at opposite ends of a cylindrical Lucite tube. Besides 
providing an accurate heater-bolometer spacing, the 
tube directed the flow of second sound so that the wave 
motion up the tube approximated a plane wave. The 
sensitive part of the bolometer resistor was a small strip 
centered on the axis of the tube. Thus, only the central 
portion of the second sound signal was detected. Any 
edge effects due to attenuation or distortion of the 
second sound signal by the plastic tube were thereby 
avoided. 

Two tubes cut from Lucite were used for this experi- 
ment. Corrections due to the contraction of the Lucite 
when cooled to liquid helium temperatures'*:!* were 
made for the change in length and cross-sectional area 
of the tubes. One tube was 10.00 cm long and the other 
was 5.00 cm long when cooled to liquid helium tem- 
peratures. The cross-sectional area of both tubes was 
9.27 cm? at the temperature of liquid helium. 

The temperature of the liquid helium was determined 
from the pressure of the saturated vapor in equilibrium 
with the liquid. The conversion between vapor pressure 
and temperature was made using “the agreed scale of 
1948,” 


RESULTS 


The experimental points for rz are shown in Fig. 5. 
The solid line represents 


S70 of 
T2K =>=—— —(«'-), 
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as given by Khalatnikov. As discussed above, this curve 
is essentially the same in the region above 1°K as that 
predicted by Temperley. 

In plotting Khalatnikov’s expression for 72, it was 
found that the curve was very sensitive to the values 
used for the velocity of second sound. The various 


17P. L. Kapitza, J. Phys. U.S.S.R. 4, 181 (1941). 
18 H. L. Laquer and E. L. Head, Proceedings of the Schenectady 
Cryogenics Conference, October 6-7, 1952 (unpublished), Z 176. 


9 Giauque, Geballe, Lyon, and Fritz, Rev. Sci. Instr. 169 
52 


(1952). 
® H. Van Dijk and D. Shoenberg, Nature 164, 151 (1949). 





AMPLITUDE DEPENDENCE 


published values for the velocity of second sound!:?~*.?! 
differ by about 1%. Not only do the magnitudes differ, 
but the derivative of the velocities with respect to 
temperature are in much wider disagreement. Some 
sources give a positive value for dc2o/dT, while other 
sources give a negative value for the derivative at the 
same temperature. Thus, the theoretical curve may fall 
within wide limits. For example, different values for the 
velocity of second sound give a lower crossover tem- 
perature for rz which ranged from 0.86°K to almost 1°K. 
Various published values for the velocity of second 
sound?+.>.8.9.21 were averaged together for the calcula- 
tion of the theoretical curve below about 1.8°K. 

The various measurements of the velocity of second 
sound are in good agreement in the temperature region 
where 72 is small (near 1.87°K), and they diverge in the 
regions where 72 is large. The standing-wave technique, 
which claims the highest accuracy for the velocity 
measurements, is probably the most seriously affected 
by any amplitude-velocity dependence. Because of 
resonance, the heat current density near the center of a 
standing second sound wave may be of the order of a 
hundred times greater than that measured at the heater 
input.” Thus, it is probable that amplitude effects are 
the cause of the discrepancies in the velocity measure- 
ments in the regions where 7: is large. 

For the temperature region above 1.4°K, it was found 
possible to calculate values for the theoretical curve 
without using any data for the velocity of second sound. 
By assuming that the density of the normal fluid and the 
total entropy are proportional and that p»=p(7T/T))’, 
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Fic. 4. Simplified block diagram of apparatus for measuring 
the amplitude dependence of the velocity of second sound. 
Blocking oscillator initiates the carrier pulse and, after a delay, 
the mark pulse. The oscilloscope sweep delay and the mark pulse 
are started simultaneously so that the time of flight of the mark 
pulse is given directly by the oscilloscope. By means of switch S, 
the mark pulse may be transmitted either alone or on top of the 
carrier pulse. 


21V. Peshkov, J. Phys. U.S.S.R. 10, 389 (1946). 
22 J, R. Pellam and W. B. Hanson, Phys. Rev. 85, 216 (1952). 

















Fic. 5. Experimental points for r2= (¢z—C20)/0,, where C29 is the 
zero amplitude value for the velocity of second sound, ¢2 is the 
velocity at a point on the profile of a second sound signal, 2, is 
the normal fluid velocity at that point. The solid line represents 
t2= (ST/C)(0/0T)[¢208(C/T) ] as given by Khalatnikov," where S 
is the entropy, 7 is the absolute temperature, and C is the specific 
heat. Temperley’s result" is essentially identical with this curve 
above 1°K. 


where p=total density of liquid helium, p,=normal 
fluid density and r=5.4, it is possible to put the 
expression for 72 in a form which is a function only of the 
temperature 72= 2.59— (3/2)[1—(T/7))°4]}7. The two 
foregoing assumptions have been experimentally veri- 
fied”3.?4 between 1.4°K and the A point. There is, how- 
ever, an uncertainty in the value of the exponent r of 
about +0.1. However, calculations show that an error 
in the value of r of 0.1 will cause the magnitude of r2 at 
2°K to be in error by 0.1, diminishing to an error of 
about 0.01 at 1.4°K. Another possible source of error 
in plotting the theoretical expression for rz comes from 
the values used for the specific heat.24* These values 
have a probable error of about +5%. 

The two methods for evaluating the theoretical 
expression for rz: gave practically identical results 
between 1.4°K and 1.8°K. Above 1.8°K the latter 
method was considered the most reliable. 

The theoretical expressions for 72 were derived under 
the assumption that W=v,—», is small compared to C20. 
Therefore, it was necessary to observe this criterion in 
the course of the experiment in order that the measure- 
ments be a fair check of the theories. Using the second 
sound relationship UnPntUsps=0, it may be shown that 
W =(H/pST)(1+p,/p,). The values of H used in the 
measurements were kept small enough so that W was 
of the order of 1% of c20. 

The amplitude of the mark pulse should ideally 
approach zero in order that the time of flight of the 
mark pulse should depend solely on the temperature 
and the amplitude of the carrier pulse. Two methods 
were used in the experiment to attain the approximation 
of a mark pulse of zero amplitude: 


23 deKlerk, Hudson, and Pellam, Phys. Rev. 89, 662 (1953). 
* Kramers, Wasscher, and Gorter, Physica 18, 329 (1952). 
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TABLE I. Values for r2= (¢c2—Ce0)/, and I'2= (¢2—C20)/ from H 
the smoothed experimental curves. ¢20 is the zero amplitude value 
for the velocity of second sound, ¢2 is the velocity at a point on the 
profile of a second sound signal, v, is the normal fluid velocity at 
that point, and H is the heat current density at that point. The 
estimated error for these values of rz and I’; is +10%. 
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(1) Mark pulses of various amplitudes were trans- 
mitted and the times of flight were extrapolated to zero 
amplitude. 

(2) For the carrier pulse amplitudes used, the 
velocity of second sound was found to be a linear func- 
tion of the amplitude. Therefore, the mark pulse ampli- 
tude when transmitted alone was set equal to its 
amplitude when transmitted on top of the carrier pulse. 
Thus, the effect of the amplitude of the mark pulse on 
the change in its time of flight was essentially canceled. 
Of course, this method yielded absolute values for the 
times of flight of the mark pulse which were slightly in 
error. However, the mark pulse amplitudes used were 
so small as to give an error of less than 0.1% in the 
time of flight. 

Table I gives values for 72 taken from a smoothed 
experimental curve. Table I also lists smoothed experi- 
mental values for I'2, where I'2=(c2—¢2)/H = 120,/H. 
The estimated error for the values of rz and TY, is 
approximately +10%. 

Osborne has made qualitative measurements! of 72 
which are in agreement with the general shape of the 
curve obtained in this experiment. Osborne’s measure- 
ments were made by observing the shape of received 
second sound pulses. A received pulse with a steep 
leading edge and an elongated trailing edge indicated 
that re is positive. At the temperatures, where 72 is 
negative, a received pulse has an elongated leading 
edge and a steepened trailing edge. 


DESSLER AND W. M. FAIRBANK 


At temperatures around 2°K, Osborne observed an 
anomalous effect. For large-amplitude pulses and a short 
distance between heater and bolometer, the received 
pulse had a steepened leading edge and an elongated 
trailing edge, indicating a positive value for rz. How- 
ever, when the distance between the heater and 
bolometer was increased, the shape of the received 
pulse changed so as to indicate a negative value for 72. 
As a specific example, Osborne gives H = 3.5 watts/cm?, 
T=2.12°K, r2>0 when d (distance between heater and 
bolometer) <5 cm, 72<0 when d>5 cm. 

This anomaly is probably explained on the basis of 
sufficient local heating at the surface of the wire-wound 
second sound heater to raise the temperature of the 
liquid at the surface of the wire above the \ point. The 
effect of heating the liquid above the \ point would be 
to produce a second sound pulse with a very sharp rise 
and a long trailing edge since heat in the nonsuperfluid 
region would be conducted to the helium IT by normal 
thermal conduction processes. If the bolometer is suffi- 
ciently close to the heater, the received pulse will have 
the shape of the transmitted pulse since the second 
order effects would not have enough time to change the 
shape of the pulse. 

An effect similar to that described above was ob- 
served by us when the second sound heater consisted 
of a wire wound element. No such anomaly was ob- 
served when excessive local heating was avoided by 
use of the aluminum film heater. 


CONCLUSION 


Within the experimental errors inherent in this experi- 
ment and the uncertainties in the evaluation of the 
theoretical curve, the experimental results are in agree- 
ment with the theories of Temperley and Khalatnikov. 
Since the theoretical expressions for rz were derived by 
solving the two-fluid hydrodynamical equations of 
motion for helium II to terms of second order, it may 
be concluded that within experimental error, the second 
order terms in the hydrodynamical equations used by 
Khalatnikov and Temperley have been verified between 
approximately 1°K and 2°K. 

The second sound velocity was found to be a linear 
function of the heat current density, H, up to the 
highest values used (H=1.6 watts/cm?). No evidence 
of any higher order terms was detected. 
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In view of the paucity of experimental tests for the general theory of relativity, it is desirable to consider 
the uses to which a satellite vehicle could be put. The advance of the perigee is calculated similarly to 
the perihelion advance of mercury; it amounts to only 15 seconds of arc per year. However, the effect on a 
satellite clock is large and could be measured. With respect to an earth clock it is calculated to be a “red 
shift” for low-altitude orbits, zero shift for an orbit at one-half the earth’s radius, and a “‘violet shift” for 


higher altitudes, where it approaches 7X 10-™. 


Some experimental schemes for the measurement of the clock shift are discussed; a counting technique 
seems to be best suited‘since it is capable of higher ultimate accuracy and avoids signaling problems during 
intercomparison arising from the motion of the satellite. 





INTRODUCTION 


NE of the important tasks of observational 

astronomy is the verification of predictions of 
physical theories. The theory of general relativity, 
because of its very nature, can at the present time 
only be verified by certain astronomical measurements, 
the most important of these being (i) the advance of 
the perihelion of the planet Mercury, (ii) the gravita- 
tional deflection of light rays, and (iii) the gravitational 
displacement of spectral lines. These are the tests 
which apply to Einstein’s theory of local gravitation. 
The consequences of the theory of general relativity to 
cosmology would lead into a completely different range 
of observations, into which we will not enter here. It is 
important, however, to point out that the observational 
discovery of the extragalactic red shifts which has led 
to a consideration of nonstatic world models is a 
Doppler red shift giving evidence of radial velocities, 
and is not related to the red shift with which we will 
be concerned in the main body of this paper. 

‘The perihelion and light deflection effects of general 
relativity are not entirely crucial tests; G. J. Whitrow 
in particular has called attention to the fact that other 
theories lead to the same results, for example, White- 
head’s theory, which differs from Einstein’s in major 
respects. Unfortunately, however, the tests which 
Einstein’s theory has received so far are not all com- 
pletely convincing. We will therefore first review the 
present status of the verification of the three tests. 

A planet may be considered a free particle and there- 
fore describes a space-time trajectory given by the 
equation for a geodesic. If one solves this equation 
using the Schwarzschild line element, one arrives at a 
force law which differs from the inverse square law by a 
small term. It is well known that this will lead to a 
nonreentrant orbit and therefore to a rotation of the 
line of apsides of the ellipse. The fraction of a revolution 
through which the perihelion rotates per revolution 


* Presented at the Tenth Anniversary Meeting of the Upper 
Atmosphere Rocket Research Panel, Ann Arbor, Michigan 
(January, 1956). 
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can be derived; it is largest for the planet Mercury and 
amounts to 43.03+0.93 seconds of arc per century. The 
observations of the planet are extremely difficult; 
in addition, its orbit is subject to many perturbations 
by other planets, and to other classical effects. Clemence 
has summarized the current status and gives the ob- 
served perihelion advance as 5599.74 seconds per 
century ; of this amount 42.56-++0.94 cannot be ascribed 
to classical effects. 

We have calculated the advance of perigee of a 
satellite in an orbit in the earth’s gravitational field 
near the earth.? While it is of the order of 30 times 
greater than the Mercury perihelion advance (see 
Appendix II), it would be difficult to eliminate the 
various classical effects which enter. The main effect is 
caused by the nonspherical shape of the earth.? In 
addition there are many extraneous effects producing 
minute perturbations of the satellite’s orbit. It is con- 
ceivable, however, that means may be found for 
measuring the general relativistic effect on the satellite 
orbit, although this seems very unlikely for a minimum 
satellite close to the earth. 

The second effect, the deflection of light rays, should 
lead to a bending near the limb of the sun of 1.75 
seconds of arc as calculated by Einstein, compared to 
half that amount as calculated by the Newtonian theory 
of gravitation. The observations of the deflection seems 
to indicate somewhat higher values although a recent 
observation by Van Biesbroeck gives a value which 
agrees with Einstein’s figure. It is considered that the 
verification is not yet fully made. 

The theory of relativity gives a gravitational displace- 
ment of spectral lines by the amount A\/A=GM/rc’. 
This is perhaps not such a crucial test ; the gravitational 
red shift is also derived if one assumes that the photon 
has mass according to the relation m=h/Ac?; and also 
V=—GM/r, the ordinary Newtonian gravitational 

1G. M. Clemence, Revs. Modern Phys. 19, 361 (1947). 

? See also L. LaPaz, Publs. Astron. Soc. Pacific 66, 13 (1954); 
J. J. Gilvarry, Phys. Rev. 89, 1046 (1953). 


5 Indeed the observed perigee motion may be used to determine 
the figure of the earth. 
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potential. The reddening of spectral lines can then be 
viewed as the loss of energy by the photons as they 
leave the region of high gravitational potential. For 
the sun the shift would be 2.12 10~*. Observationally, 
however, the predicted value is observed only at the 
extreme limb of the sun while the value over most of the 
disk, in contradiction to the theory, is considerably 
less.t It may be, as has been suggested by St. John, 
that the red shift is masked by violet shifts due to 
upward radial currents of extremely high velocities. 
The red shift is also too small for the white dwarf 
Sirius B. The result there hinges on our knowledge of 
its radius. Recent data of Kuiper indicate that this 
radius may be less than 1% of the sun’s radius; the 
observed red shift is then too small by about a factor 3.4 


SATELLITE TESTS 


All of these considerations speak very strongly for 
additional tests of the general theory of relativity. An 
artificial satellite provides the possibility for a test of 
the gravitational red shift. Before discussing the experi- 
ment, we must first of all derive the shift experienced 
by a clock located in the satellite, relative to a clock 
located on the earth’s surface. Details of this derivation 
are given in Appendix I. The result is as follows: 


teat — dtearth 1.5 
A=—— “~ix10-"( = 1). 
dlearih 1 +h /Re 


It might be thought off-hand that since the satellite 
is freely falling and therefore forms an inertial system, 
no red shift will be experienced by its clock, which 

40. Struve, Sky and Telescope 13, 225 (1954). See also C. E. 


Moore, in The Sun, edited by G. P. Kuiper (University of Chicago, 
Chicago, 1953), p. 186. 
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would therefore run at a faster rate (or be more violet) 
than an earth clock. Contrary to this expectation, the 
satellite clock runs slower than the earth clock until the 
satellite altitude 4 reaches the value }Rz. Beyond this, 
the satellite clock should run faster than the earth 
clock. It should be noted that the effects are quite large 
and therefore conceivably subject to observation. 





EXPERIMENTAL SCHEME FOR TIME SHIFT 
MEASUREMENTS 


The method used in astronomy employs simultaneous 
comparison of two spectral lines. We cannot use this 
method here because it has limited accuracy and because 
the effect here is much smaller. Instead we employ a 
digital or counting method which is capable of much 
greater accuracy since long integration times can be 
used; this demands that the clock have a frequency in 
the radio region and not in the optical region. The 
digital method eliminates also the problem of the 
Doppler effects of the signals used to exchange the 
information. Instead, we will consider that the satellite 
clock has associated with it a scaler which counts its 
ticks. After a certain predetermined number of ticks 
have accumulated, the scaler sends a short signal 
to the ground. If the accumulation time or running time 
of the clock is very long, then the detailed means of 
comparison between the satellite scaler and the ground 
become quite unimportant. 

In order to achieve a high degree of frequency sta- 
bility, it is probably necessary to use an atomic clock. 
Such clocks have been constructed based on the absorp- 
tion of ammonia, with a stability of 1 part in 10%5 
Atomic beams would be even more stable; they can 


5H. Lyons, Ann. N. Y. Acad. Sci. 55, 831 (1952). 
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give even higher Q’s since they are not subject to 
collision and Doppler broadening. Cesium and thallium 
clocks® are said to be capable of accuracies of better 
than 1 part in 10”. 

Whatever technique is employed, the problem is one 
of distinguishing a random error from the systematic 
relativistic drift. If the errors are truly random, then it 
is only a matter of time before the real drift can be 
seen above the noise. For the sake of illustration, con- 
sider the cesium line which has a frequency of 9192.632 
Mc/sec or ~10" cps, with an error of 1 part in 10°, ie., 
+10 cps. The relativistic drift is to be measured to ~1 
cps. After 10* seconds of running time, the drift is 10 000 
cycles, while the standard error, which increases as the 
square root of time, is +1000. If the atomic clock is 
frequency-divided down to a 10-Mc oscillator whose 
pulses are then scaled (see Fig. 1), our count will be 
out by 10 pulses because of the relativistic drift. In 
order to transmit this information accurately, we must 
use a 10~7-sec pulse. The problem becomes much easier 
if we are willing to wait 10° seconds or even longer; we 
then have 1 usec or longer to transmit the timing in- 
terval impulse.f 
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APPENDIX I. RELATIVISTIC EFFECTS 
OF SATELLITE CLOCKS 
We will treat this problem by considering an observer 
far away from the earth viewing two physically identical 
clocks, one located on the earth’s surface, the other in 
the satellite. 
The element for interval in covariant form is 


ds? = gydt"de”. (1) 


For our observer far from the earth, gaz=1, and ds 
=dlobs, i.€., the proper time interval ds of the clock 
at his location is exactly equal to his coordinate time 
interval dt. We now wish to calculate the relation 
between ds and dfsat, as well as ds and dtg. 

To do this we use the expression for ds of the Schwarz- 


6 J. Zacharias (private communication). 
+ The uncertainty in the determination of the satellite’s position 
corresponds to a timing error of 10-*—10™ sec. 


schild line element (see Appendix II), and obtain 
ds\? 1 dr\? dé\? 
(Feat) 
dt 1—2m/r\ dt dt 
dp\? 2m 
+1 sinto(—) +=] (2) 
dt r 


as the relation between proper time (measured by a 
clock on, e.g., the satellite) and the coordinate time dt. 
We now assume a circular orbit for the satellite, with 
r=Rz+h, and located in the 6=2/2 plane, so that 
sind= 1 and dé?/d?=0; then 


ds \? do\? 2m 
—) =1|- (Retiy(—) --——. (3) 
tant dt Reth 


For the earth clock at sea level, r= Rz, and 
(ds/dtz)?=1—2m/Re. (4) 
Therefore 
(dtsat/dtz)?= (1 - 2m/Rz) 
X[1—(Reth)?(dp/dt)?—2m/(Reth)}". (5) 
Now since GMgm/r?=mv/r=me*r, we have rw* 
=GMz/r; hence (Re+h)*(d¢/dt)?=m/(Ret+h). Equa- 
tion (5) now becomes 
(dtsat/dtz)?= (1—2m/Re)[1—3m/(Reth)}. (6) 
We can write approximately 
dtyat/dtg= (1—m/Re)[1—3m/(Reth) +. (7) 
We can now define 
A= (dltsat—dtz)/dtg= (dtsat/dtz)—1. 
Then from Eq. (7) 


A=m{(1.5/(Re+h) ]—1/Re}[1—1.5m/(Ret+h) }? 
~m{[1.5/(Re+h)]—1/Rr}. (8) 


Numerically, 


A=5.98X 10?" g- (6.37 108 cm)! 
X (1.35 10°8)"[1.5(1+h/Re)—1] 
~7X10-"1.5(1+-h4/Rz)-!—1]. 


It is plotted as a function of #/Rz in Fig. 2. We see that 
A=+3.5X10-" for a satellite in an orbit near sea 
level; A=O when 4=}Rz. For higher altitudes, A is 
negative and it can become as large as —7X10~. In 
other words: with respect to the earth clock the 
satellite ticks more slowly for low-altitude orbits, at 
the same rate when the orbit altitude is one-half the 
earth’s radius (h=3135km, about 2000 miles), and 
faster at higher altitudes. This result is seen to be 
identical to the one obtained from the usual gravita- 
tional red-shift, to which is added the relativistic 
(second-order) Doppler shift. 
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Fic. 2. Satellite clock shift vs satellite altitude. 


The calculation for a highly elliptical orbit follows 
the general scheme above but is somewhat more com- 
plicated since dp/dt and r are no longer constant. 
A qualitative picture can show the advantages of a 
highly elongated elliptical orbit : 


(1) Since it spends very little of its time in the 
vicinity of the earth, it will show a large “violet” shift. 

(2) Only a small amount of additional velocity 
applied at a low altitude can produce such an orbit. 

(3) The satellite returns to a sufficiently low perigee 
altitude to make data transfer easy. 


APPENDIX II. RATE OF ROTATION OF THE LINE 
OF APSIDES OF A MINIMUM SATELLITE 


The motion of a free particle, such as a satellite, will 
in accordance with the theory of relativity be given 
by the geodesic 

dt? 


ds? 


(1) 


ao )d& de 
ee 
ds ds 


py 


Considering the earth to be a mass point, we can 
{ 


evaluate the Christoffel three-index be using the ex- 
pression for the line element given by Schwarzschild: 
ds*= — dr? (1—2m/r)— rd? 

—r sin*d¢?+(1—2m/r)dP. (2) 


In considering effects over a very small region, the 
term involving the cosmological constant (—}Ar°d?) 
can be omitted. Note also that in free space, i.e., for 
m/r=0, Eq. (2) reduces to the usual expression from 
special relativity. Evaluating Eq. (1) and choosing 
6=72/2, leads to 

#(1/r) 


d¢* 


3m 


7, (3) 


1 m 
+-=— 

,F. # 
where m=GM gz, h=r°do/ds=const (integral of angular 
momentum), and ds=element of proper time as 
measured by satellite clock. 

Note that 3m/r’m/h’ and is absent in the Newtonian 
orbit equation. Its presence causes the orbit to be 
nonreentrant. Omitting 3m/r?, we obtain the well- 
known orbit expression 


1/r=mh~[1+ € cos(¢—w) ], (4) 


where e is the eccentricity of the ellipse, while w deter- 
mines the perigee position. Substituting back into (3), 
we obtain 


1 3m? 
= mir 1+ cos(o—w-—" | (5) 
r I? 


The rotation of the line of apsides per revolution, i.e., 
¢=2r, is then given by the difference 6=2r(3m?/h?). 
For an orbit at 330 km, the numerical answer is 


5.98X 1077 g\? 
a, 
1.35 X 10°8 
(5400 sec) (3.3 10-")-* 
(6.7 108 cm)4(27)? 


gan 





= 1.24 10-8 


radians per revolution (about 90 minutes). This works 
out to 7.25 10- rad (or 15 sec of arc) per year, about 
35 times as large as the advance of perihelion of the 
planet Mercury. It is of course much smaller than the 
effects caused by the oblateness of the earth. In any 
case, we observe only the product «5. For e~0.1, we 
would observe an advance of 1.5 sec per year. 
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Motion of a Short Arc in a Magnetic Field* 


A. E. Rosson AND A. VON ENGEL 
Clarendon Laboratory, Oxford, England 


(Received April, 23, 1956) 


When an electric arc with an evaporating cathode (e.g., copper) is exposed to a strong transverse magnetic 
field in atmospheric air, its motion can be made to change from the conventional to the reverse direction 


by reducing sufficiently the electrode separation. 


The effect is discussed in terms of an earlier idea based on the resultant magnetic field acting on the 
cathode region. This field is composed of the applied field and the “loop” field of the curved current path 
above the cathode spot. At low pressure, an increase of the former is accompanied by a rapid increase of 
the latter and thus the resultant field changes its sign. Here at high pressure and constant external field, 
the change of sign at small electrode separation is caused by a forced reduction of the radius of curvature 


of the deflected positive column. 





1, INTRODUCTION 


F a transverse magnetic field acts on a direct current 

arc between metal electrodes, the positive column 

of the arc is always deflected in the direction given by 

Ampere’s rule. Under certain conditions however, the 

cathode spot is found to move in the opposite direction, 

dragging the deflected column with it. The arc as a 
whole then moves contrary to Ampere’s rule. 

The reverse driving effect was first observed in a 
low-pressure mercury arc by Stark! and Weintraub.’ 
(For further work see St. John and Winans.) It has 
been studied at low currents for a variety of electrodes 
in different gases: the motion of the cathode spot is 
always in the reverse direction if the gas pressure is 
sufficiently low. A change to the Ampere direction 
occurs if, other things being equal, the pressure is 
increased above a critical value. This reversal pressure 
is the greater the lower the current and the stronger 
the magnetic field. It depends on the nature of the gas 
but appears to be almost independent of the cathode 
material. 

The experiments of Himler and Cohn‘ indicated 
that the electrode separation affected the reversal of 
the motion. They found that the reversal pressure 
increased when the distance between the electrodes 
was decreased. A similar dependence can be inferred 
from curves of Yamamura,® although the reversal 
pressures were well below atmospheric in both cases. 

In order to investigate whether an arc could be 
driven in the reverse direction in open air, the most 
favorable conditions for reverse motion were chosen, 
namely low current, large magnetic field, and small 
electrode separation. 


* This work has been sponsored by the Electrical Research 
Association, and this communication is published by permission 
of the Director. 

1J. Stark, Physik. Z. 4, 440 (1903). 

2 E. Weintraub, Phil. Mag. 7, (6) 95 (1904). 

3R. M. St. John and J. G. Winans, Phys. Rev. 94, 1097 (1954). 

4G. J. Himler and G. I. Cohn, Elec. Eng. 67, 1148 (1948). 

6S, Yamamura. J. Appl. Phys. 21, 193 (1950). 
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2. OBSERVATIONS ON A SHORT ARC IN AIR 


Two wedge-shaped copper electrodes were set up 
in air with their sharp edges parallel and transverse 
to the field of an electromagnet which could produce a 
steady magnetic field of up to 5000 gauss (Fig. 1). 
The electrodes were connected to a dc generator 
through a resistance and the current could be varied 
between 0.5 amp and 5 amp. An arc was struck by 
touching the electrodes at one end with a carbon rod. 
The arc was driven the length of the electrodes by the 
magnetic field and blew out at the end of its run. 

When the separation was about 2 mm, the arc ran 
always in the Ampere direction throughout the range 
of currents and fields at our disposal. However, when 
the separation was decreased to 0.5 mm, it was found 
that for low current and high field the arc ran in the 
reverse direction. For a separation of 0.5 mm and a 
current of 3 amp, the motion of the arc was in the 
Ampere direction at low fields but changed to the 
reverse direction when the field exceeded 3000 gauss. 
Also, for a field of 4000 gauss the motion was reverse 
at low current but changed to the Ampere direction 
when the current exceeded 5 amp. The reversal of 
the arc in these cases was not sharply defined, and 
immobility occurred over a definite region of current 
and magnetic field. 

In another experiment, the edges of the electrodes 
of Fig. 1 were not set parallel but formed a gap which 
tapered from 2 mm at one end to less than 0.5 mm at 
the other. The taper was such that an arc moving in 
the Ampere direction would move towards the narrow 
end. When an arc of 3 amp was started at either end 


CATHODE 


Fic. 1. Experimental 
arrangement. 
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Fic. 2. Stages in the 
deformation of the arc: 
(A) arc without magne- 
tic field; (B) magnetic 
field applied into the 

ANOD paper, electrode separa- 

(6) tion 2 mm: motion in 

——OUOTION Ampere direction; (C) 

conditions as in (B) but 

electrode separation de- 

creased to 0.5 mm: 

motion in reverse direc- 
tion. 
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in a magnetic field of 5000 gauss, it was observed that 
the arc moved quickly away from the end and took 
up an equilibrium position at some point along the 
electrodes. When either current or field was varied, 
the arc took up a new equilibrium position: the arc 
would move towards the narrow end of the gap if the 
field was decreased or if the current was increased, and 
vice versa. 

The dependences of reversal on current and field 
correspond exactly to the conditions of reversal of long 
arcs at much lower pressures. However, by decreasing 
the electrode separation, the reversal pressure for a 
low-current arc in a strong magnetic field can be 
increased above one atmosphere, so that reverse 
driving, normally regarded as a low-pressure effect, 
can occur in open air. The importance of the electrode 
separation appears to have been overlooked in earlier 
investigations. 


(C) 


3. THEORY OF THE SHORT ARC 


In a previous communication,® the authors have 
suggested that the applied magnetic field deflects the 
positive column in the Ampere direction with respect 
to the cathode spot and the current path in the arc is 
therefore sharply curved in the vicinity of the spot. 
This deformation of the arc sets up a local self-magnetic 
field of the order i/R, where 7 is the arc current and R 
an effective radius of curvature of the arc, which 
depends on the actual field and other discharge param- 
eters. This field will act so as to oppose the applied 
field Ho and so the resultant field H in the cathode 
spot region will be given by 


H=H)—i/R. 
6 A. E. Robson and A. von Engel, Phys. Rev. 93, 1121 (1954). 


For a low-pressure arc, R may be sufficiently small for 
the self-magnetic field to exceed the applied field, and 
thus H changes its sign and may reach quite large 
values. The cathode spot will then obey Ampere’s 
rule with respect to the resultant field while appearing 
to violate it with respect to the applied field. 

Consider an arc in air between parallel copper 
electrodes a few mm apart. In the absence of a magnetic 
field, the anode and cathode spots will be opposite 
each other [Fig. 2(A)]. When a transverse magnetic 
field is applied, the column is deflected in the Ampere 
direction with respect to the cathode spot. The anode 
spot will move with the column and so will be displaced 
in the Ampere direction with respect to the cathode 
spot [Fig. 2(B)]. At atmospheric pressure, R would 
be large enough to allow Ho to predominate and such 
an arc would therefore normally move in the Ampere 
direction. 

If now the electrode separation is decreased the arc 
will be compressed [Fig. 2(C) ]. It is suggested that on 
account of the relative displacement of the anode and 
cathode regions the anode will now act as a confining 
wall for the column near the cathode, since now the 
electrode separation is smaller than the diameter of 
the unobstructed column.’ The column will therefore 
along its whole length tend to move away from the 
anode “wall” and so the radius of curvature of the 
column near the cathode will decrease. The proximity 
of the anode will assist the applied field to decrease R, 
and may cause the self-magnetic field to predominate. 
The arc will then move in the reverse direction, as 
has been described. 

The significance of the short-arc experiment is that 
it supports the view that the reverse driving effect 
is connected with the deformation of the arc column 
and is not an intrinsic property of the cathode spot. 
It has been shown that the motion of an arc can be 
reversed by decreasing the separation from 2 mm to 
0.5 mm. This can have no direct effect on the cathode 
spot since the dimensions of the cathode region are 
probably at least an order of magnitude smaller: it 
can, however, act on the cathode region through the 
deformation of the column. No other theory has been 
proposed which takes the electrode separation into 
account, 


7A. von Engel, Ionized Gases (Clarendon Press, Oxford, 1955). 
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The mobilities of positive ions of argon and krypton in the parent gases have been measured at room 
temperature and at one lower temperature, 77.4°K in argon and 90°K in krypton. In each case the atomic 
ions were found to have a higher mobility at the lower temperature. For At in A, the mobility, extrapolated 
to zero field, at 77.4°K was 1.36 times the value at 300°K. Extrapolation could not be carried out accurately 
in krypton, but evidence is found that the ratio of the mobility at 90°K to the value at 300°K is somewhat 
larger than 1.2. The change in temperature was found to have no effect on the mobilities of the molecular 
ions. Agreement of the room temperature results with those of other investigators is good except for a large 
disagreement with Biondi and Chanin on the molecular ions. The disagreement is particularly large for Ay* 
at low E/po and suggests a difference in the ions measured in the two experiments. 


ECENTLY several investigators have measured 

the mobilities of positive ions in the parent gas 
in a variety of gases at room temperature.' It has been 
fairly well established that mobilities depend on 
electric field strength and gas density only in their 
ratio, which is commonly represented by E/o and is 
measured in units of volt/(cmXmm Hg). In this 
expression, po is pX 273/T, where p is gas pressure and 
T is the temperature. For ions whose drift velocities are 
small compared to thermal velocities, mobility is 
independent of E/po. The present investigation was 
conducted to determine the temperature dependence 
of mobilities of ions in argon and krypton. 


EXPERIMENTAL PROCEDURES 


The technique used is one which was developed by 
Hornbeck and used by him? and by Varney’ to measure 
mobilities in several gases at room temperature. 
Present measurements were made under conditions 
similar to those reported by Hornbeck and Varney, 
and results at room temperature essentially duplicate 
theirs. For details of the method, electronic and vacuum 
techniques, and experimental procedures, reference 
should be made to their articles. The apparatus used 
here differs essentially only in that the design of the 
experimental tube, shown in Fig. 1, permitted the 
entire tube to be submerged in a refrigerating bath. 
The electrodes are two-inch disks of molybdenum and 
are separated by 1 cm. A flash of ultraviolet light from 
an external source travels down through the quartz 
window and reflects from the cathode into the Wood’s 
light trap at the bottom of the tube. A current transient 
is caused by the photoelectrons and is measured by a 
special feedback amplifier and recorded on an oscillo- 
scope. The amplifier was suspended close to the top of 

* Supported in part by the Office of Scientific Research, the 
Office of Naval Research, and by a generous grant from Research 
Corporation. 

1Leonard B. Loeb, Basic Processes of Gaseous Electronics 
(University of California Press, Berkeley and Los Angeles, 1955). 
A thorough and up-to-date review of the subject of ionic mobilities 
can be found in Chap. I. 


2 J. A. Hornbeck, Phys. Rev. 83, 374 (1951); 84, 615 (1951). 
3R. N. Varney, Phys. Rev. 88, 362 (1952); 89, 708 (1953). 
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the tube, and an electrical shield enclosed both the 
amplifier and the Dewar. When low-temperature 
measurements were made, the Dewar was kept full of 
the refrigerant for several hours before data were taken. 
The gas used was Airco reagent grade and was admitted 
to the evacuated tube through an outgassed ceramic 
leak. The gas was reported by the manufacturer to 
contain a major impurity of nitrogen to the extent of 
less than 0.02 percent, all other impurities being much 
less. Drift velocity was determined by measuring the 
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Fic. 1. The experimental tube. For low-temperature measure- 
ments the Dewar was kept full of refrigerant and covered with 
a Styrofoam block. The wires which were submerged in the 
refrigerant were insulated by a paraffin coating. 
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Fic. 2. Typical oscillograms from which data were taken. The 
upper set was taken at room temperature and the lower at 77.4°K, 
both are for argon. Each curve is the result of a single sweep, 
the several curves in each picture resulting from variations in 
the intensity of the light pulse. The time of flight, labeled with 
the corresponding mobilities, is indicated for each ion. 


time of flight of the ions across the parallel plate diode. 
Oscilloscope photographs, shown in Fig. 2 are typical! 
of the transients in the diode following the light pulse. 
An analysis of such transients, made by Hornbeck and 
by Varney,” shows that an ion which leaves the region 
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E/po for argon and 
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4R. N. Varney, Phys. Rev. 93, 1156 (1954). 
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of the anode at the beginning of the sweep, has its 
time of arrival at the cathode marked by a drop in 
the current. In each example shown, two ions are seen 
to be present, the slower one having been identified 
as the atomic ion and the faster one as the molecular 
ion. Since the shape of the wave form was very sensitive 
to the electric field, most consistent results could be 
obtained by limiting the electric field to values near 
the breakdown condition. Figure 3 is accordingly 
furnished to show the approximate values of pressures 
used to get each value of E/po for the two gases used. 


RESULTS 


The results of the measurements are plotted in Figs. 
4-7, Figures 4 and 5 show log-log plots of the drift 
velocities for the atomic ions of argon and krypton vs 
E/o, for two temperatures in each gas. For each ion 
the drift velocity is higher at the lower temperature, 
77.4°K for A+ and 90°K for Kr*, than at the higher 
temperature, 300°K, even at drift velocities well 
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Fic. 4. Drift velocities of A+ in A at 77.4°K and 300°K as a 
function of E/po. The arrows on the left indicate rms thermal 
velocities. 





above thermal velocities. However, at the highest 
values of E/po [1000 volts/(cmXmm Hg) ] the temper- 
ature effect vanishes, as it should whenever the drift 
velocities greatly exceed the thermal velocities. Root- 
mean-square thermal velocities are marked by the 
arrows on the left side of each graph. Since po is strongly 
temperature dependent, a misjudgment of the tempera- 
ture of the tube by as little as two or three degrees at 
the lower temperatures would cause a displacement of 
the velocity curves of Fig. 4 and Fig. 5. The coincidence 
of the curves at the high range eliminates the doubt 
as to the accuracy of the values of po. As the drift 
velocities fall toward thermal velocities a slope of one is 
approached, indicating that mobility is becoming 
independent of E/po. For argon, asymptotic lines of 
unit slope are drawn. In krypton it was not possible to 
approach thermal velocities for two reasons. The 
larger ionic mass causes thermal velocities to be lower 
than for argon, and the breakdown characteristics are 





MOBILITY OF POSITIVE 


such that very much higher values of fo are required to 
get appreciably lower values of E/ po. 

Figures 6 and 7 show plots of mobility vs E/po for 
both molecular and atomic ions at both high and low 
temperatures. For each atomic ion the mobility is 
higher at the lower temperature and at the lower 
E/po. The variation with temperature and with E/po 
are not unrelated since each changes the average 
velocity of agitation of the ions. There is no appreciable 
temperature effect for the molecular ions of either gas, 
nor an E/po dependence for Kr2*+. The mobility of Ast 
in A was found to depend on E/po between 20 and 30 
volts/(cmXmm Hg), the evidence being considerably 
stronger at 77.4°K than at 300°K. 

The extrapolations to zero field are of particular 
interest. For A+ ions in A, extrapolation can be most 
conveniently done by taking the asymptotic lines of 
Fig. 4, yielding 1.38 cm?/(voltXsec) at 300°K and 1.88 
at 77.4°K. The ratio of these values, 1.36, is probably 
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Fic. 5. Drift velocities of Kr*+ in Kr at 90°K and 300°K as a 
function of E/o. The arrows on the left indicate rms thermal 
velocities. 


more accurate than either individually. No satisfactory 
method has been devised for extrapolating the krypton 
results, the velocity plot being too far from a slope of one 
to extrapolate. The ratio of the mobility at 90°K to 
the mobility at 300°K is approximately 1.20 for E/po 
above 32 volts/(cmXmm Hg) and up to about 70. 
The ratio can be expected to increase at lower E/po 
however, because the mobility becomes independent of 
E/po for the two temperatures at different values of 
E/ po. 

For the molecular ions there is no appreciable 
temperature effect for either argon or krypton. In 
krypton there is a suggestion of higher mobility at 
90°K than at 300°K, but the effect is less than the range 
of scatter of the observations. Kr2+ was found to have 
a mobility of about 1.00 cm?/(voltXsec) and to show 
no significant variation of mobility with E/ po. In argon, 
between E/po of 20 and 30 volts/(cmXmm Hg) at 
77.4°K, the mobility was found to rise with E/po. 
Above E/po=32, the mobility was found to be about 
2.00 cm?/(voltXsec) for all values of E/po, and for 
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Fic. 6. Mobilities of atomic and molecular ions of argon at 
77.4°K and at 300°K as a function of E/fo. The arrows on the 
left indicate an extrapolation for the atomic ion, taken from 
Fig. 4. 


both temperatures. There is good agreement between 
these results and those of Hornbeck for A,+ and 
Varney for Krz*, the differences probably reflecting 
slightly different experimental procedures. Munson 
and Tyndall® also measured the mobility of A;+ in A 
at room temperature, although they characterized the 
ion as At. Agreement with their results is good for 
intermediate values of E/po but is not so good for 
either high or low E/po. Biondi and Chanin* have made 
measurements of both Krz+ and A;* at 300°K and 
report mobilities appreciably higher than any of the 
otherzinvestigators, the disagreement being larger in 
the case of argon. At E/po=20 volts/(cmXmm Hg), 
their results in argon are 50% higher than present 
results. 
DISCUSSION AND ANALYSIS 


The substantial agreement on the mobilities of the 
atomic ions reported by the various observers indicates 
that the various techniques of measurement are not 
fundamentally in disagreement. There is fair agreement 
on the molecular ions except in the limited circumstance 
cited above. It is difficult to ascribe the lack of agree- 
ment to technical difficulties; in fact, the implication 
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Fic. 7. Mobilities of atomic and molecular ions of krypton at 
90°K and at 300°K as a function of E/ pp. 


~ 6R. J. Munson and A. M. Tyndall, Proc. Roy. Soc. (London) 
A177, 187 (1941). 
6M. A. Biondi and L. M. Chanin, Phys. Rev. 94, 910 (1954), 
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is strong that a different type of ion must be observed 
by Biondi and Chanin than by the other workers at 
the lowest values of E/po. At this time, it is by no 
means clear what other ion than A;* can be responsible 
for the results. A few comments are offered concerning 
the possibilities. There are three differences between 
the method used by Biondi and Chanin and that used 
here and by Hornbeck which might explain the different 
results. (a) Different methods of producing the ions 
were used, suggesting the possibility that different ions 
are formed in the two cases. (b) Lower pressures and 
lower fields were used by Biondi and Chanin for a given 
E/po, which could account for the different results if 
mobility is a function of density in some way other than 
through E/po. Compelling theoretical reasons indicate 
that mobility should be a function only of E/ po unless 
the ion is somehow changing its nature in flight. 
(c) If impurities are playing a part, they might be 
expected to be different for the various investigators. 
However, apparently the gases used here, by Hornbeck 
and Varney and by Biondi and Chanin, were all 
purchased from the same commercial source, and 
there is good reason to believe that in no case was the 
gas further contaminated to an appreciable extent by 
introduction into the experimental tube. 

It is rather well established that in each experiment 
two ions were formed with each having a well resolved 
mobility, and that the slower of the ions is the atomic 
ion. If the other ion is not the molecular ion in one of 
the experiments, it seems that it must be a more com- 
plicated ion or cluster, perhaps one which changes its 
nature in flight. Clustering with impurities probably 
would not permit the mobility to be well resolved, 
since even at the highest pressure and lowest velocity 
encountered an ion would interact with only a small 
number of impurity (nitrogen) molecules. 

From the theoretical work of Langevin’ and Wannier,® 

7P. Langevin, Ann. chim. et phys. 5, 245 (1905). 


8G. H. Wannier, Phys. Rev. 83, 281 (1951); Phys. Rev. 87, 
795 (1952); Bell System Tech. J. 32, 170 (1953). 
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one concludes that a lack of dependence of mobility on 
temperature and E/po over a wide range of these 
variables, as found for the molecular ions, indicates 
that most of the scattering of the ions is caused by the 
long-range attractive forces resulting from an interac- 
tion of the electric charge on the ion with the dipole 
induced in the gas atom. If one assumes this conclusion 
to be true, mobilities at low E/po can be calculated 
from knowledge of the dielectric constant of the gas 
and the masses of the ions and atoms. The results are: 
2.09 for As* in A and 1.18 for Kr.*+ in Kr. These values 
fall between those reported here and those reported 
by Biondi and Chanin. It is worthwhile to note that the 
theoretical values could be increased to Biondi and 
Chanin’s value by assuming an appreciable hard-sphere 
cross section, or decreased to present results by assuming 
a larger ionic mass. 

The temperature results for the atomic ions are in 
qualitative agreement with theoretical expectations 
based on an analysis of charge exchange effects. The 
mobilities of atomic and molecular ions at the lower 
temperature are approaching each other rapidly and 
show signs of crossing as E/o drops. The crossover has 
been suggested as highly likely by Wannier and by 
Hornbeck in discussions of the subject. Holstein’ has 
devised a general method for calculating the mobility 
of A* but the results at temperatures other than room 
temperature are not available at this time. A detailed 
comparison with theory is left for another paper. 
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It is pointed out that several results of experiments on positron annihilation in solids are quantitatively 
consistent with the assumption of positronium formation and subsequent conversion between the singlet 


and triplet states. 





AGE and Heinberg et al.!? have found that in the 

observation of two-quantum decay of positrons 
absorbed in certain materials, the angular distribution 
of the annihilation radiation shows two distinct compo- 
nents. In particular the narrow component was demon- 
strated in fused quartz and Teflon, and they have also 
shown? that an external magnetic field enhances the 
strength of the narrow component at the expense of 
the wide component. They interpret this result as 
possibly due to the formation of positronium and 
estimate the strength of the narrow component as 
roughly consistent with the abundance and lifetime of 
the “slow” component found by Bell and Graham’ in 
the same materials. It is the purpose of this note to 
point out that these and several other results can be 
quantitatively predicted through the ortho-para con- 
version coefficient, y, measured by and used by Telegdi 
et al to interpret their data on the three-quantum 
magnetic quenching in Teflon and quartz. 

As in that article,* we write the equilibrium equations 
for the populations of the singlet (1), triplet m=+1 
(ns!) and triplet m=O (3°) states in the presence of an 
external field B as 

0. 


ny(Ai+3y) —yns3!—yn3?= 1, 
—ynit(Asty)ns?=1, 
—2ymt (1+y)ns'=2, 


where A1,3=A1,3(1—2*)+Ag, 12? are the effective decay 
probabilities in the (singlet, triplet) mixed states, A1,: 
are the vacuum decay probabilities, and \s=1 in the 
above equations; 4 positrons per second are incident 
on the absorber, and x=2u9B/A, where A=triplet- 
singlet splitting. 

Using the values yreifon=34 and Yquarts=97 from 
reference 4 (in units of \3), we can calculate directly 
from these equations the two-quantum counting rate 
n(Byy)=\ym1(B,y)(1—2?). For Teflon, for example, 
n= 3.500 at 10 kilogauss and n=3.908 at B=9. Now, 
taking 30% of the positrons as forming positronium— 
i.e., the abundance of the slow component found by 
Bell and Graham—the total two-quantum counting 
rate is N(B,y)=(4X0.7)+0.3n; that is, the counting 
rate in the wide component with a 10-kilogauss field 


1 Page, Heinberg, Wallace, and Trout, Phys. Rev. 98, 206 
(1955). 

2. A. Page and M. Heinberg (to be published). 

3R. E. Bell and R. L. Graham, Phys. Rev. 90, 644 (1953). 

4 Telegdi, Warshaw, Sens, and Tonivici (to be published). 


on relative to that with field off should be given by 
[NV (10)—N (0) ]/N(0)=—3.08%. Values for the ex- 
pected change in the wide component at two field 
settings and the two pertinent values of y are given in 
Table I. Experimentally, Page and Heinberg? get a 
change of (—4.2+0.5)% at 16 kilogauss in Teflon, 
which is in good agreement with the calculations. They 
have no complete curve for fused quartz, although they 
demonstrate the presence of the effect, and in an amount 
“like that for Teflon.” (They also found that the 
narrow component in quartz was only 20% of the whole 
angular distribution area, while Bell and Graham 
measured 30% for the slow component; the reason for 
this apparent discrepancy is not clear.) 

Furthermore, if, in the equilibrium equations, the 
field is set equal to zero, the second two equations can 
be combined, and the two-quantum counting rate from 
positronium can be expressed as 


1+4y 
n(y)=——_—_—_- 
1+y+3y r, 


while again NV = (4X0.7)+0.3n. 

If we assume*® that there is no positronium formed 
in metals, then the result of Pond’s® earlier experiment 
can also be shown to be consistent with the value of the 
conversion coefficient noted above. That is, using this 
relation, a comparison of Teflon (7) and metal (M/) 
should result in (T—M)/M=-—0.67%; Pond’s meas- 
ured values are (0.55+0.08)% (aluminum) and (0.64 
+0.09)% (magnesium). 

Graham and Stewart’ have published the measured 
dependence of the three-quantum annihilation rate on 
the temperature; they found that the rate at about 
500°K in Teflon was 1.36 times the same rate at 300°K. 
Again using the equilibrium equations, the ortho- 


TABLE I. Percent change in wide component. 





15 kilogauss 


4.51 
3.63 


10 kilogauss 


3.08 
2.17 














5 V. L. Telegdi (to be published) and Bull. Am. Phys. Soc. Ser. 
II, 1, 168 (1956). 

ST. A. Pond, Phys. Rev. 93, 478 (1954). 

7R.L. Graham and A. T. Stewart, Can. J. Phys. 32, 678 (1954). 
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population can be written as approximately agreement with the measured*.’ value at the elevated 
temperature. At this temperature (500°K), an angular 
3 4y correlation experiment should result in about 3.6% 
m=-(1 ), effect on the application of 10 kilogauss or a 5.2% 
Y effect on the application of 15 kilogauss. 

The simplest conclusion is that several rather 
different kinds of experiments are all consistent with 
the hypothesis that (in certain materials) positronium 
is formed in a fairly constant fraction of events, and 
that conversion—the coefficient being characteristic of 
the material—takes place between the ortho and para 


8 W. R. Dixon and L. E. H. Trainor, Phys. Rev. 97, 733 (1955). States. 


Mi 


where it is assumed that y>>1. From this expression, 
equating the ratio 23(500)/m3(300) = 1.36 and inserting 
the value y(300) = 34, we get ~(500) = 23. Then, enter- 
ing Dixon and Trainor’s® table for rsiow as a function 
of y, we get Tsiow=4.6 musec which is in excellent 
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Energy Levels of a Disordered Alloy 


R. H. PARMENTER 
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(Received March 21, 1956) 


A study is made of the one-electron energy levels of a disordered alloy by means of perturbation theory 
in the limit of small mole fractions of all minority constituents of the alloy. Subject to certain approxi- 
mations, the effects of all orders of perturbation theory upon the energy are determined. After introducing 
the pseudo quantum number k, it is shown that the expectation value of velocity and the effective mass 
are related to the energy in exactly the same fashion as is the case in the theory of energy bands of a perfect 
crystal. This pseudo quantum number k is in certain respects analogous to the ordinary k vector of band 
theory. It is shown that alloying has a tendency to reduce effective masses and to reduce the anisotropy 
of surfaces of constant energy in k space. As an example, a semiquantitative calculation is made of the 
dependence of the effective electron masses in germanium-silicon alloy upon alloy composition. In case there 
are localized bound impurity levels associated with any of the minority-constituent atoms in the host 
crystal, then the general analysis breaks down. It is shown that this results from the discontinuous nature 
of the energy (considered as a function of f, the mole fraction of the minority constituent) at f=0, whenever 
a bound level is associated with this constituent. It is pointed out that the analysis of this paper corresponds 
to the determination of coherent scattering correctly to all orders of perturbation theory but does not 
include the effects of incoherent scattering. 


I, INTRODUCTION is to neglect all terms of higher order than linear in the 
mole fractions of the various minority constituents. 
Subject to certain approximations to be discussed later 
in the text, the contribution to the energy of nth order 
perturbation theory, suitably averaged over all possible 
random configurations, can then be written so that it 
looks like the mth term in a power series over n. Since 
this power series can be summed by inspection, we 
have a closed expression for the energy, accurate to all 
orders of perturbation theory. An analysis of this 
expression for the energy clearly shows the limitations 
of the approximation of neglecting all terms of higher 
order than linear in the mole fractions. This limitation 
is connected with the splitting off of isolated bound 
states from the continuum of allowed states. In the 
process of averaging over all possible random con- 
figurations, we automatically limit ourselves to the 
effects of coherent scattering leaving out of account the 
pa ACL incoherent scattering. 

1R. H. Parmenter, Phys. Rev. 97, 587 (1955). Hereafter, this In Sec. II we shall carry through the analysis for an 


r will be referred to as I. Equations in this paper will be “ j 
+ ahh to as Eq. (I-1), etc. isotropic effective mass. In Sec. III we shall do the 


N a previous paper! a rather general discussion was 
given of the one-electron energy levels of a com- 
pletely disordered alloy. Perturbation theory was used 
in discussing this problem. The purpose of the present 
paper is to demonstrate that the perturbation treatment 
can be greatly extended for a certain limiting case of 
the alloy problem, namely the case when all the 
minority constituents of the alloy have mole fractions 
much smaller than unity. Since we assume, as in I, 
that the atoms of the alloy lie on periodic lattice sites, 
it follows that the problem we are considering may be 
looked upon as that of a host crystal in which a small 
percentage of the host atoms have been replaced 
substitutionally by foreign or impurity atoms, the 
replacement being done in a random fashion consistent 
with the composition of the alloy. 
The essential feature of our perturbation treatment 
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same for an anisotropic effective mass, where we shall 
see that the anisotropy is appreciably affected by the 
alloying. In Sec. IV we shall apply the results of Sec. 
III to a study of the germanium-silicon alloy system. 


II. GENERAL ANALYSIS 


In atomic units, the one-electron Schrédinger equa- 
tion for a particular configuration of atoms in the alloy 
may be written 


[—V*+ V(r) Wir) = Ey (nr). (1) 


V, y, and E depend parametrically upon the positions 
of the N atoms of the alloy in the given configuration. 
As in I, we assume that the crystal potential V can be 
written as a spatial sum of atomic-like potentials; i.e., 


V(r)=>.. Vs,(r—R,), (2) 


where R,, denotes the position of the mth lattice site 
and the index s denotes the type of atom on the mth 
lattice site. Let f, be the fraction of lattice sites occupied 


by atoms of type s. 
i: f.=1. (3) 


We assume that s=0 refers to atoms of the host 
crystal, while s>1 refers to the added impurity atoms. 
Throughout this paper we shall restrict ourselves to 
the case where 

<1, 


f.~(, 


In order to apply perturbation theory, we must make 
some choice for an unperturbed potential. In I, we 
chose this to be the “virtual-crystal” potential, i.e., 
the mean potential averaged over all possible random 
configurations of atoms consistent with the given 
composition, so that the unperturbed potential de- 
pended upon the composition of the alloy. For our 
present purposes it is more convenient to choose as our 
unperturbed potential 


Vo(r) 7 ; Vo(r— R,,). 

Our perturbing potential now becomes 
V' (r)=Don Ven’ (r—R,), (6) 

V(t) =V.(r)—Vo(r). (7) 


Equation (7) should be contrasted with Eq. (I-10). 
Note that 


s21, 


s=0. @ 


(5) 


where 


Vo'(r)=0. (8) 


The Hamiltonian of our problem is split into two parts, 


H(r)=Ho(r)+V'(r), (9) 
(10) 


where 
Hy (r) =— V?+Vo(r). 


It should be realized that Vo and Hy depend upon the 
composition as a result of changes in lattice constant 
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with composition. This point will be considered further 
in Sec. IV. 

The unperturbed wave functions of our perturbation 
theory are the eigenfunctions of the periodic-potential 
Hamiltonian Hp. For these unperturbed wave functions, 
the wave vector k is naturally a good quantum number 
(i.e., a constant of the motion) since Ho has transla- 
tional periodicity. Since we shall use nondegenerate 
perturbation theory, it follows that the perturbed wave 
functions will still be labeled by the index k, although 
k is no longer a good quantum number since V’ does 
not have translational periodicity. This index k will be 
referred to as a pseudo-quantum number. Its signifi- 
cance with regard to the perturbed wave functions will 
be made apparent presently. 

At this point we shall invoke what is known as the 
effective-mass approximation.” Specifically, we assume 
that the motion of an electron in the potential Vo+V’ 
is equivalent to the motion of a particle having a certain 
effective mass in the potential V’ alone. As is well 
known, this assumption is not strictly correct; never- 
theless it does give semiquantitative results of great 
value in the physical understanding of a problem. (The 
best known example where this assumption leads to 
results giving valuable physical insight is the problem 
of the bound levels associated with impurity atoms in 
a valence semiconductor.’) We shall make use of the 
effective-mass approximation in this paper since it 
results in a model which retains all the characteristic 
features of a disordered alloy. This same approach has 
already been used in I, although there the discussion 
was restricted to the case where the effective mass of 
the particle (moving in the potential V’) was that of 
the free electron. 

The motivation for the effective-mass approximation 
arises from the fact that it can be justified whenever 
V’ is a slowly varying function of position (on the 
atomic scale). We shall sketch briefly how this comes 
about. We restrict ourselves to a consideration of an 
energy region in the neighborhood of a minimum or a 
maximum of a nondegenerate allowed energy band 
E(k) associated with the unperturbed Schrédinger 
equation 


Hopo(k,r) = Eo(k)yo(k,r). (11) 


We may write E(k) as a quadratic function of the 
components of k, i.e., 


E,(k) =k-W)-k. 


(12) 


(Both the energy and the wave vector have been defined 
so that they vanish at the bottom or the top of the 
band.) The tensor Woy is known as the reciprocal 
effective-mass tensor. If we assume that V’ is a slowly 
varying function of position (on the atomic scale), then 


2]. C. Slater, Phys. Rev. 76, 1592 (1949). 


3 See, e.g., C. Kittel and A. H. Mitchell, Phys. Rev. 96, 1488 
(1954). 
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it can be shown? that Eq. (1) is equivalent to 
[—¥-Wo- V+ V(r) (nr) = EV (r). (13) 


Although the energy E is the same in both Eqs. (1) 
and (13), it should not be inferred that y and W are 
the same. The expectation value of velocity, defined as 


(14) 


v=-if rwvinds 


in atomic units, may be determined from Y, since it 
can be shown‘ that 


v=—i f VOW e-wH (nar (15) 


x 


It is apparent from Eqs. (13) and (15) that Y may be 
considered to be the conventional wave function of a 
particle of reciprocal effective mass Wy moving in a 
potential V’. Furthermore, the motion of this particle 
in the potential V’ is equivalent to the motion of an 
electron in the potential Vo+V’. Of course, all these 
results depend upon the initial assumption that V’ is a 
slowly varying function of position on the atomic scale, 
an assumption which is clearly not true in the immediate 
vicinity of the nucleus of an added impurity atom. 

The practical advantage of working with Eq. (13) 
is that the unperturbed problem now becomes 


—V¥ -Wo: VW¥o(k,r) = Eo(k)Wo(k,r), (16) 


the solutions of which are particularly simple, being 
the normalized plane waves 


Wo(k,r) = (NQ)-te**-*, (17) 
Here © is the volume per lattice site in the alloy, and 
N is the number of atoms in the alloy. The wave vector 
k is any member of the set of & vectors satisfying the 
periodic boundary conditions. We note that the eigen- 
values of Eq. (16) are given by Eq. (12). In the limit 
of infinitely large N, the & vectors will form a dense 
set and there will be a continuum of unperturbed 
eigenvalues Eo(k). We shall attempt to obtain the 
perturbed eigenvalues associated with Eq. (13) by 
means of nondegenerate perturbation theory carried out 
to all orders of the perturbation. Thus we write 


E(k)=), E,(h), (18) 


where £,(k) is the contribution of mth order pertur- 
bation theory. Since the unperturbed energies form a 
continuum in the limit of large N, it is appropriate to 
say a word here justifying our use of nondegenerate 
rather than degenerate perturbation theory. Nonde- 
generate perturbation theory is not ordinarily applicable 
to a case where the unperturbed energy levels are 
degenerate. This is because it is assumed that the 
perturbed wave function differs only slightly from an 


4R. H. Parmenter, Phys. Rev. 89, 990 (1953). 


unperturbed wave function (associated with the given 
unperturbed energy level) whereas there are several 
such unperturbed functions (all associated with the 
given unperturbed energy level), and it is not known 
which linear combination of these functions is a close 
approximation to the perturbed wave function. The 
reason for having the unperturbed and the perturbed 
wave functions differ only slightly lies in the desire for 
the expansions of the perturbed wave function and 
energy in orders of perturbation theory to be rapidly 
convergent expansions, so that only low orders of 
perturbation theory need be considered. If, as in this 
paper, we do not require expansions such as Eq. (18) 
to be rapidly convergent, then there is no reason why 
the unperturbed and perturbed wave functions should 
be nearly the same, and we may use nondegenerate 
perturbation theory. The question of the convergence 
of the expansion will be dealt with by analytically 
summing the series in a manner to be discussed shortly. 
The possibility of the divergence of the individual terms 
E,, (because of vanishing energy denominators) does 
not occur in our problem. This results from the con- 
tinuous nature of the unperturbed energy spectrum in 
the limit of an infinitely large crystal. (See Sec. III of 
reference I for a discussion of this problem with regard 
to E>.) 

Since the determination of the EZ, is worked out 
in great detail in Appendix I, we will not repeat the 
derivation here. (The generalization from the special 
case Wo=1, the unit tensor, to the case of arbitrary 
W, is trivial.) The result is that, after averaging the 
energy over all possible random configurations of atoms 
in the alloy consistent with the given composition, we 
may write E, (for m2 1) as a power-series expansion in 
the f,’s associated with the various added impurity 
atoms, i.e., 


E,()=>.. feEn(Kt+D feftFsin(k) 


+higher order terms in the various f,’s. (19) 


[ Because of Eq. (8), it can be seen that fo, the fraction 
of the host-crystal atoms, does not occur in this 
expansion.] It is very difficult to write a general 
expression for F,., or for the analogous higher order 
terms. However, &,, can be written quite easily in the 
form 

1 (k)=2"0,'(0), (20) 


and, for n> 2, 


Sik) =2-4(2n)-40-9 fo fod(—x) 


XV,’ (x1— Xe) ~~ Us! (Kn—-2— Kn—1) Us’ (Kn—1) 
X {Lei-Wo- (2k— x1) | x2-Wo- (2k— xe) ]- vty 
XL xn-1-Wo- (2k—Xn_-1) }} “dr adrx2- ‘ dT (n-1), (21) 





ENERGY LEVELS OF 


U,'(k)= few V,’ (r)dr 


is the Fourier transform of V,’. In analogy with Eq. 
(18), we may write the expectation value of velocity 


in the form 
v(k)= Don Valk), 


where v,(k) is the contribution to the velocity of mth 
order perturbation theory. (See Appendix I for the 
details.) After averaging over all possible random con- 
figurations of atoms in the alloy consistent with the 
given composition, we may write v, (for 21) as a 
power-series expansion in the f,’s associated with the 
various added impurity atoms, i.e., 


v,(k)= 1V.>05 fe8en(k) 


+higher order terms in the various f,’s. 


(23) 


(24) 


[As in Eq. (19), fo, the fraction of the host-crystal 
atoms, does not occur in this expansion. ] Because of 
Eq. (4), we shall now assume® that we need keep only 
terms linear in f, in Eqs. (19) and (24). Combining 
this with the fact that 


vo(k) =W):k= $V xi20(k), 
we obtain the remarkable result that 
vn (k) as 1V.E,(k) 


for all values of m, in the limit® of small f,. From 
Eq. (26) it follows immediately that 


v(k)= 3V.E(k), 


accurate to all orders of perturbation theory in the 
limit® of small f,. The relation between the energy and 
an externally applied force F is given by the expression 
for power, i.e., 


(25) 


(26) 


(27) 


dE/dt=2F-v. (28) 


(The factor of two results from the use of atomic 
units.) If we define a reciprocal effective mass tensor 
W’ such that 

dv/di=W’-F (29) 


(Newton’s second law), then it is easy to show® that 
W’=39,.¥V.E(k), (30) 


accurate to all orders of perturbation theory in the 
limit® of small f,. Equation (30) follows directly from 
Eqs. (27), (28), and (29). It should be noted that 
Eqs. (27) and (30) are identical with the conventional 
relationships between energy, velocity, and effective 
mass in ordinary energy-band theory where k is a good 


5In throwing away the higher order terms in f,, we are im- 
plicitly assuming that the energy and the expectation value of 
velocity are “well-behaved” functions of the various /,’s at f,=0. 
We shall discuss the implications of this assumption later. 

6 F. Seitz, Modern Theory of Solids (McGraw-Hill Book Com- 
pany, Inc., New York, 1940), p. 316. 
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quantum number. These equations reveal the signifi- 
cance of the pseudo-quantum number k. Although in 
the alloy problem k is not really a good quantum num- 
ber at all, it may be considered a good quantum 
number for the purpose of obtaining effective masses 
and expectation values of velocity, in the limit® of 
small f,. 

It should be emphasized at this point that, in addition 
to the acceleration produced by an external field as 
given by Eq. (29), there will be incoherent scattering of 
the electron by the disorder of the crystal. Adopting a 
scattering point of view, we may say that, starting 
with an unperturbed plane wave, we have calculated 
the coherent scattering correctly to all orders of pertur- 
bation theory, but that we have not included the effects 
of incoherent scattering. This situation results from 
our averaging of the energy and velocity over all 
possible random configurations rather than a determi- 
nation of these quantities for some particular random 
configuration. For some particular random configura- 
tion the energy and velocity contain additional terms, 
smaller than those of Eqs. (19) and (24) respectively 
by factors of the order of magnitude of N~', which 
vanish upon averaging over configurations. Despite the 
fact that these additional terms appear negligible in 
the limit of large NV, it is such terms which give rise to 
the incoherent scattering. For a detailed discussion of 
this problem, the reader is referred to Van Hove.’ In 
this paper we will not discuss further the question of 
incoherent scattering, but will restrict ourselves to the 
coherent scattering; i.e., we shall determine the energy 
and velocity averaged over all possible random con- 
figurations. 

In order to carry the analysis further, we now impose 
two restrictions. First we assume that V,’ is a screened 
Coulomb potential 


Ve @=Arite, 


(31) 
(32) 


so that 
VJ (i) = 4A (a2+R). 


Secondly, we assume that 
Wo= wl, (33) 


wo being a scalar reciprocal effective mass and 1, as 
before, being the unit tensor. Substituting Eqs. (32) 
and (33) into (20) and (21), we obtain 


8 .1(k) = (44 A,/Qa2), (34) 


and, for n> 2 


4rA, A. (n—1) 
saik)=(——) (= ) foo ftterter 
Q 2rwo é e 


X La.?+ (x1 — x2)? ]- + + [a.2+ (¥n-2— ¥n-1)?] 
X La? +en—1? [er (2k— x1 Jee: (2k— x2) ]- - - 


X Lena: (2K %n—1) Jd rrd 742° + dt e¢n—1). (35) 
7L. Van Hove, Physica 21, 517, 901 (1955); 22, 343 (1956). 
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As was shown in I, by contour integration we have 


f Ca2+x }*[x- (2k—x«) }dr, 


=—(n*/a,)(a2+4k)-, (36) 


so that 
2nA,’ 
6.2(k) = — ( ) (a,°+4k*)—. (37) 
Woods 
It does not appear that the multiple integral appearing 
in Eq. (35) can be evaluated in closed form for n>3 
and for k arbitrary. In order to evaluate this integral, 


we shall make the approximation 
[a?+ (x,— x2)? "CaP a2+ x? }La2+ x2}, (38) 


where C is some constant to be specified presently. We 
note that the approximation is valid in the limit as 
either x; or x2 become infinite (x:~x.). If we had 
chosen C=1, then the approximation is also valid in 
the limit as either x, or x2 vanishes. This fact suggests 
that the best value to choose for C is near unity. We 
shall show that this is the case presently, at which time 
we shall offer further justification for the approximation. 
Substituting (38) into (35) and making use of (36), 
we get 


4rA,\[CA,a, 
6.n(k)= (—)| ftrter 
0Ca,?2/7 1 22°wo 4, 


(n—1) 
X[«- (2k— d}r,| 


4rA, CA,4, (n—1) 
(SE-Ce econ 
Ca,” 2wo 


As was shown in I, &,;(k) can be evaluated exactly at 
k=0 without resorting to the approximation expressed 
by Eq. (38). The result is 


rA,* 
&,3(0)= [4 In(4/3)]. 


Qw,?a,4 


(40) 


We now choose C such that the approximate value of 
E,; given by Eq. (39) has zero error at the point k=0 
where £,; has its maximum value. Combining (39) and 
(40), we get 


C=4 1n(4/3)221.151, (41) 


which checks the statement made previously that the 
optimum value of C is near unity. As a further check 
on our approximation, we can evaluate &,4(k) exactly 
at k=0 and then choose C such that the approximate 
value of E,, given by Eq. (39) has zero error at k=0. 
This is done in Appendix A, where it is shown that the 
resulting value of C is 


C=[8 In(32/27) 1.166, (42) 


which differs from (41) only by 1.3%. In future work, 
we shall assume C to be given by Eq. (41). Substituting 
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Eqs. (34) and (39) into Eqs. (18) and (19), we can per- 
form the sum over n by inspection, obtaining 


E(k)=w#’+>., f.8.(k), 
where &,(k) is defined as 
4rA, 
&,(k)= ( 


Qa, 


(43) 


(A ./2wods) 
[1 | (44) 
1+ (CA ,/2woa,)+ (2k/a,)? 





The first term in the brackets results from first-order 
perturbation theory; the second term results from 
second and all higher orders of perturbation theory. 
The separate terms in the perturbation expansion can 
be recovered by expanding (44) as a power series in A.. 
The most striking feature of Eq. (44) is the fact that 
&,, and thus E, diverges for some real value of k 
whenever 
— (CA,/2woa,) > +1, (45) 
or 


— (A,/2woa,) > C*=0.8691. (46) 


Since the true energy certainly must not diverge, this 
implies that our analysis is going bad when — (A ,/2wods) 
> 0.8691. The key to the difficulty lies in the fact that 
Eqs. (43) and (44) do not contain even a suggestion of 
“bound” states; i.e., states localized in the vicinity of 
a potential V,’(r—R,), these states being separated 
from the continuum of allowed-band states by an 
energy “gap” (region of low density of states). Of 
course, bound states cannot occur for repulsive po- 
tentials (positive A,/wo), but they can occur for suffi- 
ciently strong attractive potentials (A,/wo negative 
and sufficiently large in magnitude). Since, in this 
paper, we are considering only the limit of f<«1 (s21), 
we can assume that the localized wave functions 
associated with different impurity atoms do not appreci- 
ably overlap. Thus the levels associated with atoms of 
type s are the same as the levels associated with a 
particle of mass wo moving in the isolated potential 
V,'(r). This problem has been treated by Hulthén and 
Laurikainen,? who show that the first bound level 
occurs when A,/w is negative and sufficiently large in 
magnitude that 


— (A,/2woa,) 2 0.8399. (47) 


The fact that Eqs. (46) and (47) agree so well strongly 
suggests that the divergence of Eq. (44) is connected 
with the splitting off of bound states from the conduc- 
tion band. 

Let us consider the case where there are bound states 
associated with the localized perturbative potential 
V,'(r). The presence of these bound states has very 
important implications with regard to the energy E, 
considered as a function of f,. Mathematically speaking, 
we may state that E(f,) is a discontinuous function of 
f, at f,=0. To see this, we note that the number of 


8 L. Hulthén and K. V. Laurikainen, Revs. Modern Phys. 23, 
1 (1951). 
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bound states varies linearly with f,, while the energies 
of these states are independent of f, (in the limit of 
small f, which we are considering in this paper). Thus 
the bound states which exist remain split off as f, 
approaches zero. In other words, there is at least one 
bound state, split off by a finite energy from the allowed 
band, no matter how small f, is, as long as f, is not 
identically zero. In contrast, there is necessarily no 
bound state when f,=0. Therefore, E(f,) is discon- 
tinuous at f,=0, and it is absolutely necessary to retain 
all terms in any formal expansion of E as a power series 
in f., no matter how small f, may be, as long as f,¥0. 
It is now clear that the divergence of Eq. (44) (when 
bound states are present) arises, not from perturbation 
theory, but rather from the neglect of higher order 
terms in the expansion of E as a power series in f,. Of 
course, in practice there seems to be nothing we can do 
to rectify this matter since it appears quite difficult to 
write down the general expressions for the higher order 
terms in f,. We may conclude that the major results 
of this section, namely Eqs. (27), (30), (43), and (44), 
are valid only when bound states do not occur, i.e., 
when Eq. (46) is not satisfied. 

Let us now investigate further the consequences of 
this section when bound states do not occur. A com- 
parison of Eqs. (39) and (44) indicates that the energy 
calculated to all orders of perturbation theory is quali- 
tatively similar (in its dependence upon k) to the energy 
calculated only to second-order perturbation theory. 
As an example of this, consider the case of a binary 
alloy. Since there is only one minority component, we 
may drop the subscript from A, a, and f. Defining 


b=al1+(CA/?woa) }', 
€o= (89? f/w Mab!) 


32rw CA \? CA \y 
COM OR 
ac 2woa 2woa 
€(k) = wo! (2/6)? E(k) — (42° f/2a7) J, (50) 


[ E(k) being the energy calculated to all orders of 
perturbation theory ], we see that 


(kt) = (2h/b)?— eo 1+ (2k/6)? 7, 


an equation completely equivalent to Eq. (I-31), despite 
the fact that (51) refers to the energy calculated to all 
orders of perturbation theory whereas (I-31) refers to 
the energy calculated only to second-order perturbation 
theory. As in I, we can define a number 7 such that 
dn/de is proportional to the density of allowed states 
per unit energy, 


(dn/de) =4V2{1+ (e+1)[ (e+ 1)?+4e0 4} 
x {(e—1) + [(e+1)?+-4e0]}4, (52) 


Eq. (52) being identical with Eq. (I-33). The discussion 
given in I can now be applied to Eq. (52). Figure I-2 


(48) 


(51) 
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of reference 1 shows how the density-of-states curve 
“tails off” into the forbidden band when ¢9 is much 
larger than unity. (It should be borne in mind that ¢€ 
is limited in size by the condition f<1.) 


III. ANISOTROPIC EFFECTIVE MASSES 


In this section we wish to extend the previous 
discussion, insofar as is possible, to the case where the 
effective mass is anisotropic, i.e., Wo is not proportional 
to the unit tensor. As before, we assume that V,’ is a 
screened Coulomb potential given by Eq. (31). Equa- 
tion (34) may still be used to determine &,,, but, for 
n> 2, Eq. (35) must be replaced by 


stn (4) (2) fo fitere 


X La.?+ (x1— x2)? ]- + -[a.?+ (%n-2— %n-1)"] 
X [a2+ kn? |[%1-Wo- (2k— x1) } 
X[xe-Wo- (2k— xz) ]- es Cxn—1-Wo- (2k—xn-1) ]} 


Xdradty2° - dT e(n—-1)- (53) 


As before, we assume that Eq. (38) is a good approxi- 


(n—1) 
| (54) 


mation, so that 
4rA,\[CA,92 
§.n(k) — ( )I T(k 
2Ca,? 2n? 
where 


rk)= [Cor+e) “0 x-Wo-(2k—x«) P'dr,. (55) 


Substituting Eqs. (34) and (54) into Eqs. (18) and (19), 
we can perform the sum over by inspection, obtaining 


E(k)=k-Wo-k+>., f.6.(k), (56) 
where &,(k) is now defined as 


ca (fio fA] |] 


Let us define Wo! as that tensor whose square is 
equal to Wo. We see that E(k) may be considered to 
be a function of the scalar quantity |Wo!-k|. We now 
ask ourselves the following question: What must be 
the functional form of V,’(r) in order that E(k) also 
be a function of |Wo!-k| ? The answer to this question 
is that V,’ must be a function of |Wo-!-r| (Wo? being 
the inverse of Wo!), so that U,’ is a function of |Wo!-k]. 
Equation (21) now shows that &,,, and thus also E, 
must therefore be a function of |Wo!-k]. In a similar 
fashion, we can see that if V,’(r) is more nearly spheri- 
cally symmetric in ordinary space than is a function of 
|Wo--r|, then U,’(k) will be more nearly spherically 
symmetric in reciprocal space than is a function of 
|Wo!-k|. This means that &,,(k), and thus also E(k), 
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must be more nearly spherically symmetric in reciprocal 
space than is E(k). In particular, for spherically 
symmetric V,’(r) such as we are assuming throughout 
this paper, the anisotropy of the effective mass will be 
reduced by the introduction of the minority-component 
impurity atoms. 

In order to proceed further, it is necessary to evaluate 
the integral 7(k) defined by Eq. (55). Unfortunately 
this cannot be done in closed form. Therefore we 
express J(k) as a power series in k, evaluating the 
constant term and the term quadratic in k. In doing 
this, we shall specialize to the case where the surfaces 
of constant Eo(k) in k space are spheroids; i.e., to the 
case where the reciprocal effective-mass tensor Wo, 
when diagonalized, has two diagonal components the 
same, namely wy. The third diagonal component wo is 
the reciprocal of the longitudinal effective mass, while 
wo is the reciprocal of the transverse effective mass. 
If we define the two constants 


Wo= 3 (2wot+wi), 


( = ) 

ee. 
Wot ZWio 
then it follows that 


Wuo= wo(1+}8o), 


Ww=Wo(1—Bo), (61) 
and 


E(k) ze wok*[1 —BoP2(cos®) ], (62) 


where © is the angle between k and the axis of figure 

of the spheroid and Pz: is the Legendre polynomial of 

degree two. (A positive 8 corresponds to a prolate 

spheroid, a negative 8) corresponds to an oblate 

spheroid.) Let us write the expansion of J (k) as 

T(k)=Iot hhk+::-. (63) 

In Appendix B it is shown that 

To= — (x*/woa,*)g, (64) 

I2= (x°/woa,')g’[1—Bo' P2(cos@) ], (65) 
where, by definition, 


1 ' (ee) 
=> n ’ 
§ [380(2+80)? L(2+6,)'— (380)! 





(66) 


(67) 


3 
f~( JL} 
2+£Bo 


Bo’ =Bo— (g’Bo)*L1 — (1—B*)g]. (68) 


Note that g, g’, and §y’ are all functions of 8» only, so 
that they depend exclusively upon the anisotropy of the 
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unperturbed energy surfaces. We can now expand Eq. 
(57) as a power series in k. 





(gA ,/2woas) 
1+ (gCA ,/2woas) 


(g’A ,/2woa,) k\? 
+| (-) (164 Prose) 
1+ (gCA ,/2woa) 


as 


&,(k) = (4A 0 = | 





ters. (69) 


Let us define a reciprocal effective-mass tensor W 
which has transverse and longitudinal components w, 
and w; given by 


(70) 
(71) 


w=wo(lt+>d, felts), 
wm=wo(1t+>d, f Cis), 


where, by definition, 
Sarg’ A, > gCA,\ 7° 1+380' 
wa sort hg Poe eer 
Qa27 \2woa, 2wWods 1+36o 
Sarg’ A, > gCA.\ T° 1—Bo’ 
o-(S SI tat ™ 
Qa, \2woa, 2wods 1—Bo 
Substituting Eq. (69) into (56) and making use of 


Eqs. (70)-(73), we see that 
E(k)=k-W-k+ E(0), 








(74) 


where the constant term E(0) is given by 


4trA sf, 
E(0)= z(—)} 
8 a,” 


From the above equations it is clear that E(k) diverges, 
and thus presumably a bound state occurs, whenever 


— (gCA ,/2woa,) 2 1. (76) 


(gA ,/2wods) 


——_| (75) 
1+ (gCA ,/2woa,) 


This differs from Eq. (45) in containing the anisotropy 
factor g. The ratio of the longitudinal to the transverse 
effective masses, (m,/m;,), can be written in the form 


(mi/m) = (ws/wi) = (wio/Ww)[1— Lee fe(Cte—Cte)] (77) 


in the limit of small f,. 


IV. GERMANIUM-SILICON ALLOYS 


We wish to apply the results of the previous section 
to the conduction band of a germanium-silicon alloy in 
the limit when either the germanium or the silicon has 
a very small mole fraction. As was mentioned briefly 
in Sec. II, the unperturbed potential Vo, defined by 
Eq. (5), depends upon the composition of the alloy as 
a result of changes in lattice constant with composition. 
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We shall assume that the fractional change in the 
lattice constant is proportional to the mole fraction of 
the minority component (Vegard’s law), 


(AR/R)=kf, (78) 
the factor of proportionality being x. It can readily be 
shown’ that the effect of the change in lattice constant 
on the energy levels is equivalent, in the effective-mass 
approximation, to that due to an additional pertur- 
bative potential 


VW’ @)=xf Ln V"(r—R,), (79) 


where 


V" (r)=[2+1(8/ar) Wor). 


The total perturbative potential is now the sum of 
Eqs. (6) and (80), ie., V+V”. It is immediately 
apparent that the only contribution to the perturbed 
energy which is linear in f and which involves matrix 
elements of V” is that contribution resulting from 
first-order perturbation theory. (This results from the 
multiplicative factor «f.) Since we are neglecting contri- 
butions proportional to powers of f greater than unity 
in this paper, we may include the effect of change in 
lattice constant by adding to the energy the term 


(80) 


f Wo* (kr) V” (1) Wo(k,n)dr = (x f/2) f V'(r)dr. (81) 


Because of the fact that Wo is a plane wave, this addi- 
tional term is independent of k. Thus the effective 
mass is unchanged by the change in lattice constant, 
and Eq. (74) still holds. Equation (75) is now given by 


£(0) (= | (gA /2woa) 
<n of 1+(gCA/2woa) 


+() i) v" ed} (82) 


Using the experimentally measured values of the 
effective electron masses in germanium and silicon,!° 
we find for germanium w,o= 12.2, w=0.633, wo= 8.34, 
g=1.5162, g’=16.572, Bo=0.924, Bo’ =0.873, while for 
silicon wi=5.26, wo=1.03, wo=3.85, g=1.1874, g’ 
= 6.5886, Bo=0.732, Bo’ =0.639. This demonstrates the 
general rule (true whenever the unperturbed energy 
surfaces are prolate spheroids) that 


Bo’ <Bo. 


The significance of this rule, as can be seen from Eqs. 
(62) and (69), is that the anisotropy of &(k) is less 


(83) 


® See R. H. Parmenter, Phys. Rev. 99, 1759 (1955), Sec. II. 
0 Dresselhaus, Kip, and Kittel, Phys. Rev. 98, 368 (1955). 
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than that of Eo(k). From Eqs. (72), (73), and (83), 
it follows that 


Ci> Cr (84) 


so that the effective-mass ratio, as given by Eq. (77), 
decreases toward unity with increasing f. (For oblate 
spheroids, the two above inequalities are reversed.) 

In order to obtain V’(r) and V’’(r), we use for Vs; 
and Vg, the one-electron spherically symmetric atomic 
potentials appropriate to the neutral isolated atom in 
question." In the case of silicon, the potential was 
obtained by extrapolation of the values appropriate to 
the triply and quadruply ionized ions by making the 
assumption that the potential at a given point is a 
linear function of the degree of ionization of the atom. 
For values of r greater than about one-fifth the nearest- 
neighbor distance, both V’ and V” can be approximated 
by Eq. (31); for V’, cz=0.6 and A=+4.2 (the plus sign 
appropriate to the Ge end of the Ge end of the Ge-Si 
alloy system, the minus appropriate to the Si end), and 
for V"”, a=0.5 and A=+5.0 (appropriate to the Ge 
end of the alloy system). 

Calculating the quantity (gCA/2woa), we find at the 
Ge end of the alloy system 


(gCA/2woa) = +0.732, (85) 


while at the Si end 


(gCA /2woa) = — 1.242. (86) 
Comparing this with (76), we see that there is no 
problem of bound states at the Ge end (where the 
perturbative potential is repulsive), but there appears 
to be a bound state at the Si end.” Thus the methods 
of this paper are not applicable to the latter case. We 
now restrict ourselves to the Ge end of the Ge-Si alloy 
system. 

For germanium, the atomic volume 0 is 152.77. Since 
Vegard’s law is nearly true for the Ge-Si alloy system,” 
we may assume that the factor of proportionality x 
appearing in Eq. (78) is given by 


K= (Rsi—Ree)/Ree= — 0.04068, (87) 


R being the lattice constant. Substituting the numbers 
into Eq. (82), we obtain 


E(0)=+0.540/, (88) 


f being the mole fraction of silicon atoms. Evaluating 


1 A, J. Freeman, Phys. Rev. 91, 1410 (1953). 

12 Tt does not seem very plausible to the writer that there really 
exists a bound state associated with an impurity atom having the 
same valence as that of the host-crystal atoms (such as is the 
case with Ge in Si). The apparent appearance of a bound state 
is probably an artifact of the effective-mass approximation, i.e., 
the approximation of Eq. (1) by Eq. (13). 

18 E. R. Johnson and S. M. Christian, Phys. Rev. 95, 560 (1954). 
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Eqs. (72) and (73), we get 


¢=0.727, c,=1.240, (89) 


so that the effective-mass ratio is given by 


(m,/m,) = 19.3[1—0.513 f]. (90) 
It is impossible to check (88) experimentally. When we 
compare this value of E(0) with the experimentally 
determined band gap,” we see that the former increases 
with f five times as fast as the latter. This implies 
that the top of the valence band is rising with f at 
four-fifths the rate of the bottom of the conduction 
band. Recently, attempts have been made to determine 
the effective masses in Ge-Si alloys, both by means of 
cyclotron resonance and by means of magnetore- 
sistance.!® Unfortunately, the accuracy of the experi- 
mental results is not sufficient to warrant a detailed 
comparison with theory. Furthermore, because of the 
effective-mass approximation, the theoretical results 
are presumably only semiquantitatively accurate. 
Theory and experiment do not appear inconsistent, 
however. 


APPENDIX A 


We wish to evaluate Eq. (35) for n=4 and k=0. 
To this end, consider the three functions 


f(t) = (dar), 
g(t) = (dna) (1), 


h(r) = (4ra)*r [6 (1—e-*”) 
— (a+b)7(1—e- or") ],. 


(1a) 
(2a) 


(3a) 


The corresponding Fourier transforms (denoted by 
capital letters) are 


F(k)= f f(e™tdr= (e+e), (4a) 
G(k) =o-"[k-*— (+ #)"]=k-F (ho, 


H(k) = (4na")*e-*(( +P —[(ab)P BP} 


. f(-) —“*) . 
=e a e’™-"dr, 
o\ 4r ( 4ra’r 


Making use of the general relation 


(Sa) 


J serene sar= any fre )G dare, (7a) 


“4 Dresselhaus, Kip, Ku, Wagoner, and Christian, Phys. Rev. 
100, 1218 (1955). 
1M. Glicksman, Phys. Rev. 100, 1146 (1955). 


we have 
f and= f seg@erar 


= (2m) fF (kha F(ka)dras (8a) 


oa 


The integral we wish to evaluate can now be written 


Jf fe ronctr dake *F oak) 


X ks? F (Ks)drindriedris 


= (2m)? f f drydrisG(—k,)F (k1—k:) f * dbH (ks) 


= car fab fare sae 
= fab fac f drewt—ey 


1—e"*" 1—e—(etb)r 
{eRe site 
b? (a+b)? 


Here we have made use of the general relation 





(27) fst) fcqneyar 


=f fe(—bWy Ft. —k)H (kddrndra (10a) 


The integrations over r, c, and } in (9a) can be per- 


formed trivially, so that (9a) becomes 
(x®/a5)[8 In(32/27)]. (11a) 


Alternatively, if we invoke Eq. (38), then 
ff fe teoni te este)? (eI) 
Xho? F (Ks)drisdri2dris 


-cal f P(—WE*F dr] 


-cal (an) f fepetear] = (°/a5)C?. (12a) 


Equating (11a) and (12a), we get 


C=[8 In(32/27) }!=1.166. (13a) 





ENERGY LEVELS OF 


APPENDIX B 


We wish to evaluate the integral 
1(k)= f CEa(k)— Fo(o)}*Le'+ (o—h)" Har. 
This may be written 


Tr Qn C-) 
I(k)=2 f do sind f rm f doF(,¢), (2b) 
0 0 0 
where 
F(¢,0,¢)=}0°7_@+F siny+ (o—k cosy)? }* 
xX {wok 1 —BoP2 (cos@) } 
— woo*[1—BoP2(cosd) ]}-. 
6 and ¢ designate the orientation of ¢; 0 and # designate 


the orientation of k, while y is the angle between k 
and g, i.e., 


cosy = cos® cosé+sin@ sin@é cos(¢—®). 


(3b) 


(4b) 
Defining 
(Sb) 


V=nr—-0, y'=26+27-¢, o'=—2, 


we see that 


© Qn 0 
T(k) = 2f dg’ sina’ f ae f da’ F (a’,6’,¢’), (6b) 
0 0 —0 


so that 
Qn 


I(k)= f “do sind f és f “doF(o,0,y). (Tb) 


—2 


As a function oi o in the complex plane, F(¢,0,¢) has 
simple poles on the real axis at 


1—6oP2(cos@) 4 
o=+ (8b) 
1—BoP2(cos@) 
and poles of second order not on the real axis at 


o=k cosy+i(a?+F sin4y)}. (9b) 


[The fact that the simple poles are always on the real 
axis follows from the fact that necessarily BoP2(cos@) <1 
for all @. | Taking principal values, we have 


f F(¢,0,¢)do 


=2mi ResF(k cosd+i(a?+? sin’6)!, 0,¢) 
| ) 


+7 Resk( +4] 
1 — BoP2(cosé) 


1— —BoP2(cos@) 
tri ResF( - | —— ] i), (10b) 
1— —BoP2(cos0) 


DISORDERED ALLOY 31 
where ResF(¢,0,¢) is the residue of the pole at . Since 


1—BoP2(cos@)}! 
Resh( +A — |: 6 ) 
1— — BoP2(cosé) 


= (4wo) [1 — ByPs(cos) | 0+ 8 sin’y 


1—8oP2(cos@) 442)-2 
+ cos ( ————) » (11b) 
1—£P2(cos#) 


it follows that 


1—BoP2(cosO) 4 
ResP( +4] 40) 
1 —8)P2(cos@) 


—BoP2(cos®) 
= -Resk( -|— el ve’), (12b) 
1— BoP2(cos6’ ) 


so that 
1—BoP2(cosO) 
ResF (+4|— —- ] , a0) 


rif ‘aosina f dy 
1—BoP2(cos@) 


1—8P2(cos@) 7} 
+Resr(—4|— —— : as) =(. (13b) 
1—BP2(cos#) 


r= f do sino dyG(0,¢), 


G(0,¢) =2mi ResF(k cosp+i(a?+? sin*y)}, 0, ¢) 


a (=)cr —BoP2(cos8) |! 
Wo 


x|- [te k cosp+i(a?+k? sin*y)! P 


k[1—BoP2(cos®) ] cn 
canes") 
o*[1 —BoP» (cos0) ] a =k cosy +4(a?+h? sinty)}. 


(15b) 


Thus 
(14b) 


where 


In order to integrate G with respect to ¢ and @, it is 
necessary first to expand G as a power series in k. Since 
we will neglect terms of higher order than those 
proportional to k?, we may write 


( ey 
°[1—BoP2(cos8) ] 


kl 1—BoPo( s©) 
nae et Ecsdiacnts J (16b) 


a1 BoP (cosd)]’ 
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so that 
G(6,¢) = (2mi/wo){1—BoP2(cos8)}~ 


x | [o—k cosp-+i(a?+# sin'y)!}* 





o—k cosy+i(a?+? sin*y)! 
[H+ (14 ) 
o 


(<) (- ee] 
7K wade ueenencestipiignepingnetngantiemensS 
o*®/ \ 1—BoP2(cos8) o =k cosy +i (a? +k? sinty)? 


x (a?+k? sin*y)-! 
“hi. fi- BoP 2(cos6) | 
i+ [kcosy+3i(a?+k*sin*y)! ]k?{ 1 —BoP2(cos@)} 


"Tr cosp-+i(a?-+k sin’y)* {1 —BoP2(cos#)} 
(17b) 








We expand in terms of &, i.e., 

G(0,¢)= A(0,¢) +kBO,9)+RCO,¢)+---, 
where 
@(0,¢) = — (4/4woa*){1—BoP2(cosé)}—, 
8(0,¢) =0, 
C(0,¢) = (32 /4woa*){1—BoP2(cosO)} 

X {1—BoP2(cos6)}-*+ (34/8woa*) 
Xsin*y{1—BoP2(cosd)}—. 

The integral J(k) can now be written as in Eq. (63). 


(18b) 


(19b) 
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In this expression 


T i d6 sin6 al 
eee et 
4woa*J, 1—BoP2(cos8) 4 o 


= — (1°/woa")g, 
g — given by Eq. (66). Also 


(20b) 


Qn 





dé sin@ 
l- oP 2 Oo 3) 
nt Reais, nf Pree sae 


3m * désiné - 
ol el 
8woa* o 1 —BoP2 (cos6) 0 


x me 1—[cos® cos#+sin® siné cos(y—#) F} 





 [1—BoP2(cos®)] f [1—BoP2(u) Hd 


1 1— P2(cos@) P2(u) 
oF re 
2woa’Y_; 1—BoP2 (u) 


Making use of the fact that 


J c-ap.wra-(- 
1 1—P2(cos@) P2(u) 

r. 
1 1—BoP2(u) 


2 
=2g— (-) (g—1)P2(cos®), 
B 


0 


al 


2 1 
Ni=at*h 
2+Bo/ L1—Bo 





we obtain Eq. (65). 
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Low-Temperature Behavior and Dispersion Relations of Face-Centered Cubic Metals 


G. K. Horton Anp H. ScuirF 
University of Alberta, Edmonton, Alberta, Canada 
(Received February 21, 1956) 


The temperature variation of the effective Debye temperature © near the absolute zero is investigated 
for some face-centered cubic metals on the basis of: (a) the Born and Begbie noncentral force theory taking 
nearest neighbor interactions only into account; (b) the customary central force model, used by Fine, 
Leighton, etc. The results are found to be qualitatively similar to those recently obtained by Bhatia and 
Horton on the basis of a model for monovalent metals proposed by Bhatia. Our results are based throughout 
on Houston’s approximation to the frequency spectrum. 

The dispersion relations for Cu are calculated along the (100), (110), and (111) directions on the basis 
of (a), with nearest and next-nearest neighbor interactions; on the basis of (b); and from the equations of 
Bhatia and Horton. The results are compared with recent experimental results obtained from temperature- 
diffuse x-ray scattering by Jacobsen. It is found that, with a choice of force constants consistent with the 
observed elastic constants, all three theories agree with the experimental results to about the same extent. 


1, INTRODUCTION 


N two recent papers'? a model for monovalent 
cubic metals for obtaining the secular equation 
determining the normal modes of vibration was pro- 
1A. B. Bhatia, Phys. Rev. 97, 363 (1955); we shall employ 
the notation of this paper and refer to it as I. 


2A. B. Bhatia and G. K. Horton, Phys. Rev. 98, 1715 (1955). 
This paper will be subsequently referred to as II. 


posed and applied to the calculation of the frequency 
spectra and specific heats of Na and Ag. The main 
purpose of the model put forward in I was to take 
into account explicitly the volume-dependent forces 
in a metal in some approximate way. Alternatively, 
we have available the following two other methods 
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of calculating frequency spectra and specific heats of 
metals: 


(i) We may use the central force model taking into 
account nearest and next-nearest neighbor interactions 
only. This gives two force constants. The three elastic 
constants for a cubic metal, however, do not, in general, 
satisfy Cauchy’s relations. Hence one first substracts 
from them a contribution which depends on the volume 
only (supposedly due to the free electrons and not 
affecting the lattice frequencies) and assumes that the 
remaining constants obey the Cauchy relations.? The 
force constants are then determined in the usual 
manner by comparing the expressions for the velocities 
of long-wavelength disturbances in terms of the force 
constants and the elastic constants. This model has 
been used by several authors.‘ 

(ii) Born and Begbie® start with a general noncentral 
interaction potential function between the ions. For a 
monovalent face-centered cubic lattice, this procedure 
gives three force constants for nearest neighbor forces, 
two for next to nearest neighbors, and four for third- 
nearest neighbors. If one confines oneself to nearest 
neighbors only, the three force constants may be 
determined from the experimental values of the three 
elastic constants.® So far as is known to us, no calcula- 
tions of frequency spectra and specific heats have been 
made on this simple model.’ 

Attempts, however, have been made to determine 
the dispersion (frequency—wave number) relations for 
certain directions of propagation from the temperature- 
dependent diffuse scattering of x-rays from which the 
force constants may be determined. Jacobsen® has 
recently carried out such an analysis for Cu. He retained 
terms up to, and including, third-nearest neighbors in 


3P. C. Fine, Phys. Rev. 56, 355 (1939) who, to our knowledge, 
was the first to suggest this advice following results on the elastic 
constants of cubic metals by K. Fuchs, Proc. Roy. Soc. (London) 
A153, 622 (1935) ; 157, 444 (1936). 

‘P. C. Fine, reference 3; R. B. Leighton, Revs. Modern Phys. 
20, 165 (1948); E. Bauer, Phys. Rev. 92, 58 (1953), and others. 

5M. Born and G. H. Begbie, Proc. Roy. Soc. (London) A188, 
179 (1947). The following comment on the general theory of 
Born and Begbie, may be made here: The expressions for the 
elastic constants are related to certain sums, over the ions of the 
second derivatives of the potential function. As noticed by 
K. Huang, Proc. Roy. Soc. (London) A203, 179 (1950), the 
symmetry relations (2.28) of Born and Begbie do not hold for a 
general interaction potential function; in fact it may be shown 
that (2.28) necessarily lead to Cauchy’s relations. We wish to 
point out, however, that their matrix equation (2.30), connecting 
explicitly the elastic constants with the elements of the dynamical 
matrix, is correct and leads to the same expressions for the elastic 
constants as given by Huang. Of course, Born and Begbie in their 
work implicitly assume certain conditions (discussed by Huang) 
which must be satisfied in order that the results of the atomic 
theory go over into those of the elasticity theory in the long 
wave limit. We are indebted to Dr. Bhatia for this comment. 

6 This procedure is not possible for body-centered or simple 
cubic lattices, for then one has either too few force constants 
(with nearest neighbors only), or too many (with nearest and 
next-nearest neighbors). 

7 Such calculations are in progress at this University. 

8E. H. Jacobsen, Phys. Rev. 97, 654 (1955). References to 
other work of a similar nature may be found in this paper. 


METALS 33 


the theory of Born and Begie and determined the nine 
force constants thus available by obtaining a best fit 
between the experimental and theoretical dispersion 
curves along the (100), (110), and (111) directions with 
the aid of the Massachusetts Institute of Technology 
Whirlwind I electronic computer. The over-all fit so 
obtained was within a few percent. He then determined 
the elastic constants from the force constants and found 
that the values of one of the elastic constants, namely 
Cas, differed substantially (15%) from that obtained by 
Gaffney and Overton’ by the ultrasonic method. 

In this paper we made a comparative study of some 
of the results that may be derived from the above- 
mentioned three theories. In Sec. 2 we examine the 
temperature dependence of the effective Debye 0 
near the absolute zero of temperature for some face- 
centered cubic metals on the basis of the central force 
model and the Born and Begbie theory with only 
nearest neighbor interactions for the latter. These 
results are then compared with those obtained in IT. 
Our work is based exclusively on Houston’s approxima- 
tion to the frequency spectrum. 

In Sec. 3, we calculate the dispersion relations for 
Cu along the (100), (110), and (111) directions on the 
three theories and compare them with the experimental 
results of Jacobsen. In calculating these relations from 
the Born and Begbie theory, we have taken into account 
nearest the next-nearest neighbor interactions only. 
We thus have five force constants. However, unlike 
Jacobsen, we impose three subsidiary conditions on 
them, namely, that the values of the three elastic 
constants, determined from the force constants by 
going to the long-wavelength limit, take on the experi- 
mental values found by the ultrasonic method. This 
leaves us with only two independent force constants 
at our disposal. If such a procedure is adopted and 
terms involving up to third-nearest neighbor interac- 
tions are retained, one would have six force constants 
at one’s disposal. The effect of including these extra 
terms on our results is also discussed briefly. 

Our conclusions are discussed at the ends of Secs. 2 
and 3. 


2. LOW-TEMPERATURE BEHAVIOR OF THE 
EFFECTIVE DEBYE © 


(a) Theory 


The low-temperature behavior of the effective 
Debye © was discussed in II on the basis of the secular 
equation derived in I, by means of Houston’s method 
and an expansion of the frequency spectrum in powers 
of the frequency w. Since only even powers of w occur 
in such an expansion, this is equivalent to an expansion 
of © in even powers of the temperature; the first two 
terms in this expansion were retained and the results 
given for representative face-centered and _body- 
centered cubic metals. 


9 J. Gaffney and W. C. Overton, Phys. Rev. 95, 602 (1954). 
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We have carried out an analogous study for the 
central force theory and for the theory of Born and 
Begbie® in which the nearest neighbor interactions only 
were retained. In this way a unique identification of 
the force constants in terms of the elastic constants 
was possible. The details of the analysis were given in 
II and will not be reproduced here. Using the same 
notation as in II, our results may be summarized as 
follows. The equivalent Debye temperature Or at 
temperature T is given by 


@r= Ol 1—(20n2/21) (a2/ar)(KT/h)2+...J, 


where 


(1) 


Qo= (9No/a1)*h/k, (2) 
and a and a are directly connected with the force 
constants, and hence the elastic constants, of the 
crystal. 

Using room-temperature values of the elastic con- 
stants, the quantities a; and a: may be evaluated. 
Our results are summarized in Table I. 

It can be shown that a; is always positive while a2 
may be negative. In the central force theory, as in 
the theory of Bhatia (when the small longitudinal 
contributions are neglected), one finds a critical value 
of o( = €/C44= [C11 — C12— 244 |/C44), on which O7, defined 
in (1), depends, for which the Qr is initially flat, to 
be —1.39. In the theory of Born and Begbie, while a2 
can again be negative, the O7 does not depend on the 
elastic constants through o alone and so we cannot 
ascribe a critical value to o for which az changes sign. 





o*(C,-C=2C WC 


a4 








0.06 





1 
0.03 
T/e, 


—- 


Fic. 1. Comparison of the Born and Begbie noncentral force 
theory (solid curve) and the central force theory (broken curve) 
predictions for the low-temperature Debye @r7. These curves are 
based on results obtained by Houston’s method. 
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TasLeE I. Comparison of the three theories considered in this 
paper concerning their prediction of the value of the coefficient 
(T/@>)? in the expansion of the characteristic Debye temperature. 








(202/21) (a2/a1) (K@0/h)? 
Born and Central 
Begbie force 


21.0 
7.85 
4.08 

—17.5 


Bhatia 


24.2 
7.28 
1.25 

—17.5 


Metal 


Al 

Ag 
Cu 
Pb 


@o 


408 
205 
320 

83 


—o=—e/cu 





0.36% 
1.31 
1.375 
1.5 


18.3 
7.23 
1.65 

—19.6 








® This value is quoted incorrectly in part II. 


(b) Discussion 


It is clear from Table I and the corresponding Fig. 1 
that all three theories discussed above yield values for 
Q7/Opo that differ, for small 7/0, by a few percent. 
For instance, for Pb, both the noncentral force and 
the central force theories yield a maximum in the O7—T 
curve before the usual minimum. Our results are, 
therefore, at variance with those of Leighton’ who 
predicts a curve for Pb that corresponds more closely to 
our curve for Al. We are unable to resolve this discrep- 
ancy because we have used different approximations to 
the frequency spectrum. 

We note that the results in Table I are based on 
room temperature values of the elastic constants. 
For the theory of Bhatia and the central force theory," 
the change to absolute zero elastic constants causes a 
negligible change in @7/Qp, as was already pointed out 
in part II for Cu. For the Born and Begbie theory, the 
coefficient 1.65 would be increased by about 0.8. Thus 
the general features of our results are unchanged by the 
use of absolute-zero elastic constants. 

In view of the close agreement found for all three 
theories, it would be most interesting to have an 
experimental study made of the temperature variation 
of the effective Debye © at low temperatures, especially 
for Pb. For Pb the experiments would presumably have 
to be done in the presence of a magnetic field to avoid 
the effects due to superconductivity. 


10 See reference 4. We note that Table III and Eqs. (8) in 
Leighton’s paper are not consistent for small \ and that this point 
may be connected with the divergence in our results. A systematic 
improvement of Houston’s method is being carried out at this 
University and will be applied to Ag to resolve this discrepancy. 
We note that the values of @o, which depend only on a; derived 
by a slightly different application of Houston’s method by A. B. 
Bhatia and G. E. Tauber [Phys. Mag. 45, 1211 (1954) ], were 
correct to a few percent. [There is a misprint in this article in 
that the right hand side of (5) should be multiplied by p!, where 
p is the density of the crystal._] The longitudinal contributions to 
a; and ae were ignored in II. 

1 The central force theory discussed in this work is a nearest 
and next-nearest neighbor theory. The theory of Bhatia, on the 
other hand, takes only nearest neighbors into account. A rough 
calculation shows that neglecting next-nearest neighbor forces in 
the central force theory or including them in the Bhatia theory 
causes significant changes in the dispersion curves. 
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3. DISPERSION RELATIONS 
(a) Theory 

In this section we shall need the solutions of the 
secular equation determining the angular frequencies 
w of the elastic waves in a face-centered cubic metal for 
k vectors lying along the three principal directions of a 
cubic metal; namely the (100), (110), and the (111) 
directions. For the theory of Bhatia, these solutions 
have already been given in II. In the noncentral 
force theory of Born and Begbie, the secular equation 
may be readily solved along these three directions in 


k space and we find 
100 Direction 


w= (8/pa*) sin?(ak/2v2) 

X [c1u—a sin?(ak/2v2) ], 
w*= (8/pa*) sin?(ak/2v2) 

X[csa—B sin?(ak/2v2) ]. 


(3) 


110 Direction 
w= (8/pa?) sin?(ak/4) 
X [2e1— €— (2¢11— cag— € +B) sin? (ahk/4) ], 
w?= (8/pa*) sin?(ak/4) 
X [e+ 2cas— (Cas t+e+8) sin?(ak/4) ], 
w*= (8/pa?) sin?(ak/4) 
X [2css— (2¢44—Crr te) sin? (ak/4) ]. 





100 


a o nN 


> 


12 
x1lO"cPs, x10°cm/sec 








A 0) 
2.0 2.76 





1.0 

x 10'cm~! 

Fic. 2. Frequency and velocity versus wave vector for longitudi- 
nal and traverse elastic waves propagating in the (100) direction 
in copper. The broken curve represents the central force theory 
while the curves labeled A represents the theory of Bhatia. The 
curves labeled B represent the Born and Begbie theory with 
nearest neighbor force constants only, while those labeled C were 
computed from the Born and Begbie theory with a=1.5X10 in. 
dynes/cm? and 6=1X10 in. dynes/cm*. Curve E is the velocity 
curve corresponding to the best-fit experimental longitudinal 
frequency curve of Jacobsen, whose experimental points are 
shown as crosses, 
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Fic. 3. Frequency versus wave vector for longitudinal and trans- 
verse elastic waves propagating in the (110) direction in copper. 
Jacobsen’s experimental results are shown as crosses. Curves are 
labeled successively, with A standing for the theory of Bhatia, B 
for the theory of Born and Begbie witha = =0, and C for the theory 
of Born and Begbie with a=1.5X10 in. dynes/cm*? and 8=1X 10 
in. dynes/cm*. The velocity labeled A, B, and E corresponds to 
the initial value of the velocity predicted by the theory of Bhatia, 
the theory of Born and Begbie, and the experiments, while the 
broken line gives the initial velocity according to the central 
force theory. 


111 Direction 
L: = w= (2/pa*) (3c11—2e) sin?(ak/1/6), 


T 


nA (5) 


1 : w’= (2/pa*) (3c4g+€) sin?(ak/\/6). 


a and # are proportional to the next to nearest neighbor 
force constants. The symbols LZ and T refer to the three 
(longitudinal and transverse) branches. All other 
symbols have their usual meaning as in II. We 
have imposed the subsidiary conditions that the five 
force constants must lead to the correct ultrasonic 
elastic constants C11, C12, and ¢44. The dispersion relations 
for the central force theory may be obtained from those 
of the Born and Begbie theory in the usual manner. 

The dispersion relations for Cu for the three theories, 
with two sets of values for a and 6 in the Born and 
Begbie theory, are plotted in Figs. 2, 3, and 4 together 
with the experimental results of Jacobsen. 


(b) Discussion 


Jacobsen was able to fit his experimental dispersion 
curves very closely by using the Born and Begbie 
theory, retaining up to and including third-nearest 
neighbor forces. As he showed in his Table I, this 
close fit was achieved at the expense of the correct 
value for cy. Now it has been shown in II that 
@r is much more sensitive to changes in C44 and ¢1—¢12 
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Fic. 4, Frequency versus wave vector for longitudinal and trans- 
verse elastic wave propagating in the (111) direction in copper. 
Jacobsen’s experimental results are shown as crosses. Curves are 
labeled successively, with A standing for the theory of Bhatia, B for 
the theory of Born and Begbie with a=8=0, and C for the theory of 
Born and Begbie with a=1.5X 10 in. dynes/cm? and 8=1 X10 in. 
dynes/cm?. The velocity labeled A, B, and E corresponds to the 
initial value of the velocity predicted by the theory of Bhatia, the 
theory of Born and Begbie, and the experiments, while the broken 
curve gives the initial velocity according to the central force 
theory. 


than in ¢,; and ¢y2. Thus a change of 10% in the value 
of ¢44 (and ¢11—¢12) caused a similar percentage change 
in the value of Or at 20°K. Now the results of Figs. 2 
to 4 show a similar sensitivity by the dispersion curves. 
With our subsidiary conditions removing three of the 
force constants to give the correct elastic constants, 
the dispersion relations according to the born and 
Begbie theory with nearest and next-nearest neighbor 
forces no longer fit Jacobsen’s experimental curves 
any more closely than do those of the Bhatia or central 
force theories. A choice of a and @ that is different from 
zero, curves with superscript C, does not help because 
(i) to cause a significant change in the dispersion curves 
would now require unreasonably large values of the 
second-nearest neighbor force constants; (ii) improved 
agreement with experiments for one branch in a certain 
direction clearly means worse agreement elsewhere. 
We have also made a rough calculation including 


SCHIFF 


third-nearest neighbor forces and it appears that our 
conclusions are not materially altered. We note that 
in the (111) direction the dispersion relations are 
independent of the second-nearest neighbor force 
constants. 

We conclude with a remark concerning the phase 
velocities given in Fig. 2. Curve E corresponds to the 
experimental results of Jacobsen while curves A, B, 
and the broken curve are the predictions respectively 
of the Bhatia, Born and Begbie, and central force 
theories. It is clear that in the first half of the range, 
the noncentral theories, and in particular the Bhatia 
theory, give much better agreement with experiment 
than the central force theory which in turn is somewhat 
better at the medium wavelengths. At the upper end 
of the frequency spectrum, all theories predict roughly 
the same result. We have only given the longitudinal 
velocities in the (100) direction because these results 
are quite typical for the other two directions. For the 
transverse waves, the correspondence between all 
theories and the experiments is very much closer. In 
the (100) and (111) directions we do, however, give the 
initial values of the noncentral force theories and the 
experimental curve on the one hand and the central 
force theory on the other. In this way we bring out the 
considerable divergence between the central force 
curve and the others at low frequencies, a fact not 
clearly brought out by the dispersion curves. 

Thus, to summarize, it may be noted that the 
Bhatia and central force theories give results which are 
not too different from each other and are somewhat 
closer to Jacobsen’s experimental dispersion curves 
than the Born and Begbie theory with our subsidiary 
conditions. However, since the experimental results of 
Jacobsen have a probable error of 10%, it appears to 
be somewhat premature to discuss these differences. 

We would like to thank Dr. A. B. Bhatia for many 
valuable discussions. 

Note added in Proof.—In a recent paper, C. B. Walker [Phys. 
Rev. 103, 547 (1956) ] has carried out an x-ray study of the lattice 
vibrations in Al analogous to the work of Jacobsen for Cu. The 
comments we have made on Jacobsen’s results on Cu are equally 
applicable to Walker’s results on Al. 

We would also like to make the following general remark. The 
applicability to metals of the Born and Begbie theory, which 
does not completely include the effect of the conduction electrons, 
is very much an open question. Under these circumstances we 
feel it would be of interest to have an x-ray study made of a sub- 


stance for which the theory is known, such as solid argon or NaCl, 
where the assumptions of the central force theory are obeyed. 
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Houston’s Method and Its Application to the Calculation of Characteristic 
Temperatures of Cubic Crystals 


D. D. Bertts,* A. B. BHATIA, AND MAx WyMAN 
University of Alberta, Edmonton, Canada 
(Received March 30, 1956; revised manuscript received June 25, 1956) 


Houston’s formula first derived for an approximate determination of the frequency spectrum of cubic 
crystals, essentially approximates the integral over the surface of a unit sphere of any function /(@,¢) 
which is invariant under the operations of the cubic symmetry group in terms of the values of /(6,¢) along 
the three directions (100), (110), and (111). In this paper approximate formulas are given for the integral 
in terms of the values of J (6, ¢) along the above three and any or all of the (210), (211), and (221) directions. 
As an application, Debye temperatures ® are calculated for nine cubic crystals. It appears that the 0 values 
calculated from the formula containing the values of J along all the above six directions may be expected 
to be correct to about 1% for crystals for which 0.25<<4.0 [where 7 =2¢44/(¢11—¢12) ]. For the alkali 


metals (n~8), the error can be as large as 10%. 


Houston’s method involves the expansion of J (6,¢) in terms of those Kubic harmonics which are invariant 
under all the operations of the cubic symmetry group. In the Appendix, formulas are derived from which 
the Kubic harmonics of this type of any degree may be written down readily. 





1. HOUSTON’S METHOD AND SCOPE 
OF THE PRESENT WORK 


N 1948, Houston! gave a very convenient method 

for approximately determining the frequency dis- 
tribution function of cubic crystals. The ease of the 
method depends on the fact that there exist in 
the reciprocal space certain directions along which the 
secular equation determining the frequencies w of the 
normal modes of vibration can be solved exactly. Thus 
the frequency distribution function g(w,0,,¢,) per unit 
solid angle, per unit frequency range can be obtained 
easily for several directions 8,, y, in the reciprocal space. 
The functions g(w,0,,¢,) may be expanded in terms of 
those Kubic harmonics’ which have the same symmetry 
properties as g(w,0,¢) ; thus 


8 (02,02) = 2o'm Am(w)K m(Os,¢s), (1.1) 


where Ko=1 and a prime on the summation sign 
signifies that m=1 is to be excluded from the sum- 
mation; in the notation employed here, K;=zero (see 
Sec. 2 and appendix). Km satisfy the orthogonality 
conditions 


f f KK. dntitde=tayde» (1.2) 
0 0 


In (1.2), Ym is a normalization constant and dm,» is the 
usual Kréneker delta function, equal to unity when 
m=n and zero otherwise. If the number of terms 
retained in the expansion (1.1) is equal to the number 
of directions 6,, ¢, along which g(w,9,,¢,) is determined, 
one may solve for @m(w). The frequency distribution 
function G(w) per unit frequency range is then given by 


Gw)= f felwre) sindd@dg=41ao(w). (1.3) 


* National Research Council of Canada Postdoctorate Fellow. 
1W. V. Houston, Revs. Modern Phys. 20, 161 (1948). 
2 F. C. Von der Lage and H. A. Bethe, Phys. Rev. 71, 612 (1947). 
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Houston determined ao(w), and hence G(w), from the 
values of g(w,#,¢) along the three principal directions 
of a cubic crystal, namely the (100), (110), and (111) 
directions,’ and obtained the formula‘ 


G(w) = (42/35) [10g 4 (w) + 16g8(w)+9gc(w) J, 


in which the subscripts A, B, and C on g signify its 
value in the (100), (110), and (111) directions, respec- 
tively. 

The approximate formula (1.4) has been used 
recently by several authors® to calculate G(w), and 
hence the specific heat C, at constant volume, for cubic 
crystals. Houston’s method is particularly suited for 
the calculation of C, at low temperatures, since, with 
the help of (1.4), one can easily obtain an analytical 
expansion of G(w) in powers of w*. Recently Bhatia 
and Tauber’ have used (1.4) also to derive an explicit 
formula for the characteristic temperature © in the 
limit of vanishing temperature in terms of the elastic 
constants C11, C12, and ¢44 of a cubic crystal. We may 
mention, as is obvious, that Houston’s method of 
approximating G(w) may be used to evaluate approxi- 
mately any integral 


J=f fr@0 sinédéd ¢, 


provided that the’integrand J(6,¢) has the correct sym- 


(1.4) 


(1.5) 


metry properties. 


’ The solutions of the secular equation are particularly simple 
in these three directions. 

4 The formula (1.4) is written here after allowing for a numerical 
error in Houston’s calculation. Note also that our notation is dif- 
ferent from that used in reference 1. 

5 For example, E. Bauer, Phys. Rev. 92, 58 (1953); A. B. 
Bhatia, Phys. Rev. 97, 363 (1955); A. B. Bhatia and G. K. 
Horton, Phys. Rev. 98, 1715 (1955). 

® See last reference in footnote 5. 

7A. B. Bhatia and G. E. Tauber, Phil. Mag. 45, 1211 (1954); 
also erratum; Phil. Mag. 46, 108 (1955). 
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Now clearly the number of terms retained in the 
expansion (1.1) corresponds to a certain degree of 
approximation. It would be desirable, therefore, to 
study the effect of retaining more than three terms on 
the right hand side of (1.1). In Sec. 2 of this paper, 
Houston’s formula (1.4) is extended by retaining up to 
six terms in the expansion (1.1) and taking the values 
of the integrand J along the A, B, and C directions and 
along either one, two, or all of the three directions 
(210), (211), and (221).* This gives us, besides Houston’s 
formula (1.4), seven other approximate formulas for J. 
In Sec. 3, we use these formulas to calculate Debye 
characteristic temperatures © for nine typical cubic 
crystals in terms of their elastic constants. It is found 
that for crystals for which the anisotropy factor 
n | =2c4s(C11—C12)] lies outside the range 0.5<<1.5, 
the © values calculated by retaining six terms in the 
expansion (1.1) are a distinct improvement over those 
obtained by retaining three terms only. Application of 
of the formulas derived in Sec. 3 to the calculation of 
frequency distribution function G(w) will be taken up 
in a later communication. 

The appendix is devoted to the mathematical problem 
of constructing a Kubic harmonic (K.H.) of any 
degree. Attention is mainly confined to those K.H. 
which are invariant under all the operations of the 
cubic symmetry group, as the functions /(6,¢) [see 
Eq. (1.5) ] occurring in the type of problems considered 
here have this property. In the notation of Von der 
Lage and Bethe,’ these K.H. are referred to as of 
a type. They obtained the first four K.H. of this type 
by orthogonalizing each K.H. with all the preceding 
ones. This procedure is lengthier the higher the degree 
of K.H. to be constructed. 

In the appendix it is shown that the number of 
linearly independent K.H. of a type of degree 2n is 
given by the coefficient of x” in the expansion 


[(1—a2)(1—23) 9 = 14224-2844 2x84 -- +, (1.6) 


Further formulas determining a complete, linearly inde- 
pendent set of K.H. of this type are derived. In this 
set K.H. of different degrees only are orthogonal to 
each other. However, where there exist more than one 
K.H. of the same degree, they may be easily orthog- 
onalized by taking suitable linear combinations of 
them. Note that up to degree 24 there are at most two 
K.H. of each degree. It is believed that the method 
given here may be modified to also construct K.H. of 
types other than a, enumerated in reference 2. 


8 The choice of these three latter directions is somewhat arbi- 
trary and was governed by the facts that (a) the equations of the 
elasticity theory for a cubic crystal can be solved for the velocities 
with ease in these directions, and (b) they are more or less sym- 
metrically distributed in the portion of the total solid angle in 
which the equations have distinct solutions. 
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2. EXTENSION OF HOUSTON’S FORMULA 


Since we wish to retain six terms in the expansion 
(1.1), we need six K.H., Ko, Ko, Kz, -:-Ke of the a type; 
we take these to be (K,=0) 

Ko=1, Ky=24+9+24- §p'Ko, 
Ky=2°y's?+ (1/22)p*K2— (1/105) p*Ko, 
K,=x°+ y'+25— (28/5) p’Ks 
— (210/143)p*K2— $p%Ko, 
K;=x"+4 y!4-51— (45/19)p?K 4— (126/17) p'Ks 
— (210/143) p*K2— (3/11)p"Ko, 
Ke=x"y's!+ (6/115)p*K5— (1/2-7-19) pK, 
— (54/5-17-19)p®*K 3+ (3/11-13-17)p*Ke 
— (1/5-7-11-13)p"Ko, 
where p?=2°+ y’+2*. Ko, K2, Kz and K, are taken from 
reference 2. The coefficients of K4, K3, etc., in Ks and 
of Ks, Ka, etc., in Kg were determined by the require- 
ment that Ks and Kg each be orthogonal on the unit 
sphere to all the preceding harmonics."° The normaliza- 


tion constants ym, though not needed in the present 
work, are given below for the sake of completeness. 


yo=l, Y2=16/(3-5-5-7), ys=32/[(3-7-11)?-13], 
vs=256/[3-11- (5-13)?-17], 

ys=5-512/[7-13- (11-17-19)2], 

ve=41-1024/[11- (3-7-13-17-19-23)?]. 

For brevity, we shall call the directions (100), (110), 
(111), (210), (211), and (221) the A, B, C, D, E, and 
F directions, respectively. Further a subscript A, B, 
etc., on a symbol for any quantity like K,(0,¢) or 
I(6,¢) will imply its value in that direction. Then the 


six equations determining the coefficients a, in the 
expansion of J(@,¢) in terms of K.H. may be written 


(2.1) 


(2.2) 


6 


I z= hy Outer, B; 


m=0 


6 
I4= 2 Guilin, As 


m=0 


etc. (2.3) 


® The coefficient of Ko in K, is misprinted in reference 2 as 3 
instead of 3. 

10 K, may be verified to be identical, apart from a normalization 
constant, with that given in the appendix [Eq. (A.16)]. Ke, 
however, is a linear combination of the two linearly independent 
12th degree harmonics K,“ and K,® of the appendix. We have 
used here Kg since most of the numerical work was done prior to 
developing the general method of constructing Kubic harmonics 
given in the appendix. The other 12th degree harmonic orthogonal 


to K¢ is 
72-99 6 5:9-11 
RKy=x%+y"+3"— Ke——p*Ks— pK, 
25-41 23 7-19 


28-99 35-9 3 
- ®K3— p®K2——p"Ko. 


17:19 13-17 13 
The use of this harmonic instead of Kgs in Eqs. (2.3) makes the 


final formulas more involved without appreciably changing the 
final results. 
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The coefficients A'm,4, Km, p, etc., (m=0, 2, 3, ---6), 
can be readily evaluated from (2.1); these will not be 
given here as some of them are rather lengthy. 

Equations (2.3) were solved for ao exactly by elimi- 
nating dz, a3, --:, successively and the resulting ex- 
pression for J in terms of Ja, Ip, ---Ir is given below 
as Eq. (2.4.8). In order to obtain a better idea of the 
degrees of approximation involved in Houston’s three- 
term formula and in the six-term formula (2.4.8), it 
was thought desirable to obtain other approximations 
to J by retaining (a) four terms in the expansion (1.1) 
and taking J along the directions A, B, C and D or E 
or F, (b) five terms in the expansion (1.1) and taking 
I along the direction A, B, C and D and E£, E and F, or 
F and D. The relevant equations for the determination 
of ao for these cases may be obtained by deleting the 
appropriate terms in Eqs. (2.3). We denote the corre- 
sponding approximations to J by Jo, J3, -+-J7z, respec- 
tively. J; corresponds to the Houston three-term 
approximation, while Js is the six-term formula (2.4.8). 
The various expressions for J are 


4r 
1™= —[107 4+16/5+9/¢], 
35 
(Houston’s approximation), 


4a 
= en 4321 p+243I¢+625Ip ], 
945 


4a 
Ja=— [614+ 81 n— 31 ct 24F 2] 
dO 


4 
J,s=—(171 4-64] p— 1261 ¢+243I r ], 
70 


4r 
Js= 774+14567 +729 ¢ 
10395 
+3125 p+3888/ x |, 
dor 
J¢=——(7281] 4 — 133127 p— 13608] ¢ 
83160 
+59049] r-+43750I p |, 
4a 
Jy =—(1171 4 +416] 3 4+-2947 ¢+672/] g 
770 
—729] x], 


4dr 
J.= "saci ibtaaie 
1081080 


+17496Ic+381250/ p+311040/ ¢ 
+177147Ip]. (2.4.8) 


3. DEBYE © FOR SOME CUBIC CRYSTALS 


The calculation of Debye characteristic temperature 
involves the evaluation of the integral 


. Qe 
J= f f 1(0,¢) sinddddg, 
0 0 


with 


1=Di{n(0,9)}>. 


Here 2,(0,¢), (t=1, 2, 3), are the velocities of the 
three elastic waves for a given direction (0,¢) of 
propagation. In terms of the elastic constants ¢y1, ¢12, 
and ¢44 of a cubic crystal, the v; are given by the well- 
known Christoffel’s equations of the elasticity theory." 
The Debye © and J are related by the equation” 


@= (h/k) (9s/A) iy-4, 


(3.1) 


(3.2) 


where A is the cell volume, s the number of atoms per 
cell and / and k have their usual meaning. 

On solving the equations of the elasticity — for 
the velocities v;(6,¢) along the directions A, B, ---F 
one finds the following expressions for J 4, Ip, etc.: 


T4=p{2[ cul '+[euta}}, 
Tp=p{(c4s -!+ [east (a—B) }'+[eust+} (a+) }-3} ’ 
To= p{2[ cust 3 (a—B) F4+[ eat 3 (a +28) P49, 
Tp=p{ Leas 8+ Lert 30+ 75 (90?+ 166")* 
+[eust+2a— 75 (90+ 166")! 1-4}, 
Te=p{( cast} (a—B) + [east ay (Sa+8) 
+ yy (90? +336? — 6a8)# 78+ [cast ty (Sa+8) 
— Ty (90? + 336?— 608) }-}}, 
Ip=p{ [css + (4/9) (a—B) F4+[eut (1/18) (Sa+48) 
+ (1/18) (90?+-486?+ 24a8)* + 
+[esut+ (1/18) (Sa+48) 
— (1/18) (9a?+486?+ 2408)* 4}, 
where p is the density of the substance and where, for 
convenience, we have written 


and B=Ci2+Ca4. 


, 


(3.3) 


(3.4) 


a=C11— C44 


We may now calculate Debye © for a cubic crystal 
by substituting for J any of the eight approximations 
given by Eqs. (2.4) in Eq. (3.2). We denote a © value 
obtained by using for J a given J, (u=1, 2, ---8) by 
@,. We have calculated 0, (u=1, 2, ---8) for nine 
typical cubic crystals and these results are collected in 
Table I. For this calculation the values of the elastic 
constants, density, etc., were taken from Blackman’s 
paper. In the last column of the table the © values 
obtained by Blackman by numerical integration are 
given. We also give (second column) values for 


n= 2¢44/ (C11 C12) ; (3.5) 


1 A. E. H. Love, Mathematical Theory of Elasticity (Dover Pub- 
lications, New York, 1944), fourth edition, p. 299. 

12 See, for example, reference 13 or 7. 

13M. Blackman, Proc. Roy. Soc. (London) A164, 62 (1938): 
The values of the elastic constants are taken from here rather 
than any later data in order to be able to compare the © values 
computed in this paper with those obtained by Blackman by 
numerical integration. For lead, the elastic constants and the 0 
value given in the last column of Table I are taken from C. Kittel, 
Introduction to Solid State Physics (John Wiley and Sons, Inc., 
New York, 1953). 
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TABLE I. Debye © in various approximations. ©, corresponds to the three-term approximation to J of reference 7; @2, @;, @, and 
@;, ©, @7 correspond respectively to the three four-term and three five-term approximations to J mentioned in the text; Qs is obtained 
with the six-term formula (2.4.8) for J, and @z (last column) are the values obtained by Blackman by numerical integration. 











2a 
> 204 
cu C12 


Substance 





NaCl 0.762 
KCl 

MgO 

Al 

Cu 

Ag 

Pb 

Li 

Na 








the deviation of 7 from unity is a measure of the elastic 
anisotropy of the crystal. [For elastically isotropic 
crystals (n= 1), 0,= 0.= san 03= exact: | 


Discussion 


From the table it will be seen that for NaCl, MgO, 
and Al for which n»=0.762, 1.51, and 1.23, respectively, 
the various approximations to © differ from each other 
and from @g (Blackman’s values) by less than 0.5 
percent. For KCl, Cu, and Ag for which n=0.37, 3.26, 
and 2.96, respectively, the three five-term approxi- 
mations 05, @., and ©; and the six-term approximation 
Qs differ from each other and from @z by at most 1%; 
for Pb (n=4.0) this difference is about 3%. However, 
the three-term and the three four-term approximations 
are comparatively poor for these substances. For the 
highly anisotropic metals Na and Li (n~8), we find 
that though @;, Qs, 97, and Os are much closer to 
each other and to @g than are 0,, Qs, @3, and @,, 
even @, (the six-term approximation) differs from Oz 
by about 7%. We may mention that we have also 
tried other five-term approximations in which we 
evaluated © by taking values of /(0,¢) along the 
directions C, D, E, and two of A, B, and F. The various 
approximations to © differ again only little from each 
other for substances other than Na and Li. For the 
latter metals, however, they remain unsatisfactory, and 
even become more so. These results for the alkali 
metals are to be expected to some extent since, because 
of their large anisotropy, the function /(6,¢) varies 
with @ and ¢ within much wider limits than for the less 
anisotropic crystals. 

Mention may be made here of the graphical methods 
of calculating Debye © for cubic crystals given by 
Quimby and Sutton“ and Sutton" and a numerical 
method due to de Launay.’® The Debye © for silver 
calculated by the graphical methods, with the same 
elastic constants as used in the present paper, is 211.3°K 
as compared to @s=212.7°K. 


4S. L. Quimby and P. M. Sutton, Phys. Rev. 91, 1122 (1953) ; 
P. M. Sutton, Phys. Rev. 99, 1826 (1955). 
16 J. de Launay, J. Chem. Phys. 22, 1676 (1954). 


From the preceding discussion it may be concluded 
that for cubic crystals for which n= 2c4/(¢11—¢12) | 
lies between 0.5 and 1.5, the three-term approximation 
to @ is in error by at most a fraction of a percent. For 
n in the range 0.3<9<3.3, the six-term approximation 
(characterized by Eqs. (2.4.8), (3.2), and (3.3)] to @ 
is in error by at most 1% and the error is not much 
greater for » lying in the range 0.25<< 4.0. For the 
alkali metals, however, for which n~8, one would have 
to take more than six terms in the expansion (1.1) to 
obtain © values to this order of accuracy. We may 
remark that, as far as is known to us, there are hardly 
any cubic crystals, except the alkalis, for which 7 does 
not lie in the range 0.25<< 4.0. 
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APPENDIX 


A Kubic Harmonic is defined as a homogeneous 
polynomial solution of Laplace’s equation which obeys 
certain symmetry properties with respect to the oper- 
ations of the cubic symmetry group. Following Von der 
Lage and Bethe’ we say that a Kubic Harmonic is of 
a type if it is invariant under all the operations of the 
cubic symmetry group. Restricting ourselves to Kubic 
Harmonics of a@ type, we shall: (1) determine the 
number of polynomials in a complete, linearly inde- 
pendent, set of Kubic Harmonics of degree 2; (2) give 
formulas that determine a complete, linearly inde- 
pendent, set of Kubic Harmonics of degree 2n; (3) 
indicate a method for forming a complete set of Kubic 
Harmonics which are orthogonal over the unit sphere. 

Polynomials which are invariant to reflexive sym- 
metries, of the type x<+—x, etc., must be polynomials 
of the form P(x?,y*,2*). If we introduce a symmetrization 
operation S by 


SP(x?,y°,2?)= §LP@Y,2)+P (27,2) +P (2,27, 9”) 


TP? 2) +P (x? Y)+P 2,07) ], (A-1) 
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then every polynomial of the form SP(2?,y’,2?) has 
cubic symmetry. 

Our major problem is to determine the polynomials 
of the form SP(x*,y’,2?) which are also solutions of 
Laplace’s equation V?V =0. As a partial step in solving 
this problem, we seek solutions of the form 


V=2"*F (u,v), — —/2, 


r,s=0,1,2-->. 


u=—2x/2, 
(A.2) 


In order that V be a harmonic it is easily shown that 
F must satisfy 


9D 2h 


u(1 abeabett stipes: 
Ou? ov" 


oF OF 
—2uv——+[4 — (-—2r—2s)u ]}— 
Oudv Ou 

aF 

4—($—2r—2s)v }— 


ov 


—(r+s)(r+s—})F=0. (A.3) 


Equation (A.3) is satisfied by the Appell polynomials'® 
(A.4) 


F=F,(3-1-S, kid caus ,, }, u, v), 
where F2(a,8,8’ y,y’,4,v) is given by 


lyr) 2 


* P(a)E (BF (8) =o #=0 
P(atkt+k0(B-+E)T (8 +k’) ute’ 


P(y+R)E (y’ +R ’)RIR"! 





By introducing the new variables 
f=27, n=y, f=2, (A.6) 
and using the known!® properties of the Appell poly- 
nomials, it is possible to derive a Rodrique-type formula, 
for the harmonic V, of the form 


1 (3) (éng) 


P(r+4)0(s+4) ae ant 
4 (¢- by? igrte- ) : 


orts 
V=A rs(&,n,6) - 


(A.7) 


During differentiation, ¢ is treated as if it were equal 
to 1—§—7n. However, in the powers of ¢ that remain 
after differentiation, ¢ is again taken to be independent 
of &, ». 

The following properties of the Appell polynomials 
A,,(t, 7, 1—{—n), in the two variables £, y, are well 
known'*; 1. The polynomials A,,(§,»,1—{—n) form 
an orthogonal set for different values of n=r+s, over 
the triangles ¢>0, n>0, [+n <1. 2. The weight 


16 Erdelyi, Magnus, Oberhettinger, and Tricomi, Higher Tran- 
scendental Functions (McGraw-Hill Book Company, Inc., New 
York, 1953), Vol. 2. 


function for orthogonalization is [ &(1—&—») }*. 3. The 
polynomials A ,,(é, 7, 1—&—») are linearly independent. 

From these properties and (A.7), it is easily shown 
that the polynomial harmonics A,,(x*,y’,2”) have the 
following properties: 1. A,,(x*,y’,2*) are homogeneous 
polynomial harmonics of degree 2m, where n=r-+s. 
2. This set of polynomials is linearly independent. 3. For 
different values of m=r+s, the set A,,(x*,y*,2’) is 
orthogonal over the unit sphere. 4. The weight function 
is unity. 5. For fixed and varying r and s, the poly- 
nomials so generated are not orthogonal over the unit 
sphere. 

Further, by symmetrization, the set of polynomials 
K,,(x*,y’,2”) defined by 

K,,(x,y*,2*) = SA +. (x*,y’,2”) (A.8) 
are all Kubic Harmonics. Hence we can say that a 
complete set of linearly independent Kubic Harmonics 
must be contained within the set K,,. Since some of the 
K,, are zero and others are linearly dependent, we 
have not as yet determined the number of polynomials 
in a complete set of linearly independent Kubic Har- 
monics. For example, Ko,1=K1,0=0, Ko 0=K1,1=Ko,2. 

The total number of polynomials A,, such that 
r+s <n is (n+1)(n+2)/2. If pP=2?+y'+2?, then it is 
easily seen that the set of polynomials p’"-****4,,, 
(r+s <n), form a set of (n+1)(n+2)/2 linearly inde- 
pendent homogeneous polynomials of degree 2”. This 
in turn implies that every homogeneous polynomial 
P(x,y*,2*) of degree 2n can be written as a linear com- 
bination of p’*"°***K,,. Hence every polynomial 
SP (x?,y*,2?), with cubic symmetry, can be written as a 
linear combination of p?"-?*-**K,,. 

It is easily shown that the number of polynomials, 
in a linearly independent, complete, set of polynomials 
with cubic symmetry of degree 2n, is p3(m). By p3(n) 
we mean the number of ways of partitioning a number 
n into at most three parts a, b, c such that n=a+b+c. 
The values and properties of p;(m) are well known.!® 

The preceding analysis shows that a linearly inde- 
pendent, complete, set of Kubic Harmonics must 
contain at least p3() polynomials. We shall now prove 
that this inequality also runs the other way. 

Let us consider a complete set T of linearly inde- 
pendent polynomials with the following properties: (a) 
every polynomial of 7 is homogeneous and has cubic 
symmetry. (b) every two polynomials of 7, whose 
degrees are different, are orthogonal over the unit 
sphere. Since T is complete, it is clear that every K,, 
can be written as a linear combination of the poly- 
nomials of 7. Let us denote by f(m) the number of 
polynomials of T whose degree is <2n. The number 
of polynomials of T whose degree= 2n is f(n)— f(n—1). 
We have already shown that there are p;(m) linearly 
independent polynomials with cubic symmetry of 
degree 2n. Out of these we can construct p3(m)— f(m—1) 
such polynomials that will also have the required orthog- 
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onal property. Hence f(m)=;(n). Finally a complete 
set of linearly independent Kubic Harmonics, of degree 
<2n, can have no more than p;(m) polynomials in the 
set. Hence we obtain the following results: 1. The total 
number of polynomials in a complete, linearly inde- 
pendent, set of Kubic Harmonics of degree <2n is 
ps(n). 2. The total number of polynomials in a linearly 
independent, complete, set of Kubic Harmonics of 
degree 2n is p3(n)—p:(n—1). 
The generating function for p3() is'® 


1+¥ pale =((1—x)(1—2°) (1—2°) J’. (A.9) 


Hence 
145 [ps(n)—pa(n—1) e*=[(1—24) (1-24) 


= 14-2°+ 23+ at+25+208+474+228---. (A.10) 

We see from (A.10), that there is at most one inde- 
pendent Kubic Harmonic of each degree up to degree 
10. Further, up to degree 24 there are at most two such 
harmonics for each degree. From the point of view of 
expansion purposes, it is desirable to have a completely 
orthogonal set. Our set is orthogonal only for different 
degrees. However, up to fairly large degrees, the con- 
struction of a completely orthogonal set from our set 
is relatively easy. For example, to orthogonalize up to 
degree 14 we need only orthogonalize Ko,¢ and a linear 
combination of Ko,.5 and Ke 4. 

From (A.7) we can derive the following explicit 
formula for A ,,(x",y*,2”): 


(2r+2s)!ris! rs 
"a 5 ea 
(- 1)"+*-2->(a+b) lee, sali nabdeed 


a!b!(2a+2b) !(2r—2a)!(2s—2b)! 


a=0 b=0 


(A.11) 
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and of course 
K,.=SA,,(x,y*,2°). (A.12) 


If we let i=4/(—1), and as usual Ri(a+ib)=a, we 
find from (A.11) that 
Ao, .=Ri(z+iy)™. 
If is odd, SAo,,.=0. If s=2n, then 
Ko, 2n=S[RI(z+iy)] 


is a Kubic Harmonic of degree 4n. Similarly, we can 
show that 


K1,2n=35{RU(s+iy)"[y+22— (8n+2)a2]}  (A.15) 


is a Kubic Harmonic of degree 4n+2. The set of poly- 
nomials Ko,2n, Ki,2, form a set of Kubic Harmonics 
containing every degree. Further, the members of the 
set are orthogonal to each other over the unit sphere. 
Unfortunately they are not complete beyond degree 10. 


(A.13) 


(A.14) 


Notation 


Although the notation K,, is useful in our derivation 
of Kubic Harmonics, it seems better, in their applica- 
tion, to use the following notation. 

If n=r-+s, we write a linearly independent set of 
Kubic Harmonics of degree 2n as K,, K,®, -+-, 
K,,?3\™)—»s("-) Tf the set contains only one element, we 
drop the superscript. In this notation, the Kubic 
Harmonics up to degree 12 can be written 


Ko=1, Ki=0, K:=S(2x'—622y), 
K3=S(x°—15x'y°-+1802%y°2") 
K,=S(2x*—56x*y?+ 70x4y'), 
Ks=S (x —45x8y?+-42x%y4— 630a4y42?+ 50427 y62?), 
Ke =Ko,6=S(2x2—132x"y?+990x8y'— 92456), 
Ko =Ko,4=S[ x 662"y2-+-297x8y'— (924/5)xby8 
+594a8y'2?— 2772x8y'e?+ 2310a4y's4]. (A.16) 
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The Debye characteristic temperatures of noncubic crystals with a principal axis of symmetry are evalu- 
ated by an expansion of the integrand involved in terms of harmonic polynomials having the same symmetry 
as the corresponding Christoffel equations of elasticity theory. We have applied our method to representative 
hexagonal, tetragonal, and trigonal crystals and examined the question of its convergence. The absolute 
values of the characteristic temperatures obtained here are unreliable because of a lack of 0°K elastic 


constants for the crystals concerned. 





1. INTRODUCTION 


HE Debye characteristic temperature, ©o, of 

nonisotropic crystals may be evaluated by the 
method of Griineisen and collaborators! or by the 
Hopf-Lechner method’; both involve lengthy calcula- 
tions. There is also a method due to Post.‘ Recently 
Houston’s method’ for integrating approximately func- 
tions of complete cubic symmetry has been applied by 
Bhatia and Tauber® to evaluate Qo for cubic crystals. 
The latter work has been further extended by Betts, 
Bhatia, and Wyman.’ 

Here we propose an analogous method for crystals 
having a principal axis of symmetry. Our method 
involves defining harmonic polynomials of appropriate 
symmetry, which play the same role as Kubic har- 
monics in similar work on cubic crystals.*~? So far, we 
have not considered using other functions of appropriate 
symmetry. 

2. GENERAL THEORY 


The following formula is well known: 
)| 
Here N is the number of atoms in the solid, V the 
volume of the crystal, v;(0,¢) the velocities of the long 
elastic waves at 0°K, and other symbols have their 
usual meanings. 


We define harmonics Fim(0,¢) of a given crystal 
symmetry group as 


h 


( 


k 


3N 


4arV 


3 


3 {v; 


i=l 


3) o= 


—4 
e))-* (1) 


l 
F im(8,¢) = , > bim'mY tm (8,¢), (2) 
m’=—l 


* National Research Council of Canada Postdoctorate Fellow, 
1955-1956. 
1. Griineisen and E. Goens, Z. Physik 26, 250 (1924). 
2 FE, Griineisen and H. Hoyer, Ann. Physik 22, 663 (1935). 
3. Hopf and G. Lechner, Verhandl. deut. physik. Ges. 16, 643 
1914). 
‘ ET. Post, Can. J. Phys. 31, 112 (1953). 
5 W. V. Houston, Revs. Modern Phys. 20, 162 (1948). 
6 A. B. Bhatia and G. E. Tauber, Phil. Mag. 45, 1211 (1954). 
The right-hand side of Eq. (5) in this paper should be multiplied 
4 


by pt. 
’; Betts, Bhatia, and Wyman, Phys. Rev. 104, 37 (1956), pre- 
ceding paper. 
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where /=0, 1, 2, ---; m=0, +1, ---+/; and where the 
b’s are chosen to give combinations of spherical har- 
monics having the appropriate symmetry. Then any 
function such as {(#,¢), having the same symmetry, 
can be expanded in terms of the harmonics F'jn(0,¢), 


oa) l 
f4,¢)=>d +2 AimE im(9,¢), 


j=) m=—lI 


(3) 


1 
—- J 16.0)29-an=0, (4) 
4dr 


As is well known from the properties of spherical har- 
monics, Eq. (4) is exact. Our approximation consists of 
stopping the summation in (3) at a given degree /. The 
coefficient @ is then found by solving an appropriate 
number of linear equations found by taking various 
values of (0,¢). 

If dispersion is neglected, the velocities of the elastic 
waves in nonisotropic crystals, v;(0,¢), are given by 
the three roots of the well-known Christoffel equations 
of elasticity theory. The noncubic crystals considered 
here have a principal symmetry axis, which we take to 
be the polar axis 2=0. Then the harmonics for a given 
symmetry are simply “constructed” by choosing those 
of the functions Vz, »(0,¢)+V1,m(0,¢) which have the 
appropriate symmetry. In striking contrast, the con- 
struction of harmonics of complete cubic symmetry is 
a rather involved process.’ The reason for this is that 
Kubic harmonics are complicated linear combinations 
of spherical harmonics. 


Crystals of Symmetry C;", D;", Cs, Ds, Co", De" 


We shall refer to crystals having any of the above 
symmetry properties as hexagonal crystals. It is easy 
to see that the corresponding Christoffel equation is 
g-independent and symmetric under 6—2—9. Thus the 
corresponding “cylindrical” harmonics simply 
Legendre polynomials of even degree: 


are 


_ F21(0,¢) = Pxi(cos6). (5) 


8A. E. H. Love, Mathematical Theory of Elasticity (Dover 
Publications, New York, 1944), fourth edition, p. 299. 
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Fic. 1. Illustration of the directions along which the integrand 
in the formula for Debye @o is to be evaluated for (a) hexagonal 
crystals, (b) tetragonal crystals, and (c) trigonal crystals. 


Here, of course, since [0;(0,¢) }*=fp~! is a function 
of @ only, it can be integrated approximately by any 
of the standard methods. For the sake of uniformity, 
however, and because of its simplicity, we shall use 
the method outlined above. A straightforward calcu- 
lation yields 


ao=[6fatfet8feJ/15, 
ay=[192 fa +57 fn-+256 fo+125 fp ]/630, 


ay=[1368 f4 +153 fp+1024 foe+2125 fp 
+1000 1/5670. 


(6.1) 
(6.2) 


(6.3) 


The integrand f may be found in the appendix. The 
directions correspond as follows: A—(1,0,0), B—(0,0,1), 
C-(1,0,1), D-+(2,0,1), Z-(1,0,2). These directions 
are illustrated in Fig. 1(a); the unit sphere is quite 
evenly covered by them. Equation (6.2) uses all har- 
monics up to and including those of degree six and so 
corresponds to the Bhatia-Tauber formula.* The other 
formulas are given so that the convergence of the 
method can be demonstrated. It should be mentioned 
that although the choice of directions is somewhat 
arbitrary, they should be chosen to cover the range of 
integration fairly evenly. Otherwise we have found 
that the coefficients occurring in formulas such as (6), 
for ao, nearly cancel one another, leading to poor con- 
vergence and hence unreliable results. We stop at J=8 
in (3) because Eqs. (6) are found to give sufficiently 
rapid convergence and because subsequent formulas 
tend to become somewhat unwieldy. 


Crystals with Symmetry D,, C,’, S,", D,’ 


We shall refer to crystals having any of the above 
symmetry properties as “tetragonal” crystals. The 
corresponding Christoffel equation is invariant under 
691-0, go>—¢g or g¢ytn/2. The appropriate 
“tetragonal” harmonics are thus 

T21, am(8,¢) = cos4mgP2;'"(cosf), (7) 


with 4m< 21; 1, m=0, 1, 2---. Solving the correspond- 
ing equations (3), we find 


ao=[2fatfat8fot4feI/15, 
do=[24 fa +57 fa-+256 fct125 fo-+168 fx 1/630, 


ao= (288 fa +144f2+512fo— 125 fp 
+96 f2+375 fr |/1260. 


(8.1) 
(8.2) 


(8.3) 
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The directions A to D have the same meaning as 
before, E->(1,1,0), and F-+(1,1,1/v2). These directions 
are illustrated in Fig. 1(b). They are chosen by realizing 
that the Christoffel equation for the velocities factors 
only along the arcs g=0, g=2/4 and 6=72/2 or equiva- 
lent arcs. Equation (8.1) is obtained from (3) by ignoring 
all tetragonal harmonics of degree /=6 or higher. Equa- 
tion (8.3) is found by ignoring all tetragonal harmonics 
of degree /=8 or higher. For comparison we also give 
formula (8.2) for five directions found by leaving out 
T¢4 but including 7% in (3). The formulas for the f’s 
are again to be found in the appendix. 


Crystals with Symmetry D;, C;’, S,“ 


We shall call crystals with any of the above sym- 
metry properties “trigonal” crystals. The corresponding 
Christoffel equation is invariant under g>—g or 
¢g—¢t+n/3 while 6-2-6. The appropriate trigonal 
harmonics are thus 


A 21, am(0,¢) i cos3meP>°™ (cos), (9) 


with 3m<€ 21; 1,m=0,1,2,---. For trigonal crystals 
the Christoffel equation unfortunately factors only 
along the arc g=0 or equivalent directions. Thus we 
try to choose as many as possible of the directions 
along this arc. 

Using all four Az, 3m of degree four or less leads to 


ao=[6fatfat4fot4feJ/I15, (10.1) 
where direction G—>(1,0,1) (equivalent to direction 


g=7/3 and 6=2/4). Including all harmonics of 
degree six or less except A¢6(0,¢) gives 


ao= [384 fut114f2+256( fot fo) 
+125( fat fp) ]/1260, 


where the direction H—(2,0,1). To use all seven trigonal 
harmonics of degree six or less requires us to choose a 
seventh direction for which ¢ +0 in order to be able 
to solve (3) for a. We take this direction to be 
K->(0,2,1) and obtain 
do= (1536 f4+456fa+1024( fot fa) 
—625(fo+ fi) +2250 fx ]/5040. 
The directions chosen for this symmetry class are 


illustrated in Fig. 1(c). The unit sphere is again quite 
evenly covered. 


(10.2) 


(10.3) 


3. CALCULATION OF ©, AND DISCUSSION 


In the previous section we have obtained Bhatia- 
Tauber type formulas in various approximations for 
each of the three sets of symmetry classes considered 
in this paper. In this section we use these formulas to 
calculate ©» for several examples of crystals from each 
symmetry class. These examples include almost all 
crystals, of these symmetries, for which elastic constants 
are available. The elastic constants and calculated and 





DEBYE CHARACTERISTIC TEMPERATURES 


TABLE I, Characteristic temperatures and elastic constants for certain noncubic crystals. 








(1) Hexagonal crystals 


Elastic constants in 10!2 dynes/em? 


Material C33 C44 C2 Cis 


2 


Source 


Characteristic temperatures in °K 
Griineisen 


83 and Goens> Source 





Hearmon* 


Beryl 2.372 0.6536 
Hearmon* 


Cd ‘ 0.4851 0.1835 
Cd A 0.5133 0.1852 
Co J 3.581 0.7550 
Ice ’ 0.1499 0.0319 
Mg i 0.5983 
Zn J 0.6111 

a 0.5420 


0.9644 


o> 
so 
aw 


0.6690 


McSkimine® 


Hearmon* 
Hearmon® 


0.1669 
0.3947 
0.4000 


Griineisen and Goens® 


Humbel e¢ al.4 


Griineisen and Goens> 


1066 
186.2 
188.0 
445.6 
293.1 
365.6 
308.3 
303.5 


Kittel! 


305 Kittel! 





(2) Tetragonal crystals 


Elastic constants in 10!2 dynes/cm? 
C33 C44 cee ci2 


Characteristic temperatures in °K 


Source Boe 6b! 00? 68 





0.9665 0.07407 0.4870 
0.1600 0.0900 
0.0618 0.0439 
0.0602 —0.0180 


0.1754 
0.1380 
0.1280 
0.0861 


Hearmon*® 151.9 
Bhimasenacker et al.! 260.0 
Hearmont 306.2 
Hearmons 743.7 


164.1 
268.6 
336.9 
795.4 


165.6 
268.2 
338.4 
795.2 





(3) Trigonal crystals 


Elastic constants in 10!? dynes/em? 


Material cu Cx C44 C66 cis cu Source 


Characteristic temperatures in °K 


Griineisen 


Boe Ove Oo! 83 and Hoyeré @o¥ Source 





i 0.8497 0.5943 0.1459 0.1765 0.2860  —0.0573 Hearmon* 
Corundum 4.650 5.630 2.330 1.750 1.170 ’ 


Hg 0.3600 0.5051 0.1290 0.0356 0.3030 


Quartz 0.8676 0.0950 
Sb 0.7916 0.2615 


kelli 
Masoni 
Hearmon* 


0.5861 
0.2852 


0.4021 
0.2717 


1.048 
0.4498 


Bhimasenacker® 
Griineisen and 


138.3 
867.8 
71.57 


122.1 
921.3 
81.65 


582.0 
205.9 


128.3 
852.4 
73.22 


127.8 
898.8 
72.09 


100 Seitz™ 


~60 Kamerlingh 


Onnes et al. 


Seitz 


528.3 
182.5 


553.8 
191.7 


555.8 


193.5 140 








© See reference 12. 
! See reference 13. 
& See reference 14. 
» See reference 16. 


® See reference 9. 
> See reference 1. 
¢ See reference 10. 
4 See reference 11. 


experimental values of ©» are listed in Table I.1*°-” 


We note that while frequently the elastic constants are 
only given to two or three significant figures, we use 
the four-figure values quoted in Table I so that the 
convergence obtained from our method could be clearly 
shown, even though the absolute values of the Qo, 
for the elastic constants used, are only good to about 
1%. In some cases stiffness constants were given in the 
literature and were used to find the elastic constants in 
the usual manner. 

For hexagonal crystals with Christoffel equations 
that are ¢ independent, Oo', Qo”, and © * in Table I 
refer to characteristic temperatures calculated from 
(1) using (6.1), (6.2), and (6.3), respectively. For 


9R. F. S. Hearmon, Revs. Modern Phys. 18, 409 (1946). 
10 H, J. McSkimin, J. Appl. Phys. 26, 406 (1955). 
1 Humbel, Jona, and Scherrer, J. chim. phys. 50, C40 (1953). 
12 The elastic constants for Zn are obtained by averaging the 
values quoted by Hearmon in reference (7) and those given by 
C. A. Wert and F. P. T. Tyndall, J. Appl. Phys. 20, 587 (1949). 
13 J. Bhimasenackar and G. Venkataratuam, J. Acoust. Soc. 
Am. 27, 922 (1955). 
“4 R. F. S. Hearmon, Brit. J. Appl. Phys. 3, 120 (1952). 
15 W. P. Mason, Bell System Tech. J. 30, 366 (1951). 
16 J. Bhimasenackar, Proc. Natl. Inst. Sci., India 16, 241 (1950). 
17C, Kittel, Introduction to Solid State Physics (John Wiley and 
Sons, Inc., New York, 1953), p. 77. 
18 F, Seitz, The Modern Theory of Solids (McGraw-Hill Book 
Company, Inc., New York, 1940), p. 110. 
1 W. S. Corak and C. B. Satterthwaite, Phys. Rev. 102, 662 
1956). 
' 2” H. Kamerlingh Onnes and G. Holst, Leiden Comm. 142C, 30 
1914). 
; 21, Griineisen and O. Sckell, Ann. Physik 19, 387 (1934). The 
elastic constants of Hg were measured at —190°C, 
2, W. Blue, J. Chem. Phys. 22, 280 (1954). 


' See reference 21. 
i See reference 15. 
k See reference 2. 

! See reference 17. 


™ See reference 18. 
® See reference 22. 
© See reference 19. 
P See reference 20. 


tetragonal crystals @po!, Q.?, and ©,’ have been cal- 
culated by using (8.1), (8.2), and (8.3), respectively. 
For trigonal crystals @o', O?, and ©,’ have been cal- 
culated by using (10.1), (10.2), and (10.3), respec- 
tively. In the latter two cases we have also obtained 
OQ ° by assuming the ¢ dependence of the velocities to 
be small and using Eq. (6.2). Qo” refers to the experi- 
mental data. 

From Table I it can be seen that the various > 
values for a given crystal converge well. However, it 
is clear from the @o° values that the ¢ dependence of 
the integrand in (1) must not be neglected. @o° was 
calculated on the assumption that the integrand in (1) 
is cylindrically symmetrical; the directions A, B, C, 
and D, along the arc g=0, are used in (6.2). Oo° 
corresponds to the use of directions ABGH in (6.2); 
i.e. to the arc gy=2/3. The values of O° and Op differ 
considerably and even the average of corresponding 
values yields poor results. We have only given @o° for 
trigonal crystals; for tetragonal crystals the results are 
similar. It is seen, therefore, that the use of the correct 
harmonic polynomials is thus imperative. 

By inspection, it is clear that our formulas yield 
characteristic temperatures accurate to about 1%. For 
Hg, the accuracy is about 4%; however, the reason for 
this lies in the fact that the anisotropy of Hg approaches 
that of Pb. It is unfortunately not possible to define a 
measure of anisotropy (corresponding to 2¢44/ (¢11—¢12) 
in cubic crystals) for trigonal crystals. The final for- 
mulas are thus significantly superior to the Bhatia- 
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Tauber formula for cubic crystals and should be com- 
pared in accuracy to the formulas developed by Betts 
et al.” for cubic crystals by using higher order poly- 
nomials. The formulas (6.2), (8.3), and (10.3) for 
integrating over a unit sphere functions f{(0,¢) of the 
three symmetries considered in this paper may also 
prove useful in other connections. They are being 
applied here to further discussions of the properties 
of noncubic crystals. Because of the trouble of evalu- 
ating the velocity corresponding to the direction K for 
trigonal crystals, it may be convenient in future merely 
to use (10.2) instead of (10.3) since, in the calculations 
reported in Table I, the two formulas give nearly the 
same results. 

The disagreement between the theoretical and experi- 
mental @ ’s varies between about 5% and 20%. We 
believe that the reason for this discrepancy can be 
attributed to two causes. Firstly it may be noted that 
the experimental 9o’s, with the exception of the values 
for Sn and ice, were not obtained recently and may not 
correspond to the true 7* region in the heat capacity 
data. This possibility is emphasized by the fact that 
the value of @» for Sn given recently by Corak and 
Satterthwaite” differs from that quoted by Seitz’* and 
Kittel,” from whose books most of our experimental 
data are taken, by over 30%. We also note, in support 
of this point, that, with the exception of @» for Sn and 
ice, all our calculated @o’s lie above the experimental 
values.” Secondly, with the exception of quartz and Hg, 
we were forced to use the elastic constants of the 
crystals listed in Table I obtained at or near room 
temperature. We believe that elastic constants measured 
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close to 0°K are not available. Now it has been shown 
by Bhatia and Horton” that in the case of Ag the 
values of @» obtained by using room temperature 
elastic constants and 0°K elastic constants differ by 
about 10%. A difference of up to 20% found for the 
crystals considered in this paper is, therefore, not 
unreasonable. It is a measure of the uncertainty in the 
absolute value of the @o’s we have calculated. As soon 
as reliable 0°K elastic constants become available, our 
formulas can, of course, be used to give reliable charac- 
teristic temperatures. The only calculated values avail- 
able for comparison are those of Griineisen and Goens! 
for Cd and Zn and Griineisen and Hoyer’ for Hg. To 
enable us to make a meaningful comparison between 
the calculated values of Griineisen and Goens! and our 
own, we used two sets of elastic constants for Cd and 
Zn. One sets represents the values used by Griineisen 
and Goens! while the other is an average over al! the 
available data. The characteristic temperatures ob- 
tained by ourselves and Griineisen and Goens! (Zn and 
Cd) agree well, but this is not surprising since the 
integration involved for these hexagonal metals is over 
only one variable. The agreement between our @y’s 
and that of Griineisen and Hoyer? is not so good. We 
believe that the numerical averaging procedure of the 
latter authors is not so satisfactory for trigonal as for 
hexagonal crystals, especially for Hg where the values 
of [v;(6,¢) }-* differ by a factor of about five. For Zn 
and Cd this quantity has only about a 50% variation. 
The extension of our work to higher orders and other 
crystal symmetries is straightforward, though this will 
usually involve the solution of nonfactorable cubic 
equations. 


APPENDIX 
Tetragonal Crystals 


fa > [east '+Lees 8+-Leu F! 
fa= 2a F8+[ess F4. 


fo=C4 (Cotas) F I+ (Crt 24a t033) +4{ (C11— C32)? +4 (Crs t+caa)*} TH! 
+E (Crt 2cue+ers —4F{ (C11 €33)? +4 (Crs c44)*} #4. 
fo= [3 (4ceet+cas) F'+[ 5 (4¢n+ ScaatCss) +70 (4¢11—3¢44—C33)?+ 16(c1s+C44)"} iy 
+ [es (4e11t+-Scurtess)— dof (4¢11—3e44— C33)? +16 (Crs +c44)2} 4-4. 


fe= Ceul +4 (¢u—e12) F3+G (¢11+2¢e6+e12) 3. 


fr=([4 (2e11—2¢124+ 44) FE Lap (2€11 + 2612+ 4666+ 5C44+033) Hap { (2e11 + 2¢12+-4066—3044— C33)" 


+16 (¢13+€44)?} 4 8+ [gp (21 + 212 +456 +-5c44+033) 


— Zot (2611+ 2¢12+4c66—3¢44— C33)? +16(Crz+C44)?}#T-4. 


Hexagonal Crystals 
For fa, fe, fc, and fp, we simply put ¢e6=}(¢1—¢12) in (11.1) to (11.4). 
fr=[s (C1r— ¢12 +8044) FE Las (Crt Scag 4053) + fo (C11 + 3044— 4033)? +16 (crs c44)?2} 4-3 


+ [vs (C11 +-5c44+4033) —tof (C1 +3¢44—4033)°+ 16(cist+cas)"} yh. 


(12) 


% Note added in proof—This argument is supported by the value of @>=204°K found recently for Sb by N. M. Wolcott [Bull. 
Am. Phys. Soc. Ser. II, 1, 289 (1956) ]. 
244. B. Bhatia and G. K. Horton, Phys. Rev. 98, 1715 (1955). 
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Trigonal Crystals 


fa _ Coos} ?+([4 (Casters) +3{ (Cag— 11)? +4147} # -3+ [3 (Cute —}{ (C4s— C11)? +412} T-1. 


f= 2[Lcas 3 +[es3 J. 
fe= (3 (Cost Cas— 2c.) F'+(4 (Cr+ 2€44+2¢14+€33) 


(13.1) 
(13.2) 


i{ (Cup +2¢4— C33)? +4 (Cra tcist+Cas)?} by 
+4 (Crt 2cagt 2¢14+ 633) — Hf (Curt 2eu— C33)" +4 (Crateistcaa)?} 1. 


(13.3) 


fo= (t (4ce6+c4s—4c14) '+[ 45 (4c +414 +5c44+033) +70 { (4011: 4+-4015— 3¢44— C33)? +4 (4€14 +2613 + 2€44)"} yr 


+ [as (4¢1t+4e144+5c44+033) ine tof (4¢+4eu— 3¢44—C33)° +4 (4eu+ 2613+ 2¢44)"} ri. 


fa=fe (with the sign of ¢14 changed). 
fu= fp (with the sign of ci, changed). 
3 
fr ee Lu yo, 
i=l 
where the y; are solutions of the equation 


(4ces+cas)/S—y 
—4¢14/5 
—4644/5 


PHYSICAL REVIEW VOLUME 


— 4614/5 
(4c11+¢44)/S5—y 
(2¢13+2¢44)/5 


104, 


(13.4) 
(13.5) 
(13.6) 


(13.7) 


- 4614/5 
(2¢13+ 2¢44)/5 
(4cs4+¢33)/S—y 
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Surface Conductance and the Field Effect on Germanium* 


J. BARDEEN, R. E. Coovert, S. R. Morrison, J. R. SCHRIEFFER, AND R. SuN 
Electrical Engineering Research Laboratory, University of Illinois, Urbana, Illinois 
(Received April 23, 1956) 


Measurements of the steady-state surface conductance and the change in this conductance with transverse 
electric field (field effect) have been made on a free germanium surface as a function of the gaseous ambient. 
The results can be understood in terms of two sets of surface states: one dependent upon the gaseous ambient 
and with a large density and long time constants, probably located at the outer surface of an oxide layer, 
and the other a set with much smaller density but shorter time constants, probably located at the germa- 
nium-germanium oxide interface. The interface states consist of a discrete state with free energy 0.13-0.15 ev 
below the intrinsic Fermi energy and density 1—3 X10" states/cm?, and a small continuous distribution. 
There is also indication of a discrete state greater than 0.13 ev above the intrinsic Fermi energy. The 
measurements suggest that surface scattering effects become important for large barrier layers. 


I. INTRODUCTION 


ONSIDERABLE progress!“ has been made in 
recent years in understanding the nature of the 
space-charge layer at a germanium surface and the way 


* The experiments to be reported here were initiated by S.R.M. 
and J.B. The results were reported in part in reference 2 and more 
completely by Morrison, Sun, and Bardeen in a technical report, 
January 15, 1955 (unpublished). Because of uncertainties in the 
calibration of the field effect measurements, the results were only 
of qualitative value. The apparatus was revised by J.R.S., and 
further measurements made are reported by J. R. Schrieffer and 
J. Bardeen in a technical report, April 10, 1955 (unpublished). 
Further revisions in the equipment, particularly to increase the 
temperature stability, were made by R.E.C. The work was 
supported by the Office of Naval Research and by a grant from 
Motorola, Inc. 

1W. H. Brattain and J. Bardeen, Bell System Tech. J. 32, 1 

1953). 
é' 2 Bardeen and S. R. Morrison, Physica 20, 873 (1954). 
3C. G. B. Garrett and W. H. Brattain, Phys. Rev. 99, 376 


(1955). 


it varies with ambient and with surface treatment. 
There is good evidence that the surface barrier results 
from two different types of surface states with radically 


‘E. N. Clarke, Phys. Rev. 91, 756 (1953); 94, 1420 (1954). 
5S. R. Morrison, J. Phys. Chem. 57, 860 (1953). 
¢ W. Shockley and J. L. Pearson, Phys. Rev. 74, 232 (1948). 


7P. Handler, Bull. Am. Phys. Soc. Ser. II, 1, 144 (1956). 

8G. G. E. Low, Proc. Phys. Soc. (London) B68, 10 (1955). 

9H. C. Montgomery and B. A. McLeod, Bull. Am. Phys. Soc. 
Ser. IT, 1, 53 (1956). 

10 J. R. Schrieffer, Phys. Rev. 94, 1420 (1954) ; 97, 641 (1955). 

1 W, L. Brown, Phys. Rev. 98, 1565 (1955). 
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different time constants. The slow states, probably 
located at the outer surface of a thin oxide layer, have 
time constants of seconds or minutes. Their density is 
so high that they effectively determine the position of 
the Fermi level at the surface after equilibrium has 
been established. It is possible to change these states 
and shift the position of the Fermi level relative to the 
energy bands by changing the ambient gas in contact 
with the surface. There is a much lower density of fast 
states, in most cases independent of ambient, and prob- 
ably located at the interface between the oxide and the 
germanium proper. Time constants for these are of the 
order of a microsecond or less.® 

The experiments to be reported here were designed 
to give information about the density and energy of the 
fast states. They involve measurements of conductance 
and change in conductance with transverse electric 
field (field effect) in different gaseous ambients. An 
alternating voltage (about 100 cps) was used for the 
field effect, such that the charge in the slow states 
remained substantially constant during each cycle 
while the fast states had time to come to equilibrium. 

The magnitude of the surface potential, defined as 
the variation of the electrostatic potential at the 
surface from its bulk value, can be obtained by corre- 
lating the observed surface conductivity with its value 
given by theoretical considerations.” Information di- 
rectly related to the energy spectrum of the fast states 
can then be deduced from the relation between the 
theoretical and experimental results of the field effect. 
We define the field effect mobility, ur.xz., as the negative 
of the change in surface conductivity divided by the 
charge induced in the sample by the transverse field. 
The dependence of ur.z, upon the surface potential, y,, 
is used to find the variation of charge trapped in surface 
states with y,, and thus with the relative position of the 
Fermi level. 

Somewhat different methods have been used by 
Statz, Davis, and de Mars”-“ and by Brown" to get 
information about the fast states. Brown” also studied 
the field effect, but used much larger fields applied 
through a thin dielectric spacer. He was able to swing 
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Fic. 1. Schematic diagram of the apparatus, showing how the field 
effect probe is mounted. 
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the bands up and down appreciably by the field alone. 
We depended on changes in ambient gas to get different 
surface potentials; the transverse field was always 
sufficiently small to be in the linear range. Statz et al. 
made use of the channel effect in a pnp transistor 
structure. The surface was treated so as to produce a 
stable p-type inversion layer at the surface of the 
n region. Information about the fast surface states was 
obtained from the variation of channel conductance 
with voltage applied between the channel and the 
n-type base layer. When a step voltage is applied, there 
is a sudden change in conductance, with the fast states 
reaching a new equilibrium quickly, and then the 
channel conductance changes slowly as the slow states 
attain equilibrium. Statz et al. found that they could 
account for their results with a single trapping level 
located about 0.155 ev below midgap. Our results are 
in approximate agreement with those of Statz et al., but 
differ from those of Brown. 


II. EXPERIMENTAL APPARATUS 


The circuit used in the early measurements® of 
surface conductance, Ac, field effect mobility, ur.z., 
and change in contact potential with light, (Ac.p.)z, 
is shown in Fig. 4, reference 2. The sample was cut so 
that one portion was thin (~0.015 cm) and the rest 
thick (~0.5 cm). The conductance and field effect were 
measured on the thin portion and (Ac.p.); and thermal 
drift in bulk conductivity were measured on the thick 
portion. The measurement of (Ac.p.);, was made by a 
technique similar to that of Brattain.! The sample was 
illuminated with white light chopped at 170 cps. The 
light passed through the reference electrode, a per- 
forated sheet of platinum adjacent to the sample. The 
change in contact potential then appeared as a 170-cps 
voltage between the germaniuin and the platinum 
probe. Observations of (Ac.p.)z with changes in ambient 
gas confirmed that we were getting changes similar to 
those of Brattain. The field effect was measured using 
a 60-cps voltage applied to a copper sheet placed 
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Fic. 2. Field effect voltage and dc voltage as a function of time 
for a 40-ohm-cm n-type germanium sample. 
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Fic. 3. Field effect voltage and dc voltage as a function of time 
for a 17-ohm-cm n-type germanium sample. 
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adjacent to the surface. The data shown in Figs. 5 and 
6 of reference 2 were obtained in this way. In later 
work, (Ac.p.), was not measured. Incorporation of a 
thermal bath led to dispensing with the thick portion 
of the sample, and facilities for measuring (Ac.p.)z 
were not included in the new apparatus. The field effect 
circuit was modified and a bridge (shown in Fig. 1) was 
used to balance out the charging current signal. A 
General Radio wave analyzer served to reduce stray 
signals and the field effect frequency was changed to 
90 cps. No change in the field effect was observed for 
frequencies between 60 and 150 cps.? The pickup on 
the 40-ohm-cm samples was generally about 10 micro- 
volts, allowing accurate determination of the field 
effect signal, which was usually an order of magnitude 
larger. 

Water vapor, dry oxygen, ozone, nitrogen, and dry 
ammonia were used as gaseous ambients. A slow flow 
rate was used so that a detailed description of the 
effects could be given. 

The samples were prepared by sandblasting the 
contact areas and attaching nickel leads with doped 
tin solder. The slab was then mounted on a Lucite 
holder which was notched suitably to accept the leads 
and the slab hand ground to the desired dimensions. 
After CP-4 etching, the samples were dried in vacuum 
and then maintained in dry Ox. 


III. EXPERIMENTAL RESULTS 


The results of the earlier runs on a 17-ohm-cm n-type 
thick-thin sample are shown in Fig. 5 of reference 2. 
It was found that the absolute height of the barrier 
could be obtained if the surface was swung through 
the conductance minimum, since the barrier height at 
this minimum is known from theory for a uniform 
surface.” Theory also predicts that the conductance 
minimum and change of sign of the field effect should 
occur simultaneously for a uniform surface and this 
condition was generally observed. The qualitative 
behavior of (Ac.p.);, was the same as observed by 
Brattain and Bardeen! upon introducing various 
ambients. 


T 
| 


— Ory 0, —— 5 Temas 
+ 








a 
50 





25 4 
1 (min) 


. 4. Field effect voltage and dc voltage as a function of time 
for a run on a 17-ohm-cm n-type germanium specimen. 


Figure 2 shows a typical run on a 40-ohm-cm n-type 
sample. These data were obtained with the modified 
equipment described above. It is interesting to note 
that uy.z, decreases upon introduction of O; while the 
conductance increases, giving evidence for reduced hole 
mobility due to surface scattering.’ The same is true 
of the » type for ‘= 28. Large changes in surface poten- 
tial were obtained for these high-resistivity samples, of 
the order of 0.3 v. This swing is of the order of the 
change in contact potential observed by Brattain and 
Bardeen, indicating that most of the change in contact 
potential results from changes in the surface barrier. 

Later results on a 17-ohm-cm n-type sample, shown 
in Fig. 3 give an exact determination of ur... An 
expansion of scale indicates a decrease of urn. for ¢ 
greater than 60 min, another indication of surface 
scattering effects. The conductance minimum and 
change in sign of wr.e. occur simultaneously and there 
is a unique relationship between yr.x. and surface 
conductance throughout the run, indicating the surface 
potential is uniform over the surface. This condition 
was not always observed and in several runs the mag- 
nitude of the surface conductance at the conductance 
minima did not agree with each other. Part of this 
variation could be due to temperature fluctuations of 
the bulk resistivity ; however, it is felt that the majority 
of the effect was due to the surface potential changing 
nonuniformly over the surface. 

Another 17-ohm-cm m-type run shown in Fig. 4 
exhibits a large p-type inversion layer existing in dry 
O2. Analysis of the conductance shows that the energy 
bands at the surface were displaced 0.2 ev above the 
flat band condition, and surface scattering was un- 
doubtedly important. 


IV. ANALYSIS OF RESULTS 


A theoretical plot of surface conductance including 
surface scattering effects is given for 17-ohm-cm and 
40-ohm-cm n-type Ge in Fig. 5. The masses of both 
holes and electrons were taken as 0.25m,, the effective 
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Fic. 5. The change in surface conductivity as a function of 
surface potential. Curves are plotted for intrinsic and 17-ohm-cm 
n-type material. 


electron mass estimated from a calculation of Mattis 
and Ham” on conductance in thin Ge films using a 
model of spheroidal energy surfaces. The surface 
potential was determined experimentally from Ao by 
considering the variation of sample conductance from 
its value at the conductance minimum and using the 
curves in Fig. 5 to find the corresponding surface 
potential. Also, ur.z. is simply related to the field effect 
voltage, and hence ur.x. can be plotted as a function of 
surface potential.” 

Figure 6 shows the theoretical and experimental 
curves of ur.z. as a function of surface potential for 
several runs on 40-ohm-cm m-type samples similar to 
Fig. 2. If surface scattering were not taken into account 
the theoretical curve would be asymptotic to 1 for 
large positive surface potential and —0.47 for large 
negative values. The experimental curves have been 
adjusted slightly to change sign at the correct surface 
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Fic. 6. Experimental and theoretical values of the field effect 
mobility as a function of surface potential for several runs with 
40-ohm-cm n-type germanium. The theoretical curve is calculated 
without assuming shielding by surface states. From the difference 
between the theoretical and experimental curves, the density of 
surface states can be determined. 


* F, Ham and D. Mattis (to be published). 
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potential. The experimental points fall considerably 
below the theoretical curve indicating appreciable 
surface shielding effects. 

Since the theoretical curve does not include effects 
of surface states, information about the density of the 
surface states can be obtained as follows. The field 
effect mobility is defined as 


dAdo dAdo 


LE.E.=—_= 


dQ d(qap+Qs) 
where Ac is the surface conductance per square, Q the 
charge on the field probe, g., the total charge in the 


space charge layer and gq, the charge associated with 
the surface states, all charges taken per square cm. Now, 


(1) 


dda 
ur.x. (theoretical) = ———, (2) 
dsp 
ur.x, (theoretical) dq. 
nist mit (3) 


Ly.x, (experimental) dqup 


dq.= (R—1)dQup. (4) 





The change in q,, with y, is readily obtained by inte- 
grating Poisson’s equation and is found to be 


dgsp [xkT}3 [(Na—Na)+ce**— poe~**] 

ag [(Na—Na)xetpo(e™*—1)-+no(ex— 1)? 
(5) 

where mo and fo are the bulk carrier concentrations 

and x,=ey./kT. Thus, from Eqs. (4) and (5), we have 





Xe2 
age f (R—1) (dqsp/dxs)dxs. 


Xel 


For intrinsic material this reduces to 


Ag, /xkTn;\} px 
—= ( ) f (R—1) cosh(x,/2)dx.. 
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Fic. 7. Rate of change of charge in surface states with surface 
potential, and the surface state charge, as determined from Fig. 6. 
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Figure 7 shows the occupation of the traps as a 
function of x, for the 40-ohm-cm n-type material. The 
rapid change of dg/dx, in the vicinity of —5kT suggests 
that a trap is located near this free energy. In the 
following, we use the ordinary Fermi function to 
describe the occupancy of the states, and we include 
the entropy term by specifying the free energy of the 
state. Thus for two states which are spin degenerate, 
the free energy would be E,—kT \n2. Statz et al. 
have observed a discrete trap located 0.155 ev below 
the midgap in germanium of density 0.7-1.2x10" 
cm~*, The dotted curve of Fig. 7 shows that dq,/dxs 
derived from a density of 10" cm~ located at this 
energy agrees quite well in this region if a small con- 
tinuous density is superimposed. There is also an indi- 
cation of a trap located greater than 5kT above the 
mid-gap; however, it was impossible to depress the 
bands sufficiently to investigate this level in detail. 
Several runs on a different 40-ohm-cm specimen sug- 
gested a trap located 0.13 ev below midgap, of density 
10" cm~, 


Fic. 8. Experimental and theoretical values of the field effect 
mobility as a function of surface potential for a typical run with 
a 17-ohm-cm n-type germanium specimen. The theoretical curve 
is calculated under the assumption of no shielding by surface 
states. 
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Fic. 9. Rate of change of surface states charge with surface poten- 
tial, and the surface state charge, as determined from Fig. 8. 


Corresponding curves for the 17 ohm-cm samples 
are shown in Figs. 8 and 9. Again a rapid rise in dq/dx, 
is observed; however, x, must be about 1.57 more 
negative than the corresponding value for the high- 
resistivity sample in order to have the same proposed 
trap effective, because of the shift of the bulk Fermi 
level. A density of interface states several times larger 
than that derived from the high resistivity material is 
required to explain the 17-ohm-cm data. The dotted 
curve in Fig. 9 gives dq,/dx, due to a trap located at 
Xs=—6.5 or about 0.13 ev below the midgap, of density 
2.7 10" cm~*, which agrees fairly well with the experi- 
mental points after a small continuous density has been 
superimposed. A higher noise level existed in the 
measurements of the 17-ohm-cm material, reducing 
the accuracy near the conductance minimum where the 
field effect is small, i.e., near x,= —4. 

Care was taken in all of the runs to maintain a 
constant flow rate of ambient gas, since a sudden 
change in flow rate, when the surface was n-type, 
apparently caused some nonequilibrium process which 
results in the plot of ur.x. vs x, not retracing the original 
curve. Increase of flow rate usually caused the non- 
equilibrium curve to fall below the original curve. This 
effect is not well understood at present. 
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Measurements have been made of the energy spectra of secondary electrons from molybdenum and 
tungsten using primary voltages, Vp, from 0 to 100 volts. A 127° electrostatic analyzer was used having 
an experimentally determined resolution of one percent. Primary electrons were decelerated to the required 
energy while approaching the target. The target was cleaned before each measurement by heating above 
2000°K for one second. Measurement of the energy spectrum could be completed before formation 
of the first monolayer of contamination on the target surface. For V, above 20 volts, the observed energy 
spectra, each consisting of a low-energy maximum and a peak of elastically reflected primary electrons, 
were almost independent of V,. For V, below 20 volts, the low-energy maximum became increasingly 
smaller and narrower and moved upward in energy by approximately 2 volts. For Vp below about 5 volts, 
reflected primaries remained but secondaries were absent. Similar but not identical results were obtained 


for molybdenum and tungsten targets. 





INTRODUCTION 


HE general shape of the energy spectrum of 

secondary electrons from metal targets is known 
to be largely independent of the energy of the primary 
electrons.! For primary voltages between 20 and 2000 
volts or higher, the energy spectrum of secondary 
electrons comprises two principal features: the large 
low-energy peak with its maximum in the neighborhood 
of two or three volts, and a second narrow peak due to 
the elastic reflection of primary electrons. The work 
described here is a study of the change in shape of 
the spectrum of secondary electron energies as the 
primary energy is decreased below 20 electron volts. 
Targets of molybdenum and tungsten were used 
because these offer the advantage of being more easily 
cleaned than most other metals. 

A number of experimental studies of secondary 
emission at low primary energies have been reported. 
Farnsworth? demonstrated that the secondary emission 
yield from a nickel target depended on the cleaning 
process employed and concluded from measurements 
of the retarding potential type that only elastic reflec- 
tion of primary electrons occurred for primary energies 
below 10 electron volts. Bruining* measured the coeffi- 
cient of elastic reflection of electrons from surfaces of 
Ag, Ba, and BaO and found it to increase by a factor 
greater than two as the primary voltage was lowered 
from 25 to approximately three volts. Gimpel and 
Richardson‘ observed the yield and energy distribution 
of secondary electrons from a spherical copper target 
outgassed at 1000°C and placed at the center of a 
spherical collector. For primary voltages below 10 
volts they observed the total yield to remain constant 

*Now at the Department of Physics, Queen’s University, 
Kingston, Ontario, Canada. 


1H. Bruining, Physics and Applications of Secondary Electron 
Emission (McGraw-Hill Book Company, Inc., New York, 1954), 


p. 104. 

2H. E. Farnsworth, Phys. Rev. 20, 358 (1922). 

3H. Bruining, Physica 5, 913 (1938). 

‘I. Gimpel and O. Richardson, Proc. Roy. Soc. (London) 
A182, 17 (1943). 
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at about 0.25 and the current being measured to consist 
almost entirely of elastically reflected primary electrons. 
Meyers® measured the yield and energy distribution 
from copper and silver films in a vacuum of 10-8 
mm of Hg using a plane target mounted at the 
center of a spherical collector. Values of yield differed 
from that mentioned above but again it was found that 
only primary reflection occurred below 10 volts. 

Three major difficulties are present in measurements 
made with low primary energies. The first is the problem 
of obtaining primary electrons at the low voltages 
desired. This is most easily accomplished by operating 
the electron gun at a higher voltage and causing the 
primary electrons to be decelerated as they approach 
the target. If the target is small in size, the velocity 
of the primary electrons will drop toward the final 
value only when they are relatively near the target. 
The second difficulty is related to the first: it is the 
general problem of obtaining sufficient secondary 
current to measure conveniently. In this regard, a 
high primary current density is necessary to compensate 
for the low secondary yield at low primary energies 
and, in the work reported here, to compensate for the 
fact that only a fraction of the total emission entered 
the energy analyzer. The third problem is the necessity 
of having a very clean target surface. At low primary 
energies, since production of secondaries occurs very 
near the surface and since the elastic reflection of 
primary electrons is a significant factor, freedom from 
contamination of the target surface is more important 
than is generally the case at higher primary energies. 


APPARATUS 


The apparatus used for these measurements has 
been described before® so that a brief description will 
suffice here. In Fig. 1 the system is shown schematically. 
It consisted of an experimental tube containing electron 
gun, target, and 127-degree electrostatic analyzer, and 


5H. P. Myers, Proc. Roy. Soc. (London) A215, 329 (1952). 
6 G. A. Harrower, Phys. Rev. 102, 340 (1956). 
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Fic. 1. Schematic diagram of the apparatus used, showing the 
components of the experimental tube—electron gun, target, and 
analyzer, and the associated electric circuits. The target was 
surrounded by a shield held at ground potential (not shown here). 
During the course of a series of measurements the final anode of 
the gun, the analyzer shield, and the target shield were at ground 
potential; the target was held at a fixed voltage so that the field 
in front of the target was constant; primary electrons struck 
the target with energy corresponding to the voltage between the 
cathode of the gun and the target, this primary energy being 
varied by varying the cathode potential. 


the associated power supplies, amplifiers, and a pen 
recorder. Primary electrons struck the target at 45 
degrees and secondaries were observed at 90 degrees 
to the target surface. The required low primary energies 
were obtained by operating both the cathode of the 
electron gun and the target, negative with respect to 
ground, the anode of the gun and the analyzer being at 
ground potential. The voltage between target and 
analyzer was fixed at 20 volts for Mo and 100 volts for 
.W, these values being chosen somewhat arbitrarily. 
The fixed voltage between target and analyzer caused 
the observed energy spectra to be shifted by that 
amount. This served to compensate partially for the 
variation of the analyzer’s sensitivity with energy.® 
The voltage applied to the cathode of the gun was 
varied to give the primary electrons the desired energy 
at the target surface. Measurements were corrected for 
contact potential differences. The voltages applied to 
the deflecting plates of the 127-degree analyzer were 
motor-driven and synchronized with the pen recorder 
so that energy spectra were recorded automatically. 
The target was in the form of a ribbon, being 0.125 
inch wide and 0.0015 inch thick, and was cleaned by 
passing a current through it. The cleaning procedure 
consisted of two stages—first, prolonged preliminary 
heating (about 15 hours at temperatures of 2000°K 
for Mo and 2600°K for W) and secondly, a brief heat 
treatment before each measurement (one or two 
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Fic. 2. Pressure in the vacuum system versus time following 
flashing the target. The interval of abnormally low pressure is 
used to determine the time required for a single monolayer of 
contamination to accumulate on the target surface. This record 
was made for display purposes only; actual measurements were 
taken at much lower pressures and with much longer monolayer 
adsorption times. 


seconds at 1900°K for Mo and 2400°K for W). The 
results produced by this second brief heat treatment 
can be seen in Fig. 2, where pressure in the vacuum 
system is plotted as ordinate and time as abscissa. 
Following a one-second flash, the pressure dropped 
below the normal level because the clean target surface 
acted as a pump adsorbing gas readily until the first 
monolayer of contamination had been accumulated. 
The monolayer adsorption time is inversely proportional 
to the pressure, being approximately one second at a 
pressure of 10~-* mm of Hg. In the work reported here 
the target was flashed before each energy spectrum was 
recorded and the vacuum was subsequently near 
5X10- mm of Hg. Observations like the one shown 
in Fig. 2, which were made continually, showed that 
each measurement was completed before a small 
fraction of a monolayer of contamination had formed 
on the target surface. 


MEASUREMENTS 


Energy spectra were recorded for both Mo and W 
for primary voltages, V,, between zero and 100 volts, 
taken at one-volt intervals below 20 volts and at 
five-volt intervals above 20 volts. Figure 3 provides a 
representative selection of measured curves for Mo 
and Fig. 4 does the same for W. In both figures it will 
be noticed that it was convenient to use more than one 
scale of electron energy in electron volts on the hori- 
zontal axes. Further, it must be emphasized that the 
vertical heights of these energy spectra were set 
arbitrarily and curves recorded for different primary 
voltages cannot be compared with regard to relative 
heights. This results from the fact that the apparatus 
did not afford a means of measuring accurately the 
primary current striking the target. 

Several general observations can be made concerning 


the shape of the energy spectra displayed in Fig. 3 and 
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Fic. 3. A representative selection of the energy spectra of 
secondary and reflected primary electrons from a Mo target for 
values of primary voltage V, as indicated. The ordinate is 
proportional to the number of electrons per unit energy interval 
and the abscissa is the energy in electron volts of the electrons as 
they leave the target surface. 


Fig. 4. Beginning with the case of V,=100, each 
spectrum consists of a large low-energy maximum near 
two or three volts and a small peak of elastically 
reflected electrons at the primary voltage. This descrip- 
tion applied equally well to all cases in which V, is 
greater than 20 volts. The spectrum recorded with 
V,=20 shows the low-energy maximum still located 
at the same energy but the peak of the elastically 
reflected primary electrons has become more prominent. 
As V, is decreased further, the reflected primary 
electrons become increasingly more prominent and the 
low-energy end of the distribution changes considerably. 
At V,=10, it can be seen that the low-energy maximum 
has begun to move upward in energy. As V , is decreased 
below 10 volts, the low-energy maximum continues to 
move upward in energy but becomes steadily smaller 
until it finally disappears. The lowest primary voltages 
for which secondary electrons are seen to provide a 
discernable low-energy maximum are V,=5 for Mo 
and V,=7 for W. Below these primary voltages, the 
measured energy spectra consist simply of a peak of 
elastically reflected primary electrons with some 
spreading on the low-energy side indicating the presence 


of some inelastic scattering. This effect is seen in the 
cases shown for V,=1 in Fig. 3 and Fig. 4. Finally, 
when V,=0 elastic reflection of primary electrons still 
occurs but the curve is symmetric about the vertical 
axis, as would be expected, since inelastic scattering is 
impossible. The width of the curves taken at V,=0 is 
due mainly to the finite resolution of the analyzer but 
also to a small spread in primary energy. It was found 
that if the gun voltage was lowered a small fraction of 
a volt below the case shown for V,=0, the current of 
primary electrons entering the analyzer increased 
greatly—presumably because primary electrons no 
longer struck the target but were reflected by the 
retarding electric field in front of the target. 

Three of the principal features concerning the shape 
of the energy distribution for primary energies below 
20 volts are illustrated in Figs. 5, 6, and 7. In Fig. 5 
the ratio of the height of the low-energy maximum to 
the height of the reflected primary peak is plotted 
against primary voltage. For both Mo and W, this 
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Fic. 4. Measurements for W. See caption for Fig. 3. 
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ratio drops from approximately three at V,=20 volts 
to zero at V,=5 volts. Figure 6 shows the change in 
energy of the low-energy maximum of the energy 
distribution of secondary electrons plotted against 
primary voltage. Above V,=17 volts, the position of 
the low-energy maximum is independent of primary 
voitage and is in the neighborhood of two or three 
electron volts. Its absolute position could not be 
determined with as good accuracy as changes in that 
position. Below V,=17 volts the position of the low- 
energy maximum shifts upward in energy, by 2.2 
electron volts for Mo and 1.6 electron volts for W. In 
Fig. 7 the half-width of the low-energy maximum in 
electron volts, that is, the width at half the maximum 
height, is plotted against primary voltage. This was 
done after subtracting the underlying background 
presumed due to the inelastic scattering of primary 
electrons. The half-width for W remains constant at 
about 4.5 electron volts while in the case of Mo it 
decreases from five to two electron volts as the primary 
voltage is lowered from twenty to five volts. 


DISCUSSION 


It is evident from these measurements that the shape 
of the energy distribution, although essentially constant 
for primary energies above 20 electron volts, changes 
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Fic. 5. The ratio of the height of the low-energy maximum 
to the height of the reflected primary peak plotted against 
primary voltage for Mo and W. 
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Fic. 6. The change in position of the low-energy maximum 
occurring for primary voltages below 20 volts. For both metals, 
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Fic. 7. The width at half the maximum height of the low-energy 
maximum plotted against primary voltage. 


considerably in going to lower primary energies. The 
most obvious change is the decrease in the number of 
secondaries being produced as shown in Fig. 5. Presum- 
ably fewer secondaries are produced at lower V , simply 
because less energy is available. Concerning the position 
of the low-energy maximum, two extreme cases can be 
considered. The first and more commonly observed. 
case is that with V, greater than 20 volts. Here the 
production of secondaries results from a cascade 
process as described theoretically by Wolff.’ In this 
process, electrons which have received energy from the 
primaries, scatter repeatedly before reaching the surface, 
each electron giving up about half its energy, on the 
average, at each scattering. Wolff has shown that the 
position of the low-energy maximum of the energy 
spectrum should be independent of primary energy so 
long as this energy is sufficient that primary electrons 
penetrate the target to a depth which allows the 
secondaries produced to undergo several scatterings 
before reaching the surface. The second extreme case 


7P. A. Wolff, Phys. Rev. 95, 56 (1954). 
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may be considered to occur when the primary energy 
is so low that if the primary shares its energy with a 
second electron, neither electron will have sufficient 
energy to escape from the target. It was previously 
pointed out in the discussion of Fig. 3 and Fig. 4 that 
this occurs for Mo when V, is less than 5 volts and for W 
when V, is less than 7 volts. Only elastic reflection of 
primary electrons occurs for V, values lower than 
these. Between these two extreme cases lies a transi- 
tional region which appears from the experiment to be 
about 10 or 12 volts wide in terms of V ,. The transition 
is evident in Figs. 5, 6, and 7. In this region it is possible 
for the primary to undergo a small number of scatterings 
—probably one or two—and still retain sufficient energy 
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to be able to escape. For V, greater than 20 volts, 
statistical theories can be applied but for lower V, 
values, single processes must be considered and approp- 
riate theoretical treatment is not available at the 
present time. 


ACKNOWLEDGMENTS 


It is a pleasure to acknowledge my gratitude to 
F. S. Best, A. A. Machalett, V. J. DeLucca, and H. C. 
Meier, who contributed to the construction of the 
apparatus, and to R. A. Maher, who assisted in all 
phases of the experimental work. I would also thank 
H. D. Hagstrum and P. A. Wolff who generously 
provided some very helpful discussion. 


NUMBER 1 


Multiple Ferromagnetic Resonance in Ferrite Spheres 


Rosert L. WuiTeE AND IRvIN H. SOLrt, Jr. 
Hughes Research Laboratories, Culver City, California 


(Received May 8, 1956) 


Ferromagnetic resonance experiments have been performed on single crystal spheres of manganese and 
manganese-zinc ferrites placed in field configurations having large gradients in the rf magnetic field at the 
sample site. Five major and several minor resonant absorptions are observed extending over a region of 
700 oersteds at room temperature. The line spacings are essentially independent of sphere size. The 
absorptions are shown to be attributable to modes of precession of the bulk magnetization of the sample 
which are more complicated than the spatially uniform precession contemplated by the usual ferromagnetic 
resonance theory. The lowest order modes are identified and their dynamical properties shown to be 
consistent with the prediction of an idealized magnetically-coupled-oscillator model. 


INTRODUCTION 


HE phenomenon of ferromagnetic resonance has 
been much used as a tool for the investigation of 
the magnetic properties of ferrite materials. The 
variation with crystallographic orientation of the field 
required for resonance yields the crystalline magnetic 
anisotropy constants. The field for resonance corrected 
for anisotropy effects gives the magnetic g factor. 
Perhaps most important, the half-width of the resonance 
in w or in H may be interpreted according to the 
theory of Bloembergen! or of Landau and Lifshitz? to 
give the characteristic relaxation time of the magnetic 
system. 

Two problems pertaining to this last property have 
for several years puzzled investigators using conven- 
tional ferromagnetic resonance techniques: First, why 
is it an experimental fact that the resonant absorption 
is often far from symmetric in shape and may even 
exhibit clearly defined secondary maxima, especially 
for larger sample sizes? Second, why are the relaxation 
times inferred from the line widths so short? 

1 N. Bloembergen, Phys. Rev. 78, 572 (1950). 


2?L. Landau and E. Lifshitz, Physik. Z. Sowjetunion 8, 153 
(1935). 


The answer to the first question is contained in the 
work reported here. Higher modes of ferromagnetic 
resonance, in which the precessional phase varies from 
point to point within the sample, are shown to exist 
and to have fields for resonance in general different 
from the Kittel value.’ The “distorted” line shapes and 
“spurious” secondary maxima may be explained as 
caused by the accidental excitation of the higher 
modes of resonance. 

Though the answer to the second question is far 
from contained in the work below, some strong clues 
are present. Coupling of the ferromagnetic resonance 
mode of uniform precessional phase to nearly degenerate 
modes of much higher order may be of great significance 
in the relaxation process. 


APPARATUS 


The experimental apparatus used for the resonant 
absorption measurements is similar in many respects 
to the recording system described by Tinkham, Solt, 
Davis, and Strandberg.‘ The system consists of two 


3C. Kittel, Phys. Rev. 73, 155 (1948). 
‘Strandberg, Tinkham, Solt, and Davis, Rev. Sci. Instr. 27, 
596 (1956). 
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Fic. 1. Block diagram of microwave and detection apparatus. 


basic units, the magnetic field sweep system and the 
microwave and detection circuits. 

In the magnetic field stabilization system, a rotating 
flip coil continuously monitors the magnetic field. 
The voltage induced in this flip coil is compared with a 
fraction of the voltage from a reference generator 
which is driven by the same motor that drives the flip 
coil. The comparison voltage is amplified, synchronously 
detected, amplified further, and applied directly to the 
grids of the series tubes in the power supply of the 
6-inch Varian magnet. A parallel channel of current 
feedback is included to improve stability. To sweep 
the magnetic field linearly in time, a helipot supplying 
the comparison voltage from the reference generator 
is driven by a geared-down synchronous motor. 

Absorption of microwave energy by the sample may 
be measured by observing the change in transmission 
or reflection coefficient of a resonant cavity containing 
the sample. For small incremental absorptions, such 
as are encountered in paramagnetic resonance, both 
cavity transmission and reflection coefficients vary 
linearly with absorption. However, for the large absorp- 
tion encountered in ferromagnetic resonance this 
approximation is not valid and it was necessary to 
develop distinctly different and unique instrumentation. 
For the source tuned to cavity resonance, one can 


readily derive the exact relation 


EY 


where P, is the power absorbed by the sample, Qz is 
the loaded Q of the empty cavity, To is the power 
transmission coefficient of the empty cavity, and T 
is the transmission coefficient of the cavity containing 
the ferrite. Hence for a recording system to plot 
directly the sample absorption, it is necessary to have 
a transmission cavity, a square law microwave power 
detector, an instrument to extract the square root of 
the ratio of two voltages, and appropriate biasing 
circuits to subtract the constant factor in Eq. (1). 
Figure 1 shows a block diagram of the apparatus. 
A TEjon rectangular transmission cavity was used. 
For these experiments, ” varied from 1 to 6. The 
source klystron was stabilized directly to the absorption 
cavity. For the X-band work, Narda type 610B 
bolometers were found to be reliable and convenient 
square law detectors; crystals may also be used, but 
great pains must be taken to make them square law 
over the power range being used by varying the load 
impedance seen by the crystal. The requirement of 
extracting the square root of the ratio of two voltages 
was met by the Hewlett-Packard type 416A ratio 
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Fic. 2. Positioning of sample in TEjo2 cavity for 
ferromagnetic resonance experiments. 


meter, an instrument designed primarily for micro- 
wave reflectometer measurements. The quantity 7» 
of Eq. (1) is simulated by a sampling of the incident 
power whose level can be set to equal the transmitted 
power for an empty cavity. Obtaining 7» in this fashion 
gives the added advantage of normalizing the ratio 
against changes in the microwave power level that 
occur as a result of the change in output of the klystron 
with frequency. The output of the ratio meter is 
connected through a biasing circuit directly to the 
chart recorder which plots the absorption. 

In order to obtain the symmetries of the microwave 
fields required to drive the various resonant precessional 
modes, it was necessary to vary the sample position 
within the cavity. In most experiments the needed 
variation was instrumented by glueing the ferrite 
sphere to a Saran thread run through small holes in 
the cavity walls. Continuous positional variation in 
several directions could thus be accomplished. For 
the measurements at elevated temperatures a cavity 
with heating coils wound directly upon it was used. 
In these measurements only certain discrete sample 
positions were used, each accomplished with the 
proper length quartz rod stand-off mounted on a plug 
inserted in the cavity wall. Figure 2 shows the sample 
positions most commonly used. 
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Fic. 3. Multiple ferromagnetic resonance in 
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EXPERIMENTAL RESULTS 


The general patterns of ferromagnetic resonance 
absorptions observed consist of five major lines, 
denoted components A through £, and a number of 
minor lines. Figure 3 shows the absorptions observed 
at room temperature for a manganese-zinc ferrite 
sphere in position I as defined in Fig. 2. Figure 4 shows 
the pattern for the sphere moved to position II as 
defined in Fig. 2. It may be observed that in position II 
components D and E have disappeared while component 
A has appeared and component B is greatly enhanced. 
The patterns for manganese ferrite under similar 
circumstances are qualitatively identical. By using the 
proper sample position within the cavity and selecting 
the orientation of the external magnetic field, H,, it is 
possible to excite the absorptions separately or in 
subgroups. Component £, for instance, appears only 
when the components of rf magnetic field perpendicular 
to H, have gradients in the direction of H,. 
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Fic. 4. Multiple ferromagnetic resonance in 
manganese-zinc ferrite-position IT. 


At a given frequency, the positions of the resonances 
are to a first approximation independent of sphere 
size over the range of sizes from 0.65-mm diameter to 
1.33-mm diameter. Except for component C, the 
magnitudes of the absorptions decrease with sphere 
size considerably more rapidly than the sample volume. 
At the larger sphere sizes, a number of additional 
resonances of yet stronger dependence on sample 
radius become visible. They are interspersed among 
components A through £, which are of primary concern 
here. Over the range of frequencies convenient with 
X-band apparatus, from 8.1 to 10 kMc/sec, the pattern 
shows only a very weak dependency on frequency, the 
lines changing at most a few gauss in relative position. 
At K, band, about 34 kMc/sec, components B and D 
change considerably but components A, C, and E 
preserve approximately their spacings. 

The line intervals at X-band do exhibit, however, a 
strong, fairly complicated dependence on temperature. 
The data are shown in Figs, 5 and 6 for Mn-Zn and 
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Mn ferrites, respectively. Attention is particularly 
invited to the behavior of components B and D. 


ORIGIN AND CLASSIFICATION OF RESONANCE 


The resonances observed in these experiments can 
be excited separately or in subgroups by choosing the 
appropriate orientation of H, and proper symmetry of 
the exciting microwave field. This behavior strongly 
suggests that the sphere oscillates in modes of definite 
symmetry. Further, the observed dependence of line 
spacings on temperature suggests that the mechanism 
of mode splitting is intimately related to the magnitude 
of M the saturation magnetization. 

Consider the idealized conventional ferromagnetic 
resonance experiment. A ferrite sphere is placed in a 
strong steady magnetic field H,, then subjected to a 
uniform rf magnetic field H; in a plane perpendicular to 
H,. The magnetization-bearing spins throughout the 
sample will precess about H, with uniform phase. If, 
however, H;, is not uniform across the sample, but is, 
say, in opposite directions at opposite ends of a diameter 
the spins will try to precess in different phase and 
amplitude at different points in the sample. Such 
spatially nonuniform precessional modes are responsible 
for the multiple resonant absorptions under discussion. 
For small precession amplitude, spins at different 
positions will be coupled to one another primarily 
through the divergence in M produced by the non- 
uniform precession. 

Component F characteristically appears when the 
component of H; perpendicular to H, has a gradient in 
the direction of H,. With H, vertical, then, top and 
bottom halves of the sphere are driven in opposite 
phase. Top and bottom are driven at the same frequency 
and the “bent”? magnetization precesses as a unit but 
has a different field for resonant precession than the 
unbent magnetization due to the torque one hemisphere 
exerts on the other. 

Components A through D characteristically appear 
when the components of H; orthogonal to H, and to 
one another have gradients in the plane perpendicular 
to H,. One is led by the symmetries of the driving fields 
to suspect that the absorption results from the magnet- 
ization of the sphere precessing in quarter segments. To 
facilitate calculation of the properties of such a system, 
the situation has been idealized into four magnetic 
dipoles, representing the lumped bulk magnetization of 
the quadrants, in square array, with the steady field 
H, perpendicular to the plane of the square. The 
dynamic properties of such a system are calculated in 
the appendix. The four characteristic frequencies of 
the system are 


wa?= "LH, +2(A’—B’)P, (2) 
ws’=7°LH.+ 2(A’— B") [H.—2(B'—A")], (3) 
we?=°H?, (4) 
wp? =7[H,+2(A’+A”) LH.—2(B’+B")], (5) 
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Fic. 5. Field splitting of ferromagnetic resonance lines as a function 
of temperature for manganese-zinc ferrite. 


where A’, B’, A”, B” are torque constants defined in 
the appendix. 

For comparison with the experimental results, one 
can express these roots in terms of the field H, required 
for resonance at a fixed frequency. In Fig. 7, the field 
for resonance for the various components is plotted as 
a function of coupling strength (probably nearly 
proportional to M). The assumptions have been made 
that A>B, A’>A”, B’>B", and the coupling con- 
stants all increase at the same rate. Comparison with 
Figs. 5 and 6 reveal good, almost quantitative, agree- 
ment with the experimental data, when the known 
dependence of M on temperature is used and the 
coupling strength is assumed proportional to M. Since 
the line intervals are somewhat dependent on crystal 
orientation and since the model was oversimplified, 
more detailed evaluation of the coupling constants and 
other parameters for best fit does not seem warranted. 

The normal coordinates of the characteristic modes 
of the four coupled oscillators may also be obtained 
from Eq. (A-10) of the appendix. In each instance the 
symmetry of the normal coordinates corresponds to 
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Fic. 7. Plot of field for resonance for various coupled-dipole 
modes as a function of coupling strength. 


the symmetry of the microwave magnetic field required 
to selectively excite the mode. This correspondence 
confirms the mode assignment indicated above and 
provides additional confirmation of the validity of the 
model. 


DISCUSSION 


The manganese and manganese-zinc ferrites used in 
the experiments are characterized by a large saturation 
magnetization and long ferromagnetic relaxation time 
(5X 10-* sec). Consequently, the dominant lower order 
precessional modes appear mostly as fully resolved 
resonances. For ferrites of smaller M and shorter 
relaxation time (hence, greater line width), the various 
resonant modes will be unresolved and a composite 
absorption observed. The presence of the unresolved 
sub-structure explains the size-dependent line shapes 
reported by many observers.*~’ Dimensional resonances, 
in which the ferrite sphere behaves asa dielectric cavity,® 
appear to play no part in the phenomenon. 

The line widths in Figs. 3 and 4 merit comment in 
themselves. In the manganese-zinc ferrite, component 
C, attributable to the spatially uniform mode, exhibits 


5 Yager, Galt, Merritt, and Wood, Phys. Rev. 80, 744 (1950). 

*D. W. Healy, Jr., Cruft Laboratory, Harvard University, 
Technical Report No. 135, 1951 (unpublished). 

7 Dillon, Geschwind, and Jaccarino, Phys. Rev. 100, 750 
(1955). 


. S. BOLT; FR. 

a room-temperature line width varying from 18 to 20 
oersteds with crystallographic orientation. This width 
is somewhat less than half that of the narrowest lines 
observed by Tannenwald® or by Dillon, Geschwind, 
and Jaccarino,’ in compositionally similar material from 
the same source.’ It is also of interest to note that the 
first order anisotropy constant K,/M for the sample of 
Figs. 3 and 4 is approximately 35 oersteds, this quantity 
also being somewhat less than half that observed by 
Tannenwald or Dillon et a. for their crystals. 

The theory of line widths in ferromagnetic resonance 
is strongly affected by the existence of the higher order 
precessional modes. The most successful attacks on the 
problem of ferromagnetic relaxation have been phrased 
in the language of spin waves,’ an approximation one 
would expect to be valid at temperatures below about 
one-tenth the Curie temperature. Clogston, Suhl, 
Walker, and Anderson" have recently shown that for 
most sample geometries, including the sphere, there 
exists a surface in k space of spin waves of high k 
which are degenerate with the spin wave of k=0 
excited in a ferromagnetic resonant experiment. 
Further, it had previously been demonstrated that spin 
waves of high & interact strongly with the crystal 
lattice and have a half-life on the order of the relaxation 
times observed for ferromagnetic resonance, about 
10~* sec. The mechanisms which could scatter the spin 
waves of k=0 into those of higher & are numerous if no 
energy promotion is required. A two-stage relaxation 
process is therefore established in which both stages 
proceed at rates comparable to the experimentally 
observed relaxation times. 

The precessional modes of higher order are the 
conceptual equivalent of the spin waves of higher k. 
The coupled oscillator model presented in this paper 
suffices only for certain lower order modes, but the 
properties of modes of arbitrarily high order may be 
derived from the gyromagnetic equation and proper 
boundary conditions.” These rest only on Maxwell’s 
equations and present a picture clearly valid over the 
range of temperatures of interest. Only preliminary 
results of these calculations are available, but the 
indication is that there are numerous modes of higher 
order degenerate or nearly degenerate with the uniform 


8 Pp. E. Tannenwald, Phys. Rev. 100, 1713 (1955). 

®Single crystal ferrites obtained from Linde Air Products 
Company through the courtesy of Dr. R. W. Kebler and Dr. 
G. W. Clarke. 

10 T, Holtstein and H. Primakoff, Phys. Rev. 58, 1098 (1940); 
A. Akheiser, J. Phys. (U.S.S.R.) 10, 217 (1946); F. Keffer, Phys. 
Rev. 88, 686 (1952). C. Kittel and E. Abrahams, Revs. Modern 
Phys. 25, 233 (1953). 

1 Clogston, Suhl, Walker, and Anderson, Phys. Rev. 101, 903 
(1956). We are indebted to the above authors for preprints of 
this article and of reference 12, and for discussions concerning 
the subject matter therein. 

27, R. Walker, Bull. Am. Phys. Soc. Ser. II, 1, 125 (1956). 
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mode. The coupling of energy into these modes 
constitutes an important step in the relaxation process. 

As a final point of discussion, it should be observed 
that the multiple resonances treated here are not 
the low-field secondary maxima observed by Kip and 
Arnold® or by Bickford’ or Tannenwald.* These 
observers were dealing with multiple domain situations 
in magnetically unsaturated materials. The pertinent 
theory under these circumstances has been given by 
Smit!® and Artman.!¢ ; 
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APPENDIX 


Consider the dynamic system composed of four 
magnetic dipoles, M,, in a square array situated in a 
strong external magnetic field H perpendicular to the 
plane of the square. The coupling between dipoles 
will not be taken to be the classical point dipole-point 
dipole interaction since these dipoles represent the 
lumped bulk magnetization of four spherical segments. 
We define instead a compressional torque constant A 
and a shear torque constant B as follows: Let two 
dipoles initially parallel be bent towards one another, 
each through a small angle 6 [ Fig. 8(a) ]. The restoring 
torque perpendicular to their common plane acting 
on either is defined to be 2A. If the two dipoles 


(b) 


Fic. 8. Diagram illustrating definition of torque constants. 


3A. F. Kip and R. D. Arnold, Phys. Rev. 75, 1556 (1949). 

4L. R. Bickford, Laboratory for Insulation Research, Mass- 
achusetts Institute of Technology, Technical Report No. 23, 
1949 (unpublished). 

15 J, Smit, Philips Research Repts. 10, 113 (1955). 

16 J. O. Artman, Lincoln Laboratory Report, March, 1956 
(unpublished). 
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Fic. 9. Diagram illustrating coordinate system for coupled 
oscillator calculation. 


are bent out of their common plane in a shear fashion 
through small angles @ [Fig. 8(b)] the torque on 
either is 2Bq, in their common plane. Both A and B 
will be positive quantities as drawn in Fig. 1. In the 
subsequent calculation singly primed torques will 
refer to nearest neighbor interactions; doubly primed, 
to interaction between diagonally situated dipoles. 
The gyromagnetic equations of motion will be 


10M; 
= aa SRY: 
y dl ii 


(A-1) 


The torque exerted by the jth dipole upon the ith is 
represented by T;;. 

We establish a coordinate system and dipole designa- 
tion as shown in Fig. 9. For small amplitudes of oscilla- 
tion about the equilibrium position, 

M = m;z exp[iwt jit+mi, exp[iwt }j+Mk, (A-2) 
where 
miy<M, H=H.k throughout. 


Miz, 


We can now write explicit expressions for the 7%;;; 
for example, 


(T12)2= 3 (A ‘+ B’) (m12—™2z)/M 
+3(A'—B’)(my—mz,)/M, (A-3) 
or 


(T13)y= BY” (miz—m32)/M. 

Using the further shorthand notation, 
3(A’+B’)=C and 3(A’—B’)=D,  (A-4) 
we can write the system of Eqs. (A-1) 
P-u=0, (A-5) 


where P, the coefficient matrix, after introduction of 
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This transformation reduces the coefficient matrix to four two-by-two matrices on the principal diagonal. 
The equation 
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(T“PT)T-u=0 (A-9) 


can then be written in reduced form, 
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One can now obtain almost by inspection the roots of the secular equation derived from the condition that the 
determinant of the coefficient matrix must vanish. These roots are 

w= YH?, 

w?=[H,+2(A’—B’)P, 

oe =7(H,+2(A'+A") [H.—2(B’+B")], 

w?=7(H,+2(A’—B”) |[H.—2(B’—A”)]. 


Furthermore, the transformed basis vectors, T—'u, give the normal coordinates of the oscillations. 
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All but one of the multiple ferromagnetic resonances observed by White and Solt in a sphere are shown 
to correspond to modes in which the oscillating part of the magnetization is independent of r (the only case 
ordinarily considered) or varies linearly with r in the sample. 





RDINARILY the ferromagnetic resonance of a 
spherical sample is calculated under the assump- 
tion that the oscillating part of the magnetization is 
the same at all points of the sample. But multiple ferro- 
magnetic resonances have been observed!~* under con- 
ditions which suggest that higher spacial modes were 
being excited, in which the magnetization in the plane 
(xy) perpendicular to the main external field varies 
with position in the sample. The frequencies of the 
simplest of these higher modes are calculated here, and 
it is shown that all but one line (line B) of White and 
Solt’ can be explained in this way. To find these fre- 
quencies, note that the resonance equations involving 
the internal fields 


iwM,=7(M,H.—M.H,), 


1 
iwM,=(M.H.—M-H,), if 


may be solved uniquely for w whenever H(r)inducea 
= KM(r). This is certainly true when both H and M 
are uniform, and in this case one gets the classical de- 
magnetizing factors. However, there are other than the 
uniform distribution for which H(r)inducea= KM(t)- 
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Fic. 1. The temperature dependence of the magnetic fields 
necessary for the various multiple resonances in a manganese 
ferrite sphere. Full lines are experimental data. Dashed lines and 
x are calculated values. The agreement of theory with experi- 
ment is shown by the correspondence of the line marked Ho with 
line C, and the correspondence of the X’s with line D. 


1R. L. White and I. H. Solt, Jr., Phys. Rev. 104, 56 (1956), 
preceding paper. 

2 White, Solt, and Mercereau, Bull. Am. Phys. Soc. Ser. II, 1, 12 
(1956). 

3L. R. Walker, Bull. Am. Phys. Soc. Ser. II, 1, 125 (1956). 
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We assume only slight deviations for M from the 
direction, z, of the applied field, Ho. 

We consider, for example, the sphere. Here H,= Ho 
— (4/3)Mo. However, in x, y we must solve the mag- 
netostatic equation 


V’°= —4rv-M, 
where Hinducea= V¢, and we wish only those solutions 
where 


H,(r) induced - KM,(r), H,(r)induced = KM,/(r) . 


There is an intrinsic time dependence since the Mz, My, 
precess about the z axis. The system may precess from 
a configuration where K=c; to a configuration where 
K=cz one-quarter cycle later. Under these circum- 
stances, Eq. (1) yields 


lle 


nr i 
perry )ar.]} ° 
3 

Some of the lower order solutions to the eigenvalue 
problem have been found by essentially guessing the 
M,, distribution, guided by the symmetry of the 
appropriate driving field. For example, a radial dis- 
tribution M,=ax, M,=ay contributes both a volume 
and a surface divergence. The internal potential is 
found to be ¢ine= (8ar/5)(—x?—y’—}z") and Hz, 
= (—162/5)M,,,. After M,,, precesses by 1/2, the dis- 
tribution becomes circular, i.e.. Ms=—ay, M,=ax. 
This gives no divergence anywhere and thus H,,=0. 
Combining these two results, H,= (—167/5)M,, He=0 
and the resonant frequency becomes 


r= 7{[Ho— (44 /3)Mo [Hot (28x/15)Mo]}}*. 
Similarly M,=0, M,=az gives H.,y=(—41/5)Mz,y 
and w.=y[Ho— (8%/15)Mo]. For Mz=—ax, M,=ay 
one finds H,,y= (—82/5)M,z,,, yielding 


ws= [Hot (44 /15)Mo]). 


Of course the usual resonance wo=7yHp» occurs when 
M,=a, M,=0. 

The results are shown to be consistent with experi- 
mental data!.? in Fig. 1. Frequencies were converted 
into fields and w; corresponds to line D, ws to line E, 
and w; to line A. These correspondences also correctly 
predict the position in the cavity where the field con- 
figuration is optimal for inducing the mode. Since Mo(T) 
was not available, Mo and Ho were calculated from w: 
and w; and used in w; to calculate the resonant field for 
this distribution. 
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Distribution of Electrons Scattered by Solids* 


J. Arnot Smpson, T. F. McCraw,f anp L. Marton 
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The distribution in energy and angle of 20-kev electrons scattered by thin foils of representative substances 
has been measured. The resolution is better than 0.1% in energy and 10~ radian in angle. Data are presented 
for C, Al, Ni, Au of varying thicknesses, Formvar, and Al2O;. The effects of beam collimation and initial 
beam “contamination” on the angular distribution of a Cu single crystal are demonstrated. 





N a continuation of the previously reported! scatter- 

ing experiments we have measured the energy and 

angular dependence of 20-kev electrons scattered by 
thin foils of some representative materials. 

The elements studied were chosen to give a cross 
section of the periodic table. Carbon and aluminum 
were selected as representative of the light elements, 
nickel the middle, and gold as representative of the 
heavy elements. Nickel was thought especially interest- 
ing because of its ferromagnetic properties. The ap- 
paratus,? which uses magnetic analysis, is the same as 
that used in the earlier work and has a resolution of 
better than 0.1% in energy and 10~ radian in angle. 

The metallic scattering samples, which were from 100 
to 700A in thickness, were prepared by vacuum 
evaporation from a tungsten basket onto a freshly 
cleaved rock salt substrate and then floated to the 
mount on a water surface. Carbon was prepared by a 
similar process except that the evaporation was from 
an intermittent arc, using the technique given by 
Bradley.’ 

The Formvar (polyvinyl formal in ethylene dichlo- 
ride) was prepared by casting a drop of the suspension 
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Fic. 1. Cartographic plot of the distribution of electrons 
scattered by 150 A carbon foil. The ordinates are marked in multi- 
ples of the most prominent characteristic energy loss. 


*This work was in part supported by the Office of Naval 
Research and the U. S. Atomic Energy Commission. 
t Present address: Department of Defense, Washington, D. C. 
1 Marton, Simpson, and McCraw, Phys. Rev. 99, 495 (1955). 
( eee Simpson, and McCraw, Rev. Sci. Instr. 26, 855 
1955). 
3D. E. Bradley, Brit. J. of Appl. Phys. 5, 65 (1954). 


directly on the water surface. The Al,O; was prepared 
by forming an aluminum film as described above and 
then anodizing in 0.1 normal HCl using a potential of 
about 100 volts. In all cases the foils were self- 
supporting. 

Our experience and that reported by others‘ has 
shown that evaporation geometry cannot be relied upon 
for thickness measurements. Whenever possible the 
thickness was measured by the multiple-beam inter- 
ferometry techniques of Tolansky.® In these cases the 
thickness is believed accurate to +10%, although 
nothing is known about the density of the foils. In the 
case of Formvar and Al.O3;, the thickness was estimated 
by other methods and in these cases it is known much 
less precisely. 

The distribution of the scattered electrons are pre- 
sented in a cartographic representation: the X coordi- 
nate is angle, Y is energy loss, and Z is intensity. Owing 
to symmetry, only one half of the complete angular 
distribution need be plotted. The Z coordinate is 
represented by contours of equal value. Because of the 
large range of intensity to be covered, these contours 
are given on a logarithmic scale. This fact must be borne 
in mind if the cartographs are interpreted as contour 
maps, because the low levels are unduly emphasized, 
as illustrated by the portion of the initial beam appear- 
ing at energies greater than zero. 

Figure 1 contains the data taken from a 150A 
carbon foil. It will be noted that the distribution is not 
monotonic in energy, there being a distinct maximum 
at 24 ev. This value corresponds to the characteristic 
loss of carbon. A detailed review of the characteristic 
energy loss of electrons in solids has recently been given 
by Marton, Leder, and Mendlowitz.® 

It will be noted that this characteristic loss “ridge” 
extends out across the angular range shown on the 
cartograph and even predominates throughout a certain 
region. 

Figure 2 shows the data taken from 180A foil of 
aluminum. The over-all appearance is similar to that of 
carbon; but notice the extremely rapid fall-off of the 


4L. E. Preuss, J. Appl. Phys. 24, 1401, (1955). 

5S. Tolansky, Multiple Beam Interferometry (Oxford University 
Press, New York, 1948). 

6 Marton, Leder, and Mendlowitz, in Advances in Electronics and 
Electron Physics (Academic Press, Inc., New York, 1955), Vol. 
VII, p. 183. 
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Fic. 3. Cartographic plot of the distribution of electrons 
scattered by 230 A foil of nickel. Note the prominent diffraction 
maximum in both the elastic and characteristic loss peaks. 
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central maximum which covers over 4 decades in less 
than 2X10 radian. 

Moving upward to the middle of the periodic table, 
Fig. 3 gives the distribution of electrons scattered by 
230 A nickel, which again demonstrates the extremely 
sharp fall-off close to zero angle. The diffraction maxima 
are also very prominent and show the typical behavior, 
that was noticed in the earlier gold data, of both the 
elastic and the characteristic peak increasing in 
magnitude. 

At the high end of the periodic table, we continued 
our studies of gold. Figures 4, 5, and 6 are a series in 
which the films were as nearly identical as possible, 
except for being evaporated in echelon to give thick- 
nesses of 200 A, 550 A, and 700A, respectively. The 
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Fic. 4. Cartographic 
plot of the distribution 
of electrons scattered 
by a polycrystalline gold 
foil of 200 A thickness. 
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Fic. 5. Cartographic plot of the distribution of electrons scattered 
by a polycrystalline gold foil of 550 A thickness. 


runs were made in immediate sequence with a minimum 
of adjustments or changes to the apparatus and are 
directly comparable. The variation of thickness, it will 
be noted, resulted in only quantitative changes in the 
scattering pattern. 

In an attempt both to gain further insight into possi- 
ble mechanisms of the characteristic losses and to 
investigate the suitability of commonly used materials 
as possible supports for samples which cannot be made 
self-supporting, runs were made with Formvar and 
Al,O3. It is rather disappointing to find that both these 
substances (Figs. 7 and 8), despite the fact that they 
are insulators and compounds, give cartographs which 
exhibit, except for the lack of sharp diffraction peaks, 
no characteristics different from those of metals. 

In an attempt to clarify these points raised by Ferrell? 
concerning the experimentally determined angular dis- 
tribution of the electrons scattered elastically and with 
the characteristic energy loss, a series of experiments 
was performed with special care being exercised to 
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Fic. 6. Cartographic plot of the distribution of electrons 
scattered bya polycrystalline gold foil of 700 A thickness. A portion 
of the distribution on the opposite side of the zero is plotted to 
demonstrate the angular symmetry of the data. 


minimize possible sources of experimental error. The 
specimen was a 550-A foil of copper which was essen- 
tially a single crystal, as evidenced by its electron 
diffraction patterns. In order to increase the precision 
of measurement by interferometry, the thickness was 
greater than that usually used. The material copper was 
chosen as the one out of which the most nearly single 
crystal sample could be prepared. It was desired to use 
a sample with a high degree of crystalline perfection 
over a large area to make the diffraction as sharp as 
possible and to minimize the effects of grain boundary 
scattering. Three runs were made; the first, Fig. 9, 
using a 0.3-mm beam-limiting aperture, the second, 
Fig. 10, using a 0.1-mm limiting aperture and a third, 
also plotted on Fig. 9, using a specimen in which there 
was fine crack. This last run was an attempt to discover 
the distortion introduced by a large “contamination” 

















Fic. 7. Cartographic plot of the 











distribution of electrons scattered 
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to the cartographic plots for metals 
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7R. A. Ferrell, Phys. Rev. 101, 554 (1956). 





except for the lack of prominent 
diffraction maxima. 
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Fic. 8. Cartographic plot of the distribution of electrons 
scattered by Al,O;. Note the similarity to the cartographic plots 
for metals except for the lack of prominent diffraction maxima. 


of the scattered beam by the incoming beam. In addi- 
tion, the films were examined? under the electron micro- 
scope to determine if the films were continuous on a 
submicroscopic scale. Figure 11 is typical of the ap- 
pearance of the foils when examined under the electron 
microscope. The over-all patterns are probably due in a 
large part to diffraction effects. The smaller structures 
arise from faults in the cleavage faces upon which the 
crystal was grown. The micrograph was taken some 
time after the scattering experiments and may not 
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Fic. 9. Plot of scattered intensity as a function of angle on a 
log-log scale for copper single crystal of 550A thickness. The 
curves are the distributions for continuous foils; the points 
indicate the distributions for a foil with a microscopic crack. 


8 We are indebted to Mr. Swerdlow of the Constitution and 
Microstructure Section, Mineral Products Division, NBS, for 
providing the electron micrographs. 
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Fic. 10. Plot of scattered intensity as a function of angle on a 
log-log scale for copper single crystal of 550 A thickness. This fig- 
ure should be compared with Fig. 9 to demonstrate effects of the 
cross section of the incident electron beam. 


exactly represent the initial surface conditions. The 


mounting technique used in the scattering experiments 
is such that considerable oxidation may be expected to 
occur. Electron diffraction, however, indicates that only 
a slight amount of Cu,0O is present. A careful examina- 
tion of a representative area of 1000 sq microns dis- 
closed very few holes with a total open area of less than 


AF 
Fic. 11. Electron micrograph of copper crystal used for the 
data of Fig. 10. Note that although crystal is nonuniform in 
thickness, no holes of appreciable area are discernable. 
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0.03% of the sample. At the magnification employed, 
any hole larger than 300 A in diameter would have been 
noticed. Above this size, we conclude that the films are 
essentially continuous. 

It will be noted that improved aperturing of the beam 
and the deliberate addition of a large incoming beam 
contamination, while radically changing the elastic 
distribution, have only minor effects on the character- 
istic distribution. Moreover, it appears that at angles 
beyond 4X10~ radian the angular dependence of the 


The data for aluminum presented in Fig. 2 were 
analyzed in an attempt to confirm the dependence of 
the value of the characteristic energy loss, EZ, on the 
scattering angle, 6, reported by Watanabe® and at- 
tributed by him and others to the dispersion of plasma 
waves. The expected dependence is of the form E= A@. 
In a small region between 6 and 12 milliradians, our 
data show a @ dependence, although the constant 
disagrees by 50% from that of Watanabe. Outside this 
region, neither the constant nor the exponent agrees 


with his values. 
®H. Watanabe, J. Phys. Soc. Japan 11, 119 (1956). 


elastically scattered electrons is less rapid than that of 
the characteristically scattered electrons. 
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Multiband Luminescence in Boron Nitride 
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Boron nitride can be excited to luminesce by (1) alternating electric fields, (2) ultraviolet photons, or 
(3) cathode rays. The luminescence, in all cases, has a complex emission spectrum, extending from approxi- 
mately 2950 A to 6500 A. The relative intensities of the bands in the fine structure are affected by current 
density with cathode-ray excitation, and by the energy (frequency) of the photons with ultraviolet excita- 
tion. The maximum of the photoluminescence emission intensity with temperature occurs at about 875°K, 
with the luminescence emission intensity falling to 50% of the maximum value at approximately 1375°K. 

Correspondence of known infrared absorption bands with energy differences in the fine structure in the 
luminescence suggest vibrational origins for the fine structure. The identities of the excited electronic states 
have not yet been ascertained, although these may be due to exciton states, impurity states, or surface 


states. 


INTRODUCTION 


ORON nitride (BN) was first prepared by Balmain,! 

and some of the chemical properties of BN have 
been reviewed recently by Finlay and Fetterley.? The 
photoluminescence and cathodoluminescence of BN 
have been investigated previously by Tiede and his co- 
workers,** while alpha-particle excitation of BN has 
been reported by Kirkbride,’ and electroluminescence 
from BN has been observed recently. Luminescence 
from nitrides other than the boron compound has also 
been reported,’ including beryllium nitride with alumi- 
num activator, and aluminum nitride with silicon 
activator. 


1 W. H. Balmain, J. Prakt. Chem. 27, 422 (1842) ; Phil. Mag. 21, 
170 (1842). 

2G. R. Finlay and G. H. Fetterley, paper presented at the 53rd 
annual meeting of the American Ceramics Society, April, 1951 
(unpublished). 

3E. Tiede and F. Buescher, Ber. deut. chem. Ges. 53B, 2206 
(1920). 

4E. Tiede and H. Tomaschek, Z. anorg. u. allgem. Chem. 147, 
111 (1925). 

5 J. Kirkbride, Proc. Phys. Soc. (London) B68, 253 (1955). 

6S. Larach and R. E. Shrader, Phys. Rev. 102, 582 (1956). 

7S. Satoh, Sci. Papers Inst. Phys. Chem. Research, Japan 29, 
41 (1936); E. Tiede, Ber. deut. chem. Ges. 61, 1568 (1928). 


With the availability of purified BN,® the investiga- 
tions of the luminescence properties of this material 
were extended by us to include field excitation, emission 
spectrum determination, especially in the near ultra- 
violet, and temperature dependence of the luminescence 
emission. 


EXPERIMENTAL METHODS 
Spectral Measurements 


All spectral curves were obtained with a special 
automatic-recording spectroradiometer, using an RCA- 
1P28 as the radiation detector, and a grating. Since no 
intensity standard for the middle and far ultraviolet was 
available, all curves (with one exception) are shown as 
recorded without corrections for intensity. The dashed 
curve of Fig. 1 has been corrected with data extrapolated 
from measurements on a tungsten standard. However, 
since in the ultraviolet region, even the tungsten data 
are somewhat untrustworthy, this curve is shown only 
to emphasize the unusual type of spectral distribution 
obtained from BN. Measurements of other ultraviolet- 


8 Purified BN was obtained from the Norton Company and 
Carborundum Company. 
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emitting phosphors indicate that the structure herein 
reported for BN is definitely a characteristic of the BN 
and is not the result of instrumental characteristics. 


Field Excitation 


All measurements of electroluminescence were made 
by first suspending BN powder in castor oil, using one 
gram of powder to two grams of the oil. Other di- 
electrics, such as silicones and plastics, could also be 
used. This suspension was placed between an opaque 
aluminum electrode and a transparent electrode (treated 
quartz), arranged to provide a stable gap (0.002 in. 
wide), as shown in Fig. 2. Each of the electrodes was 
capacitatively coupled to a plate of the output stage of 
a Fisher Model 50A amplifier. This provided sinusoidal, 
alternating voltages with low harmonic content for 
frequencies up to 30 kc/sec, and peak-to-peak voltages 
up to 1200 volts. A Hewlett-Packard Model 650A 
oscillator was used to drive the power amplifier. 


Photoexcitation 


A 500-mm Bausch and Lomb grating monochromator 
was used to separate the stronger mercury emission 
lines from a medium-pressure arc. These lines were 
used separately for photoexcitation over a temperature 
range, 77°K to 300°K. 


4000 
WAVELENGTH, A 


Cathode-Ray Excitation 


A special, demountable-type, cathode-ray tube was 
used for the electron excitation of BN. The cathode-ray 
tube was operated over a wide range of currents (up to 
200 wa) and voltages (up to 15 kv). In addition, the 
beam was used focussed and defocused, as a steady 
spot and as a small raster. 


Reflection Spectra 


A Bausch and Lomb hydrogen-arc-lamp (Nestor 
type) was used as the source of light reflected from the 
surface of a pressed plaque of BN. The reflection was 
examined between 2200 A and 3200 A with the spectro- 
radiometer. 


Temperature Dependence 


Spectroradiometer measurements were made up to 
850°C by placing a thin coating of BN on a stainless 
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Fic, 2, Electroluminescence test cell. 
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Fic. 3. Spectral distribution curve of the photoluminescence 
from boron nitride for various exciting ultraviolet-photon 
energies. 


steel dish nested into the top of a “glo-coil” heater, 
which was in turn nested into a conical cavity in fire- 
brick. The temperature was stabilized against convec- 
tion cooling by covering the dish with another firebrick 
with a cavity cut out for clearance. A small window of 
fused silica provided optical access to the BN. Tempera- 
ture was measured by a Cr-Al thermocouple welded to 
a small tab of Ni held in contact with the surface of 
the BN. 

For measurements at higher temperature, some modi- 
fication was necessary. The BN was held in a platinum 
boat heated by 60-cycle ac current. A Pt-13% Rh 
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Fic. 4. Brightness-voltage relationships at various frequencies for 
field excited emission from boron nitride. 
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thermocouple was partially embedded in the BN. The 
assembly was held at the bottom of a conical cavity in 
firebrick and viewed through a fused silica window. 
The incandescence of the furnace and the incident 
exciting uv radiation (2967 A Hg line) caused some 
interference in the measurement of the luminescence. 
Moderate success was finally achieved by using a 
Corning 5860 filter which passes the central portion of 
the luminescence. Although this filter has low trans- 
mission in the red and infrared, it was found necessary 
to determine the luminescence by measuring the ac 
component of the photocurrent available from the 120- 
cycle excitation of the ac operated mercury arc. The 
thermal inertia of the furnace was sufficient to reduce 
any large ac component from the incandescence up 
to 1450°K. 
RESULTS 


Emission Spectrum 


The luminescence emission from BN is complex, with 
many narrow bands being present, for all the modes of 
excitation. Although the relative intensity of the fine 
structure differs with the type of excitation, the position 
of the fine structure is essentially invariant with excita- 
tion type. 

Figure 1 is a spectral distribution curve of the electro- 
luminescence from BN, with some of the more obvious 
bands being numbered (in order of increasing wave- 
length from 1 to 17). The emission extends from about 
2950 A to about 6500 A. Tiede and Tomaschek‘ have 
reported multiband cathodoluminescence from BN, 
which extended from the blue to the blue-green region 
of the spectrum. 


Variations in Band Intensities 


The relative intensities of the photoluminescence 
bands from BN are dependent on the energy of the 
exciting photons. Figure 3 shows the effect of different 
exciting ultraviolet-photon-energies on the relative in- 
tensities. Thus, with 2652 A excitation, band 5 is the 
most intense, while band 7 is greatly reduced in in- 
tensity. With 3125 A excitation, the short-wavelength 
emission bands are lower in intensity, the major band 5 
greatly reduced with band 6 the most intense, and 
additional structure indicated in band 7. When 3650 A 
photons are used as the exciting source, bands 5 to 9 
show slight displacements in peak wavelength to longer 
wavelength, band 5 becoming a band of major intensity 
once again. These effects are not a function of the 
intensity of the exciting radiation, and further, the 
average radiance was maintained constant for each 
exciting wavelength. 


Voltage Dependence of Electroluminescence 


Figure 4 is a plot of electroluminescence emission 
intensity as a function of applied voltage. For fre- 
quencies up to 1 kc/sec the emission intensity varies as 
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the 6.5 power of the voltage. For excitation at 10 kc/sec, 
the power of the variation of brightness with voltage is 
even higher. 


Brightness Wave Forms of Electroluminescence 


The brightness wave form of electroluminescence from 
BN, for field excitation at 1 kc/sec, is shown in Fig. 5. 
It is interesting to note that fine structure was visible 
at the peaks of the brightness wave forms, and that no 
“secondary peaks” were noted.® 


Temperature Dependence of Photoluminescence 


Figure 6 is a plot of photoluminescence emission in- 
tensity as a function of temperature of the BN. An 
increase in emission intensity occurs from room tem- 
perature to about 875°K, after which there is a decrease 


Fic. 5. Brightness wave form of field-excited boron nitride. 
Upper curve is cell-brightness; lower curve is applied cell- 
voltage. 


in emission intensity with the increasing temperature. 
The emission intensity falls to 50% of the maximum 
value at about 1375°K. Zinc sulfide phosphors have 
temperature-break-points which range from 270°K for 
cub-ZnS: Ag to 490°K for cub-ZnS: Mn.” 


Cathodoluminescence 


The emission spectrum of BN under cathode-ray 
excitation is shown in Fig. 7. Over a wide range of 
voltage and current, there is no essential difference in 
the nature of the emission, Fig. 7 being a typical experi- 
mental curve. The emission differs from the ultraviolet 
and field-excited spectra in the magnitude of the portion 
occurring at wavelengths shorter than 3500 A. The 
curve labeled “high density CR beam” shows a spectral 
distribution curve obtained by maintaining a sharply 


9 Fine structure is not discernible in the figure because of loss 
of resolution in the reproduction process. 

0 H. W. Leverenz, [ntroduction to Luminescence ¢: Solids (John 
Wiley and Sons, Inc., New York, 1950), pp. 126-127 


IN BN 











a oe ee ee ee ee 
3 4 Stee? € ¢ © 
TEMPERATURE ‘C X10 ° 





PHOTOLUMINESCENCE EMISSION INTENSITY 


i2 13 


Fic. 6. Photoluminescence emission intensity of boron nitride 
as a function of temperature. 


focused, stationary electron beam on the test sample. 
Although the beam voltage and current were sufficiently 
high to produce considerable heating at the focal spot, it 
is believed that the differences are probably caused by 
the high current density. An extremely long low-level 
persistence, possibly of the power-law type, was ob- 
served. 


Reflection 


Using the ultraviolet reflection method usually suc- 
cessful with powders,'! an attempt was made to deter- 
mine the absorption edge (band gap) of BN. However, 
comparison with the reflectivity from magnesium car- 
bonate failed to indicate any reflection anomalies in 
the range 2200-3200 A. Because of the interference irom 
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Fic. 7. Spectral distribution curves of cathodoluminescence 
emission from boron nitride at high and !ow current densities. 


4 Bube, Larach, and Shrader, Phys. Rev. 92, 1135 (1953). 
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TABLE I. Peak wavelength (in A) of emission bands from boron 
nitride excited by ultraviolet photons at various wavelengths, 
at 77°K. (Italics denote major bands.)* 








2990 A 3125A 3340 A 


3145 
3200 
3250 
3350 


3520 


3620 
3680 


3870 


2650 A 





3200 
3350 


3400 
3520 
3555 
3615 
3690 
3820 
3870 
3950 


4100 


3400 


3550 
3615 
3685 
3830 
3870 
3955 
4045 
4095 


4275 
4345 
4500 
4610 


4775 
4950 


3870 


4110 
4170 


4100 


4360 4350 


4665 
4775 


5075 


5150 5180 








® Error in assigning peak wavelengths is about 5 A because of the diffie 
culty in resolving closely occurring components. 


the luminescence itself, reflection in the emission region 
has not yet been investigated. 


DISCUSSION 


Radiative transitions have been reported for silicon 
carbide,!? cadmium sulfide," and for germanium." With 
group III-V compounds, Braunstein'® has observed 
radiative transitions from gallium antimonide, gallium 
arsenide, and indium phosphide. The emissions observed 
in the aforementioned materials are believed to occur 
mainly by carrier injection followed by electron-hole 
recombination, either directly or through bound states. 
In the above experiments, the electrodes were in contact 
with the materials, whereas the present results with 
boron nitride are found with alternating-field excitation 
even when the phosphor is separated from the electrodes 
by mica insulators. 

Tiede and Buescher* have attributed the emission 
from BN to traces of carbon acting as an activator. In 
the present investigation, samples of BN, fired at 
1400°C, in atmospheres of oxygen and of other gases, 
showed no change in emission spectra. If interplanar 
carbon were the activator, emission changes might well 
be expected after such treatment. The fact that the 
emission spectrum remains fairly invariant as to band 
position after treatment, or as a function of type of 
excitation can be taken as an indication that the fine- 


120. B. Lossev, Phil. Mag. 6, 1024 (1928); Lehovec, Accardo, 
and Jamgochian, Phys. Rev. 82, 330 (1951); 83, 603 (1951). 
1% R. W. Smith, Phys. Rev. 93, 347 (1954). 
“J. R. Haynes and H. B. Briggs, Phys. Rev. 86, 647 (1952). 
16 R, Braunstein, Phys. Rev. 99, 1892 (1955). 


structure emission is inherent to the boron nitride 
molecular layers. 


Band Gap 


The boron nitride structure is of the graphitic type, 
consisting of parallel planes, with the boron and nitrogen 
atoms alternating in an hexagonal lattice. The inter- 
atomic spacing has been reported as 1.45 A, and the 
interplanar spacing is about 3.3 A.1°!7 Taylor and 
Coulson'* have estimated from theoretical considera- 
tions that the band gap in BN is about 4.6 ev although 
the present findings failed to show a band gap less than 
5.5 ev. However, the intrinsic band gap of BN may be 
difficult to determine (1) because the extremely small 
(approximately 1000 A) particle size of the powder may 
decrease the reliability of the reflection method, and 
(2) the effect of particle size on the band gap is un- 
known.” 

Transitions in BN 


Table I lists the peak wavelengths of the emission 
bands of BN, with excitation by ultraviolet photons of 
different energies, at 77°K, italics denoting major bands. 
Table II shows the energy differences (in cm—') between 
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Fic. 8. (Reciprocal luminance —1) as a function of reciprocal 
temperature. Open circles are observed points. Closed circles are 
interpolated points from Fig. 6. 


16R. S. Pease, Nature 165, 722 (1950). 

17 X-ray analyses (unpublished) by Dr. J. A. Amick of these 
Laboratories showed for BN: ao=2.508 A, co=6.674 A, inter- 
planar distance 3.337 A. 

18 R. Taylor and C. A. Coulson, Proc. Phys. Soc. (London) A65, 
834 (1952). 

% See E. E. Loebner on graphite [Phys. Rev. 102, 46 (1956)]. 
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major emission bands, for field excitation at room tem- 
perature, and ultraviolet excitation at 77°K. The energy 
between major emission bands which occurs most fre- 
quently is that of 1400 cm”. If successive energy 
differences are taken between all bands, major and 
minor, energy differences of the order of 100, 400, 500, 
and 800 cm~ are obtained, in addition to the 1400 cm™! 
difference. Such energy differences are usually associated 
with vibrational spectra. Miller and Wilkins” have 
investigated the infrared spectrum of BN and report 
findings at 1390 cm™! (strong) and at 810 cm™ (weak). 
The smaller energy differences can be ascribed to out- 
of-plane vibrations. 

It would appear therefore that the fine structure 
luminescence spectrum from BN may be accounted for 
on vibrational grounds, the emission being due to 
transitions from vibrational levels in an excited elec- 
tronic state to those in a ground state. The excited 
electronic states may be due to excitons, impurities or 
surface states, the identity of which have not yet been 
ascertained. 


Temperature Quenching 


If Pp is the probability of radiative transitions, Py is 
the probability of nonradiative transitions, and 7 is the 
luminescence emission intensity, then 


n= Pr/(Prt+Py). (1) 


Assuming that Pe is practically independent of tem- 
perature and that 
Py=Ke-#!*?, (2) 


we arrive at the expression 


n=1/(1+ae-*/*7), (3) 
* F. A. Miller and C. H. Wilkins, Anal. Chem. 24, 1253 (1952). 


TABLE II. Energy differences (in cm~!) between major emission 
bands of boron nitride. 








Field excitation (300°K) 
1500 


2300 
1400 
1800 
1400 
1000 


3125 A excitation (77°K) 
1200 
1050 
1350 
1000 
1400 
3340 A excitation (77°K) 
1400 
1400 
2650 A excitation (77°K) 
1800 


2990 A excitation (77°K) 
1400 


1400 
1250 
1350 
1400 
1450 











An estimate of the activation energy of the quenching 
process may be obtained from a plot of [(1/n)—1] 
versus 1/T, where » is the luminescence efficiency 
(radiance) and T is absolute temperature at which 7 is 
measured. Figure 8 is such a plot, covering the tem- 
perature range after the break-point. An activation 
energy of 1.08 ev is obtained for the quenching process, 
although there is as yet no indication as to the actual 
mechanism of the quenching. 
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The Hall constant and magnetoresistance of a carbon (soft 
type) were investigated as a function of heat treatment tempera- 
ture, Ts, (that is, crystallite size) at two ambient temperatures T 
(78° and 300°K). The maximum in the Hall constant shifts 
toward higher heat treatments as the ambient temperature is 
lowered, in much the same way as does the maximum in the ther- 
moelectric effect. Anomalies in the Hall curves in the range 
1600<T:<1900°C are shown to be due to impurities. No 
magnetoresistance is detectable for 7,,<1700°C; the magneto- 
resistance was found to be negative in the range 1700<T, 
<2300°C and to be positive and rapidly increasing with 7}, above 
that. For both ambient temperatures the maximum of negative 


magnetoresistance occurs at about the same 7, as the maximum 
of the Hall constant. Introduction of acceptors changes the mag- 
netoresistance in the direction of lower Ty. The value of magneto- 
resistance and of Hall constant show a sensitive dependence on 
the alignment of crystallites in the samples. The results are 
interpreted in terms of the band model. It is concluded that the 
lower (full) and upper (empty) bands are slightly overlapping in 
graphite crystals, and furthermore, that the negative magneto- 
resistance is due to holes in the lower band and the positive 
magnetoresistance as well as the high diamagnetic susceptibility 
are due to electrons in the upper band. Remarks about the 
thermoelectric effect and electrical resistance are also included. 





I. INTRODUCTION 


EVERAL years ago an explanation was proposed 

for the mechanism of the electrical conduction in a 
broad class of solids, solids ranging from polymerized 
aromatic molecular solids through carbon materials and 
polycrystalline graphite up to single crystals of graph- 
ite.1 In such solids the current follows preferentially 
along the aromatic planes (planar condensed benzene- 
ring systems); it is carried by 7 electrons excited into 
the upper (conduction) energy band and holes left 
behind in the lower x band (intrinsic carriers) and/or 
by holes already present in the lower (filled) x band 
(excess carriers). These last holes are due to trapping 
of x electrons in surface sites which, according to the 
proposed explanation, are identified with o orbitals of 
the free unengaged carbon valencies on the peripheries 
of the condensed benzene-ring systems. As the size 
(diameter) of the aromatic planes increases with heat 
treatment of the solid to a progressively higher tem- 
perature, Ty, the energy gap between the upper and 
lower x band gradually decreases and finally disappears 
completely when the crystallite size becomes of the 
order of 0.1 u. The variation of the energy gap, in 
conjunction with the changes in the number of surface 
traps, explains qualitatively the changes occurring with 
Txt in electrical conductivity of aromatic solids and in 
other properties like thermoelectric and Hall effects at 
room temperature as well.!.? Since the activation energy 
of x electrons into the upper band steadily decreases 
with increasing crystallite diameters, it was expected 
that the position of the positive maximum in the ther- 
moelectric effect and in the Hall constant would depend 
on ambient temperature, shifting towards lower Tx. 
(smaller crystallite sizes) when the measurements are 


* Supported by the Office of Naval Research. Reproduction in 
whole or in part is permitted for any purpose of the S 
Government. 

1§. Mrozowski, Phys. Rev. 85, 609 (1952) and Errata [Phys. 
Rev. 86, 1056 (1952) ]. 

2 FE. A. Kmetko, J. Chem. Phys. 21, 2152 (1953). 


performed at higher ambient temperatures. Recently 
Loebner® reported the results of studies of the thermo- 
electric effect for carbons at different temperatures in 
which the occurrence of such a shift of the maximum 
was demonstrated. However, since the interpretation 
of the Hall constant is essentially simpler and since 
the measurements yield absolute values directly, it was 
felt worthwhile to check the existence of the predicted 
shift also for the Hall constant. 

The Hall constant has been determined for well- 
graphitized materials by a number of investigators in 
the past.‘ Only recently in three instances measure- 
ments have been extended over a range of crystallite 
sizes. Kmetko* and Donoghue and Eatherly® investi- 
gated the Hall constant as a function of heat treatment 
Txt, from the baked state up to graphitization, only, 
however, at room temperature. On the other hand, 
Kinchin® studied the Hall constant at various ambient 
temperatures, but for graphites with crystallite di- 
ameters of 300 A and above, that is, in the range of Ty, 
considerably outside the position of the maximum. 
Thus, a study of the Hall constant over a wide range of 
Tie for at least two considerably different ambient 
temperatures seemed necessary to establish the presence 
of the effect expected. 

Since no information as to the dependence of the 
magnetoresistivity on ambient temperature T and on 
heat treatment temperature 7}; (crystallite size) was 
available, measurements of resistance were performed 
concurrently with the Hall constant studies. The 
experiments yielded most interesting results,’ and in 


3 E. E. Loebner, Phys. Rev. 102, 46 (1956). 

4H. Zahn, Ann. Physik 16, 148 (1905); G. Gottstein, Ann. 
Physik 43, 1079 (1914); H. Kammerlingh Onnes and K. Hof, 
Proc. Roy. Acad. Amsterdam 17, 520 (1915) were the early ones. 
More recently: G. Hennig, J. Chem. Phys. 19, 922 (1951). 

5 J. J. Donoghue and W. P. Eatherly, Rev. Sci. Instr. 22, 513 
(1951). 

6 G. H. Kinchin, Proc. Roy. Soc. (London) 217, 9 (1953). 
7S. Mrozowski and A. Chaberski, Phys. Rev. 94, 1427(A) 
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Fic. 1. Shape of carbon 
plates used in this work. 
a and b are holes for deter- 
mination of Hall constant, 
c for magnetoresistance. 














consequence the work was extended to a study of the 
dependence on geometrical factors (alignment of crys- 
tallites) and also on the acceptor concentration, by 
studying the magnetoresistance of residual bisulfate 
compounds of carbon. 


Il. EXPERIMENTAL AND RESULTS 
A. Hall Constant 


For the studies of the Hall constant, samples were 
cut out in the longitudinal direction from 3-inch- 
diameter National Carbon Company baked rods (essen- 
tially soft carbon type), heat-treated previously to a 
given temperature (4 samples for each heat treatment 
Tn). The heat treatment consisted throughout this 
work of a gradual increase of temperature up to the 
maximum in about 2 to 4 hours and holding for 10 
minutes at the top temperature 7°, all in an atmosphere 
of pure nitrogen. The samples were plates about 3.7 cm 
long, 0.6 cm wide, and 0.1 cm thick and having side 
arms for the Hall effect potential leads (Fig. 1). The 
ends of the plates were clamped by means of flat 
beryllium copper springs which served as current leads. 
A direct current of } amp was used, the Hall potential 
being measured by means of a potentiometer. Platinum 
potential leads were inserted into fine holes drilled in 
the carbon material (see Fig. 1; points a and b indicated 
on the arms), and pairs of holes were selected which 
differed in potential the least in the absence of the 
magnetic field. The small residual potential difference 
resulted in asymmetric deflections for the two direc- 
tions of the magnetic field, due to the presence of 
magnetoresistive effect. This asymmetry, however, 
cancels out when the average of the two readings is 
taken; this was checked by using the compensation 
method of Breckenridge and Hosler* on a number of 
occasions. For measurements at room temperature, the 
sample had to be protected from air convection cur- 
rents, which introduced some scattering into the results. 
The low-temperature measurements were performed by 
immersing the sample with all the leads directly into 
liquid nitrogen. Two different magnets were used as 


®R. G. Breckenridge and W. R. Hosler, Phys. Rev. 91, 753 
(1953). 
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Fic. 2. Dependence of the Hall constant A and magneto- 
resistance Ap/p on heat treatment of the carbon for two ambient 
temperatures. Dashed curves in the region T,,=1650-1900°C 
correspond to chlorinated specimens. 





sources of magnetic field: the smaller one with pole- 
pieces 3 inches in diameter, and the larger one with 
8-inch-diameter poles. The second one, with a 2-inch 
pole separation, permitted the attainment of fields to 
about 14000 oersteds. The field intensity was deter- 
mined by means of a fluxmeter; the fluxmeter coils 
were standardized, at a field around 3300 oersteds, 
using proton resonance. 

The Hall voltage was taken as an average of four 
readings (magnetic field and current through the sample 
being reversed) at a number of fields ranging from 2000 
up to 10 500 oersteds. For all heat treatments, no de- 
pendence of the Hall constant on the field strength has 
been detected which would be greater than the limits 
of errors of the measurements for both the room and 
liquid nitrogen temperature. For the given dimensions 
of samples, no correction is necessary for the finite 
ratio of the length to width. The average values for the 
Hall constant as directly calculated from the data are 
plotted as a function of heat-treatment temperature 
Tn in Fig. 2. Since the size of carbon crystallites grows 
with increasing heat treatment and since it is believed 
that the electronic properties of carbons are actually 
mainly a function of the size, the approximate diameter 
of crystallite planes is given on top of Fig. 2. However, 
this is done for orientation purposes only, the data 
being mostly taken from the work of Pinnick"® who 


9 J. Volger, Phys. Rev. 79, 1023 (1950). 
 H. T. Pinnick, Phys. Rev. 94, 319 (1954). 
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determined the sizes by x-ray diffraction for a set of 
rods of a very similar, but not identical composition. 

Most of the points on Fig. 2 represent the results 
obtained on several samples. The Hall constant is 
positive in the range of 7}; between 1750 and 2400°C. 
The position of the maximum shifts with the ambient 
temperature as expected on the basis of the behavior 
in the thermoelectric effect.* To the left of the maxi- 
mum both curves reveal a very interesting structure, 
with a hump around 1800°C in both and a minimum 
at 1650°C for the low-temperature curve. The hump 
appears in the range where the so-called puffing takes 
place, presumably due to evolution of sulfur from the 
carbon material. The fact that its position is inde- 
pendent of ambient temperature seemed to support the 
suspicion of such an origin. A thorough purification of 
some carbon samples before heat treatment was 
attempted by heating the samples in a slow stream of 
chlorine gas mixed with nitrogen for about } hour at a 
temperature of 1200°C. After such cleaning process, 
the samples were consecutively heat-treated to in- 
creasing temperatures in a stream of nitrogen and the 
Hall constant after each heat treatment determined. 
The results are given in Fig. 2 in the form of dashed 
curves. It is evident that the purification has greatly 
reduced the hump, although by no means removed it 
completely. Consequently one has to conclude that the 
hump must be due to impurities in the carbon material ; 
this might not be true in relation to the minimum 
around 1650°C, although certainly more experiments 
are necessary to clarify this point. The purified samples 
show in the region of the maximum Hall effect values 
lower than the nonpurified samples, but after so many 
consecutive heat treatments these samples were yield- 
ing less reliable results anyway (chlorinated samples 
gradually crumble), so that no special significance could 
be attached to this observation. 

In the high heat-treatment range (above 2700°C), 
the results, although being well reproducible for each 
sample, revealed a considerable scattering from sample 
to sample. Samples highly heat treated show little 
temperature dependence in the Hall constant (Fig. 2) 
but they vary not only in the amount of change with 
temperature, but even in its direction. No sample was 
found which would show as great a change in Hall 
constant as observed for polycrystalline graphite by 
Kinchin (Fig. 1 of reference 6). It has been found that 
in some cases an apparent extra temperature dependence 
is due to the Hall probes being located too close to the 
main cross section of the plate or still more so too close 
to the corners (positions a, Fig. 1). It has been noticed 
furthermore, that handling the samples directly by 
hand, or rubbing their surface with emergy paper, 
changes the Hall constant slightly, all the changes 
being not sufficient, however, to explain the scatter of 
results. One has to conclude that the differences are 
real and due to the nonuniformity in composition of the 


original carbon material, which becomes. noticeable 
only after the material has been graphitized. As will be 
evident later, acceptor or donor impurities in small 
concentration affect strongly the electronic properties 
of graphite, but not that of corresponding material 
heat treated to lower temperatures. It might be that 
some impurities of this kind survive through the 
graphitization process. 

For very highly purified Ceylon graphite, ground and 
compressed into a plate under pressure of 10 tons/ 
square inch, with the magnetic field perpendicular to 
the surface of the flakes, values for the Hall constant 
of —1.9 and —4.2 emu were found at the room and 
liquid nitrogen temperatures respectively. A very small 
change in the Hall constant was observed in this tem- 
perature range for natural graphite by Kinchin.® Evi- 
dently a strong temperature dependence is obtained 
only for very pure specimens. 


B. Magnetoresistance 


Concurrently with the determinations of the Hall 
constant, measurements of the magnetoresistance were 
performed for all samples. The measurements are easily 
reproducible for well-graphitized materials. However, 
in the lower heat-treatment range, where the magneto- 
resistance effect for the fields available was very small, 
considerable difficulties were encountered at first, until 
it was realized that a very firm contact between the 
potential probes and the sample is essential for the 
success. When the magnetic field is turned on and off, 
slight induced currents in the probe circuit are sufficient 
to move the point of contact and completely falsify 
the results. The probes were therefore firmly imbedded 
into the samples by pushing them into undersized 
holes (points c in Fig. 1). The circles in Fig. 2 indicate 
the reproducibility of the results obtained. The two 
curves correspond to two ambient temperatures, the 
Ap/p values being obtained for a magnetic field of 
6500 oersteds. Quite unexpectedly, a negative magneto- 
resistance was found to be present for carbons in the 
range where the Hall constant reaches its positive 
maximum. It seems very significant that the minima 
of magnetoresistance almost coincide (they are shifted 
by about 20°C towards higher T};) with the Hall effect 
maxima. More than that, for lower heat treatments 
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Fic. 3. Three arrangements for the determination of 
the magnetoresistive effect. 





HALL EFFECT AND MAGNETORESISTIVITY IN CARBONS 


even a dip corresponding to the hump in the Hall 
curve at 1800°C can be seen, when the low-temperature 
magnetoresistance curve is plotted on an enlarged scale. 

The field dependence of the magnetoresistance at 
room temperature has an exponent of 1.75 for all heat 
treatments from 2300°C up; for lower ones the effect is 
too small for a study in a sufficiently wide range of field 
strengths. At liquid nitrogen temperatures the ex- 
ponent is variable: It is close to 2 when Ap/p is small, 
decreases to 1.75 for larger values of Ap/p (for both 
positive and negative magnetoresistance effects), and 
drops even below 1.60 for well-graphitized samples and 
for high magnetic fields (>10000 oe). For the last 
samples, the exponent increases up to 2 at around 1000 
oersteds, and seems even to increase further for still 
lower fields. 

A series of tests was made with the carbon samples 
arranged with the main surface of the sample parallel 
to the magnetic field (cases B and C and intermediate, 
Fig. 3) in order to investigate the parallel Hall effect." 
The current through the sample was 0.5 amp, the 
sample was rotated around the normal, and the Hall 
voltage was determined for different positions. As 
expected, no difference of potential between the Hall 
probes was present when the direction of the current 
was parallel to or perpendicular to the field. A maxi- 
mum value is observed for the 45° position. The parallel 
Hall effect was detectable only for well-graphitized 
samples, since the potential difference is quite small. 
For a field of 11400 oe and the 45° arrangement, a 
potential difference of 9 uv at room temperature and 
24 wv at liquid nitrogen were found for a sample of 
T12=3100°C, the arm with negative potential being on 
the side of the pole piece from which the current entered 
the sample. The sign is independent of the direction of 
the magnetic field, as expected for this type of an effect. 


C. Influence of Alignment of Crystallites 


During these last experiments the magnetoresistance 
was also checked, and it was noticed that for some 
samples the magnetoresistance effect was slightly larger 
when the sample was perpendicular than when it was 
parallel to the field (the current in both cases being 
perpendicular to the field, cases A and B, Fig. 3). The 
ratio of the magnetoresistances for the two positions 
was independent of temperature and for such a small 
effect, was very well reproducible. It was furthermore 
found that the samples showing this variation are only 
the ones which have been cut out from the carbon rod 
off the central axis (cuts type Ib, Fig. 4) the axial cuts 
(Ia) showing no change in magnetoresistance when 
rotated around the axis parallel to the direction of the 
current. This experiment demonstrated the great 
sensitivity of the magnetoresistance to the relative 
alignment of crystallites in the sample (carbon particles 


11 C, Goldberg and R. E. Davis, Phys. Rev. 94, 1121 (1954). 
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being aligned in the process of extrusion of the carbon 
rods prior to baking"), and therefore additional experi- 
ments were performed to gain more information about 
the influence of this geometrical factor. 

The magnetoresistance was measured for the carbon 
sample and current both perpendicular to magnetic 
field (A), for the sample parallel but the current per- 
pendicular (B), and finally for the sample and current 
parallel to the magnetic field (C). 

It was checked first that the ratios of the three 
values for A, B, and C are independent of the strength 
of the magnetic field and independent of temperature. 
They do, however, change with heat treatment. For 
instance, a sample type Ib heat treated to 2100°C was 
subsequently graphitized to about 2850°C. Measured 
at a field of 11 400 oe, the ratio A to B increased from 
1.02 to 1.06 and the ratio B to C increased from 1.74 to 
2.12, thus indicating an increase in alignment of 
crystallites with their growth in heat treatments, the 
conclusion being in best agreement with the results of 
x-ray diffraction studies concerning the alignment of 
crystallites in platelets of a soft carbon (see Fig. 5 in 
reference 12). Another variant of the experiments was 
to cut samples from rods in three directions I, II, and 
III (Fig. 3) and investigate all in arrangement type A: 
It was found that the magnetoresistance and Hall 
constant for cuts I and II are about the same and for 
cut III, lower by about 37% and 18%" (irrespective 
of heat treatment and ambient temperature). The 
ratios of resistance at liquid nitrogen to that at room 
temperature were found slightly different for different 
cuts; no consistent differences were found between cuts 
I and II or III which would be in any way distinctive 
for the two cases of flow of current relative to the ex- 
trusion axis as was observed by Goetz and Holser." 

In order to gain some rough information about the 








Fic. 4. Different 
types of cuts from a 
cylindrical piece of 
extruded carbon. 












































2 See a paper by S. Mrozowski in Proceedings of the Conferences 
on Carbon, University of Buffalo, Buffalo, 1956, p. 31. 

3 This last result agrees with an observation by Kinchin 
(reference 6). 

“4 A. Goetz and A. Holser, Trans. Am. Electrochem. Soc. 82, 
391 (1942). 
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magnetoresistance of a single crystal of graphite and its 
dependence on direction of the current and on the field 
relative to the crystal, a rectangular plate was cut from 
a highly purified lump of Ceylon graphite as closely 
parallel to the surface of the flakes as possible. At 
11400 oe, for the three arrangements, the following 
three ratios Ap/p were obtained: (A) 0.13, (B) 0.08, and 
(C) 0.03. The difference between A and B demonstrates 
the confinement of the current to the graphitic planes; 
the fact that C is different from zero is due to the elec- 
trons diffusing along the plane and not moving ex- 
clusively in the direction of the current. Since it was 
suspected that the alignment of the flakes throughout 
such a plate was not perfect, some very highly purified 
Ceylon graphite was ground and then compressed into 
a plate under pressure of 10 tons/square inch. For such 
a plate, the following results were obtained: (A) 0.168, 
(B) 0.058, and (C) 0.033, thus showing that a good 
alignment is essential in the case of the current flowing 
perpendicular to the field, the values of A and B being 
respectively larger and smaller in this case. A smaller 
difference between cases B and C is also to be expected 
for a very good alignment. Thus, for a disordered 
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Fic. 5. Influence of introduction of bisulfate ions into the 
carbon structure on the magnetoresistance for differently heat- 
treated samples of carbon. LN—liquid nitrogen, R—room tem- 
perature. 
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assembly of Ceylon graphite crystals an intermediate 
magnetoresistance should be expected, about equal to 
an average of the three figures A, B, and C, or about 
0.086. This seems a reasonable figure, since for a well 
graphitized sample (7,:,=3100°), Ap/p=0.058 was 
found at the same field strength. 


D. Acceptors 


Changes in the Hall constant of polycrystalline 
graphite caused by introduction of acceptors were 
studied by Hennig.‘ Kmetko? investigated the corre- 
sponding changes in thermoelectric power, extending 
the range to carbons heat treated as low as 1400°C. 
It seemed worthwhile to investigate correspondingly 
the magnetoresistance, since this is a property of poly- 
crystalline graphite which varies very strongly in the 
range of high heat treatments. Also, the behavior in the 
region of negative magnetoresistance was of interest. 
A set of rods, variously heat treated and containing 
various amounts of residual bisulfate acceptors, pre- 
pared and used by Pinnick and Kiive’® in their work on 
diamagnetic susceptibility of carbons, was kindly 
loaned by Mr. Kiive to the authors for these experi- 
ments. The results of the measurements for a transverse 
magnetic field of 12 700 oe are presented in a graphical 
form in Fig. 5. One can see that the effect of introduction 
of acceptors is strongly dependent on the heat treat- 
ment of the carbon sample and on the ambient tem- 
perature. In Fig. 6, the magnetoresistance for untreated 
samples is plotted as a function of heat-treatment tem- 
perature. The slight difference in the curves Fig. 6 and 
Fig. 2 is due to a difference in carbon material and 
heat-treatment procedure. Comparing the various 
curves of Fig. 5 with Fig. 6, one sees that introduction 
of acceptors produces changes equivalent to a decrease 
in heat treatment. Oxidation levels corresponding to 
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Fic. 6. Schematic drawing illustrating the relative influence of 
introduction of acceptors (bisulfates) and of change in heat 
treatment on the magnetoresistance. LN—liquid nitrogen, R— 
room temperature. 


16H. T. Pinnick and P. Kiive, Phys. Rev. 102, 58 (1956). 
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changes in heat treatment are indicated in Fig. 6 for 
each investigated group of rods. These different scales 
are roughly combined in a unified single scale given at 
the top of the figure, which should permit one to esti- 
mate approximately the number of acceptors necessary 
to induce a desired change in magnetoresistance. It can 
be estimated from it, for instance, that in order to 
execute a shift from 7),=2800°C to the minimum in 
the curve at room temperature, about 6010~ ac- 
ceptors per carbon atom are necessary. The scale is 
probably not quite correct, since when one goes to 
lower heat treatments the crystallite size decreases and 
as a result the total resistance increases because of 
increase in boundary scattering, while on the other 
hand for the increasing concentration of acceptors the 
resistance falls. A direct comparison of Ap instead of 
Ap/p is maybe more appropriate; this will slightly 
change the estimated scale in the Fig. 6 and decrease 
the concentration corresponding to the minimum to 
about 5010~*, but definitely to not less than that. 
This number seems to be in poor agreement with the 
concentration of acceptors corresponding to a maximum 
in the Hall effect (25X10-‘, reference 4) and in the 
thermoelectric effect (30X10-*, reference 2), as ob- 
served for well-graphitized samples. This discrepance 
should not be disturbing, however, since the whole 
band structure changes with heat treatment!-!® and the 
two cases are strictly not comparable anyway. 


Ill. DISCUSSION 
A. General Remarks 


Because of the great anisotropy of crystallites of 
graphite, all the electronic properties of polycrystalline 
carbons are a function of the relative alignment of 
crystallites in the sample. Furthermore, they are also 
dependent on the porosity of the material. Kinchin® has 
pointed out a number of corrections which have to be 
introduced in order to compare the Hall constant of 
single crystals to that of polycrystalline materials and 
has tried to estimate roughly their magnitude. Until, 
however, the nature of such corrections is well under- 
stood and their magnitude obtainable with reasonable 
accuracy, not much importance can be attached to the 
absolute values of the Hall constant and of the magneto- 
resistance, and their differences for different carbons. 
Fortunately, however, for a broad explanation of the 
changes occurring in carbons with change in heat 
treatment, with change in ambient temperature, with 
introduction of acceptors, etc., the knowledge of the 
relative changes in these constants is sufficient. The 
results reported in this paper help to clarify a number of 
features of the general problem and to formulate more 
precisely the difficulties which will have to be resolved 
before the nature of electronic processes in carbons and 
polycrystalline graphites is understood in detail. 

The general band model as briefly described in the 
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introduction consists of two main features'*: a variable 
energy gap between two electronic bands, and the 
presence of deep surface traps. The first of these is of 
importance mainly for the explanation of the electronic 
processes in aromatic molecular solids, the second for 
the processes in carbons and graphites. The results of 
various experiments lead to the conclusion that carbons 
and graphites, no matter how pure they are, possess a 
great number of electronic traps. These traps are the 
carbon valencies which are not engaged in cross-bonds 
and which are present mostly on the peripheries of 
crystallites: Electrons from the x band jump into these 
¢ orbitals, forming spin pairs and thus quenching the 
chemical activity of these free valencies. The holes 
created in the x band are mobile and diffuse away from 
the periphery, leaving the carbon atoms with an elec- 
tronic arrangement analogous to that of the nitrogen 
atom in the pyridine ring. When a carbon atom is 
missing on the inside of a graphitic plane, as might 
happen as the result of neutron irradiation, freezing-in 
of lattice vacancies by quenching or simply in the 
process of growth of crystallites by fusion of neighbors, 
three free valencies per vacancy are available as traps. 
Because of Coulombian repulsion, however, probably 
one and not more than two electrons will be accom- 
modated in the narrow space of the vacancy; taking in 
addition, the vacant -electron state of the absent 
carbon atom, it is to be expected, therefore, that an 
average from two to three excess holes in the band will 
correspond to each vacant carbon site. When two 
almost-parallel crystallites (in twisted position) fuse 
together at the peripheries in the process of growth, 
heat-resistant screw dislocations will frequently be 
formed, which might leave many valencies along the 
axis unsaturated. One can see therefore that even in 
well-graphitized pure carbon materials a great number 
of these o traps will be available. 

An extrapolation of the curve of Fig. 6 to high heat 
treatment based on Fig. 2 (up to 3100°C) and on the 
estimated magnetoresistance for a disordered arrange- 
ment of large graphite crystals, in conjunction with an 
extrapolation of the upper scale of Fig. 6, makes it 
clear that the well-graphitized artificial polycrystalline 
graphites contain maybe as much as 1X10~* hole per 
carbon atom or more. Thus, one can see that a direct 
comparison of the results for such graphites with the 
theoretical predictions for perfect graphite crystals is 
not possible. As an illustration of this situation, the 
results of the recent work by Keesom and Pearlman’’ 
can be taken. The authors found a linear term in the 
specific heat of graphite at very low temperatures: an 
approximately linear term is actually expected for 
partly overlapping bands, but no comparison with the 


16 Graphs presenting in a schematic way the changes occurring 
with heat treatment were given in McMichael, Kmetko, and 
Mrozowski, J. Opt. Soc. Am. 44, 26 (1954), Fig. 1 and reference 3, 
Fig. 9. 


1g. 
17P. H, Keesom and N. Pearlman, Phys. Rev. 99, 1119 (1955). 
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theoretical predictions is possible until the concentra- 
tion of excess holes in the particular piece of artificial 
graphite they used is obtained from other experiments. 
In fact, it seems very probable that the main contribu- 
tion in their case was due to these excess holes and not 
to the intrinsic carriers as assumed by these authors. 


B. Hall Constant 


Figure 2 shows that the Hall constant is almost in- 
dependent of temperature for the lowest heat treat- 
ments. It seems probable that for a pure specimen in 
absence of the anomalies around 7,,=1650°C and 
1800°C the constant will continue to be temperature 
independent up to Tx+~1800°C. Such a behavior is 
expected from the band model. For these heat treat- 
ments the number of traps is very large, the Fermi level 
is depressed far below the top of the band, and the 
conduction is essentially of one carrier semimetallic 
type. The proportionality of the thermoelectric power 
with absolute temperature’ is in best agreement with 
this view. As the Fermi level gradually rises with in- 
creasing heat treatment (decrease in number of traps), 
it crosses the inflection curve (Hall effect changes sign), 
and finally comes close enough to the top of the band, 
so that electrons begin to be activated into the upper 
band. This last process seems to start at room tempera- 
ture for Ty, greater than 1800°C (the two Hall curves 
separate) ; it is only around T,,=2050°C that a balance 
between the decrease in number of excess holes and 
the increase in activated electrons is reached, leading to 
a maximum in the Hall constant. For lower ambient 
temperature, such a balance will be reached when the 
Fermi level is located higher, that is, for higher heat 
treatments. The observed shift of the position of the 
maximum in Hall constant (Fig. 2) and in the thermo- 
electric effect* not only supports this prediction but 
permits one to draw an important conclusion concern- 
ing the structure of energy bands in graphite. If, for a 
perfect graphite crystal, the two energy bands just 
touch (as in Wallace’s theory), then, with decreasing 
ambient temperature, the maximum should move 
towards higher 7); indefinitely, tending toward per- 
fectly graphitized material for 0°K. This is because at 
a sufficiently low temperature, that is, when kT is 
smaller than the depression of the Fermi level, a posi- 
tive Hall constant will always be obtained no matter 
how small (if only finite) the number of excess holes is; 
in other words, because the Hall constant at 0°K tends 
to infinity as the Fermi level approaches the corners of 
the zone. On the other hand, if the energy bands partly 
overlap, the Hall effect maximum will tend to a finite 
Tn: value with decrease of ambient temperature: The 
limit will be reached when the Fermi level crosses the 
lower limit of the upper band. For overlapping bands in 
highly graphitized substances, no change in sign of the 
Hall effect even down to the lowest ambient tempera- 
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tures is expected. The slow rate at which the maximum 
shifts with decrease of ambient temperature seems to 
point very strongly towards the second alternative. 
Extrapolating very roughly the temperature dependence 
to 0°K, one finds it reasonable to assume that for soft 
cokes around T},=2300°C the Fermi level crosses into 
the upper band. Combining this information with the 
results of Sec. IID, one can say then that the Fermi 
level for a perfect graphite crystal is located above the 
lower limit of the upper band by about 2 to 3X10 
electrons per atom (combined number for both over- 
lapping bands). 

The change of the Hall constant from the positive 
maximum to negative values for well-graphitized sub- 
stances is due to the increasing contribution of the 
more mobile negative carriers in the upper energy band. 
In order to explain the temperature dependence of the 
Hall constant for well-graphitized materials, Kinchin® 
assumes the existence of electron traps above the Fermi 
level; it is hard to see what the nature of such traps 
could be. In view of the unclarified situation as to the 
temperature dependence of the Hall constant for the 
well-graphitized materials (see Sec. ITA, and the dis- 
crepancies in ours and in Kinchin’s® results between 
artificial and natural graphite), it seems too early to 
look beyond the changes in concentration of free 
carriers and their mobilities for an explanation of this 
dependence, 


C. Thermoelectric Effect 


In Fig. 7(a) the two smoothed out Hall curves of 
Fig. 2 are redrawn and a curve for T7=575°K is added, 
the data for which were taken from Fig. 2 of the work 
of Kinchin,*® by plotting Kinchin’s values as a function 
of crystallite size as given by Kinchin in his Table I and 
translating the crystallite sizes into corresponding Ty: 
values as found for our specimens. The probable ex- 
tension of this curve to lower 7}, is included in the form 
of a dotted curve. In Fig. 7(b), the corresponding 
variation of the absolute thermoelectric effect with 
Trt is given. Two curves for the ambient temperatures 
of 573 and 305°K are taken directly from the experi- 
mental data of Loebner.* One can see that in the two 
carrier region (7,>2200°C), the crossover points 
differ considerably from the crossovers for the Hall 
constant, being shifted towards higher Ty. A _pre- 
dicted full curve for T=90°K is drawn in Fig. 7(b) in 
agreement with this general trend, and the actually 
experimentally obtained by Loebner’ is given roughly 
in Fig. 7(b) in dashed form. The increase in the absolute 
value of the effect at low temperatures for well- 
graphitized specimens was explained as “phonon drag” 
effect*; the heavy arrows in Fig. 7(b) show that the 
“phonon drag” effect for an ambient temperature of 
90°K is already present at 7,,=2300°C (this is for 
quite small crystallites of about 200A), increases 
greatly with the size of crystallites, and above Ty 
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Fic. 7. (a) A system of 
smoothed-out (in the im- 
purity anomaly region) Hall 
curves. Curves for T=78°K 
and 300°K were taken from 
Fig. 2; data for the con- 
tinuous part of the T 
=575°K curve were taken 
from Kinchin.® (b) Curves 
for thermoelectric effect for 
T=573°K and 305°K as 
found by Loebner,’ and a 
curve for T=90°K as ex- 
pected from the trend of 
the Hall curves (continu- 
ous). The dashed curve is 
the one actually obtained 
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by Loebner for T=90°K. 
The vertical arrows indicate 
the contribution of the 
“phonon drag” effect. 





=2500°C constitutes the predominant contribution to 
the thermoelectric power. 

The temperature dependence of the thermoelectric 
effect, as roughly expected on the basis of the band 
model discussed above for well and poorly graphitized 
specimens, is given in Fig. 8 in the form of continuous 
lines. The continuous lines in the upper part of this 
scheme were obtained in a qualitative way for the 
model (touching bands) by observing that for suffi- 
ciently low temperatures a metallic type of behavior is 
expected, with steeper slopes for higher locations of the 
Fermi level, and a maximum moving towards lower 
temperatures (compare the discussion of the Hall con- 
stant in Sec. B), the following decrease being due to 
activation of electrons into the upper band. For suffi- 
ciently high temperatures, when the detailed structure 
of the bands at the zone corners becomes immaterial, 
the behavior has to become metallic again (see next 
section) with the thermoelectric power being negative 
(greater mobility of electrons than holes); this is why 
the curves are about linear and cross the zero axis 
instead of tailing off asymptotically to zero. The exact 
shape of the continuous curves at low temperatures for 
heat treatments of 2600°C and above will strongly 
depend on the type of the model considered; since, 
however, the main contribution to the thermoelectric 
power is due to the “phonon drag” effect in this range, 








no effort was made to deduce the correct shape of the 
curves 2600°C or of that for 3000°C. The dotted curves 
represent the expected behavior when the presence of an 
increasing “phonon drag” effect with increasing crystal- 
lite size is included. The scale at the left was chosen so 
as to fit the experimental data of Loebner [ Fig. 7(b) ]. 
Curves of type No. 0, 4, 5, and 6 were found for artificial 
graphite by the North American Aviation group.'® 
Figure 8 is given here to point out that for intermediate 
heat treatments curves of type No. 2 are expected, and 
that their exact shape in the low-temperature range 
might yield additional information about the heat 
treatment for which the Fermi level crosses into the 
upper band. 


D. Electrical Resistivity 


The conclusion reached in Sec. IIIB as to the Fermi 
level crossing into the upper band already for poorly 
graphitized specimens seemingly invalidates the ex- 
planation of the temperature dependence of resistivity 
for artificial graphites proposed several years ago.! 
Actually this is not so. The main point of the explana- 
tion was that the increase in resistance of the poly- 


18 See Fig. 8 in J. E. Hove, Proceedings of the Conferences on 
Carbon (University of Buffalo, Buffalo, 1956), p. 125. Actually, 
the two figures are not exactly comparable, since the crystallite 
sizes at irradiation do not change in a similar manner as in the 
original heat treatment process. 
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F Fic. 8. Temperature depend- 
ence of the thermoelectric effect 
for differently heat-treated car- 
bons as expected for the band 
model of carbon without (con- 
tinuous curves) and with the con- 
tribution of the “phonon drag” 
effect (dashed curves). 








crystalline graphites when the temperature is lowered 
is not due to an increased scattering but to a decrease 
in an effective number of carriers. As the temperature 
is lowered, the number of carriers decreases towards a 
limiting value determined by the number of excess 
holes present (traps), and thus the resistivity will first 
increase and then reach a plateau or a maximum beyond 
which it might slowly decrease, the exact behavior 
being dependent on the temperature dependence of 
boundary and lattice scattering in this range. Since in 
the previous work! the resistivity was fitted with an 
empirical expression by extrapolating the scattering 
factor from the 0°-1000°C range into the low tempera- 
tures, there can be no wonder that the calculated curve 
deviated at temperatures below 100°K from the experi- 
mental one. If one assumes, however, that at low 
temperatures scattering depends less strongly on tem- 
perature than in the 0°-1000°C range, the experimental 
results such as those obtained by Reynolds et al.® find 
a simple explanation. It is easy to see that no reasonable 
assumption about scattering alone can furnish an ex- 
planation of the maximum found by Reynolds et al. 

The empirical expression was interpreted in the 
original paper, reference 1, as indicating the existence 
of an energy gap ¢ between the filled and empty bands. 
It was soon after realized that ¢ does not have to be a 
gap but is just the activation energy of electrons into 
the upper band. But even this seems to be too re- 
strictive. Actually, when there is a deep minimum in 
the density of energy levels and the Fermi level is 
located by an amount e below it, the influence of the 
existence of this shift « on the number of effective 
carriers has to disappear at temperatures T>>e/k, that 


1 Reynolds, Hemstreet, and Leinhardt, Phys. Rev. 91, 1152 
(1953). 


is, for kT something around several times e. When the 
minimum is due to a slight overlap of bands, and the 
electrons have a larger mobility than holes, even for a 
Fermi level located in the overlap region but somewhat 
off-center, a resistivity curve with a minimum will be 
obtained. In other words, according to the new inter- 
pretation, AE as calculated from the resistivity mini- 
mum gives roughly a value several times greater than 
the position of the Fermi level relative to its position 
in a perfect graphite crystal (for the Fermi level at the 
lower limit of the upper band ¢ turns out to be of the 
order of 0.03 to 0.02 ev). The explanation of changes 
due to introduction of donors remains essentially the 
same as proposed previously.” 


E. Negative Magnetoresistance 


Although no explanation of the mechanism of the 
negative magnetoresistance can be given, the close 
correlation of the two—magnetoresistive and Hall 
effects—seems very significant and suggests that nega- 
tive magnetoresistance is associated with holes and 
positive magnetoresistance with electrons. When with 
increasing heat treatment the Fermi level crosses the 
inflection curve (Hall effect zero) and gradually moves 
upward, the negative magnetoresistance increases, and 
probably continues to increase all the way up to the 
top of the band, where the curvature of the energy 
surfaces is the greatest. However, as soon as electrons 
are activated into the upper band, a positive magneto- 
resistance appears which being greater per carrier, soon 
overbalances the effect of holes. The combined effect 
of the two increases towards a limit which corresponds 


to a perfect graphite crystal. For a Fermi level above 


”S. Mrozowski, J. Chem. Phys. 21, 492 (1953). 
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this position, the magnetoresistance might decrease 
since the Fermi level is moving away from the bottom 
of the upper band, that is, into the region of lesser 
curvature, and closer to the top of the lower band. 
This is an interesting conclusion; experiments designed 
to test this prediction are in preparation. 


F. Diamagnetic Susceptibility 


The diamagnetic susceptibility of graphite is not 
only very high (much too high to be explainable on the 
grounds of Landau-Peierls theory as applied to the 
Wallace-Coulson model), but also shows a remarkable 
independence on crystallite size above a certain limit. 
Recently Pinnick and Kiive'® have shown that this 
limit is slightly temperature-dependent, and varies 
with temperature similarly to the variation of the 
position of the maximum for the Hall constant. The 
system of curves for the temperature variation of sus- 
ceptibility, as obtained by Pinnick and Kiive for dif- 
ferently heat-treated samples of a soft carbon, is repro- 
duced in Fig. 9; and on top of their system of curves 
two heavy curves are drawn which correspond re- 
spectively to the positions of the maximum and of the 
zero Hall constant. One can see that the maximum 
susceptibility (plateau) is not obtained at any tempera- 
ture unless the Hall constant is negative, that is, unless 
the concentration of electrons in the upper band is 
sufficiently great. The apparently conflicting facts of a 
large change in magnetoresistance in the same range in 
which the Hall effect varies slightly but the suscepti- 
bility is about constant (plateau) will perhaps be 
reconciled in terms of a four-carrier band model (two 
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Fic. 9. Temperature dependence of the diamagnetic suscepti- 
bility of carbons as obtained by Pinnick and Kiive!® for differently 
heat-treated carbons. The shaded area covers the two-carrier 
conduction. The two heavy curves correspond to the location of 
maximum Hall constant A and to the zero Hall constant. The 
dashed heavy curve for A=0 corresponds to the Fermi level 
crossing the inflection curve. 


types of holes and two types of electrons), such as 
obtained recently by Johnston* and by Horton and 
Tauber.” In general, it is hoped that experimentally 
established relations between different electronic effects 
in carbons such as presented in this paper will make 
possible an unambiguous selection of the proper band 
model for graphite. 


211—). F. Johnston, Proc. Roy. Soc. (London) 227, 349, 359 
(1955). 

2G. K. Horton and G. E. Tauber (to be published). The 
authors are indebted to Dr. Horton and Dr. Tauber for the 
opportunity of seeing the manuscript. 
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The transition probabilities of the multiple quantum transitions of a system of coupled angular momentum 
vectors in a uniform static plus perpendicular rotating magnetic field are studied both in the uncertainty 
width region, by time-dependent perturbation theory, and at higher amplitudes of the rotating field, by 
direct integration of the Schrédinger equation, in the case of well-separated resonance frequencies. 





1, INTRODUCTION 


MULTIPLE quantum transition is a transition 
in which, in the terminology of radiation theory, 
several quanta supply the necessary energy so that a 
generalized Bohr frequency condition holds of the form 


E,—Ey=nyho;+ - -+n,hw,. (1) 


The n’s are positive integers, with }> ;>2, and the 
E’s are the energies of the initial and final states, 
including energy-level shifts due to virtual absorption 
and emission of quanta. 

The theory of two-quantum absorption and emission 
processes, in lowest approximation, was first discussed 
by Mayer.' Although these transitions are rare events 
in the optical region,!? many cases of multiple-quantum 
transitions have recently been observed in electric and 
magnetic resonance transitions between hyperfine 
levels. The first such observation appears to have been 
that of Hughes and Grabner,’ who also discussed the 
theory of two-quantum transitions, in lowest approxi- 
mation, in the correspondence limit of unquantized 
electromagnetic field for the special case that the two 
quanta have the same frequency. Such a treatment 
(semiclassical radiation theory) is well justified in the 
hyperfine case since spontaneous emission is then a 
negligible process. Further observations of multiple- 
quantum transitions have been performed by many 
others.* 

The further development of the theory was under- 
taken independently by Besset e¢ al.,5 Salwen,® and the 

* Part of a thesis submitted to Princeton University in partial 
fulfillment of the requirements for the degree of Doctor of Phi- 
losophy. 

t Part of this work was supported by the Higgins Scientific 
Trust Fund and the U. S. Atomic Energy Commission. 

¢ Now at Argonne National Laboratory, Lemont, Illinois. 

1M. G. Mayer, Naturwissenschaften 17, 932 (1929); Ann. 
Physik 9, 273 (1931). 

2G. Breit and E. Teller, Astrophys. J. 91, 215 (1940). 

3V. W. Hughes and L. Grabner, Phys. Rev. 79, 314 (1950); 
L. Grabner and V. W. Hughes, Phys. Rev. 79, 829 (1950). 

‘P. Kusch, Phys. Rev. 93, 1022 (1954); Brossel, Cagnac, and 
Kastler, J. phys. radium 15, 6 (1954); R. Braunstein and J. W. 
Trischka, Phys. Rev. 98, 1092 (1955); V. W. Hughes and J. S. 
Geiger, Phys. Rev. 99, 1842 (1955); J. Margerie and J. Brossel, 
Compt. rend. 241, 373 (1955); Brossel, Margerie, and Winter, 
Compt. rend. 241, 556 (1955); P. Kusch, Phys. Rev. 101, 627 
(1956); Christensen, Hamilton, Lemonick, Pipkin, Reynolds, 
and Stroke, Phys. Rev. 101, 1389 (1956). 

5 Besset, Horowitz, Messiah, and Winter, J. phys. radium 15, 


251 (1954). 
6H. Salwen, Phys. Rev. 99, 1274 (1955). 


present writer.’ The theories of Besset et al. and Salwen 
are based on the steady state solutions*’ of the 
Schrédinger equation for a rotating magnetic field. 
In particular, Salwen has studied the line shapes 
of multiple-quantum transitions of arbitrary order in a 
rotating magnetic field for the case of well-separated 
resonance frequencies. However, it has not been well 
understood how the time-dependent perturbation theo- 
retical treatment of multiple-quantum transitions, as 
given for two-quantum transitions by Mayer and 
Hughes and Grabner, is related to the theory based on 
the steady-state solutions. Thus, the methods used by 
Besset et al. are applicable only at higher fields, and 
Hughes and Geiger* have pointed out the necessity for 
a careful comparison of their own results with those of 
Salwen. The present paper gives a formulation of the 
theory which clarifies the relation of these various 
approaches to each other and moreover has the ad- 
vantage that it can be directly extended to oscillating 
and multiple-frequency fields.”.* 


2. EQUIVALENT STATIONARY PROBLEM IN THE CASE 
OF A ROTATING MAGNETIC FIELD 


We consider a system of two coupled angular mo- 
mentum vectors, I and J, with gyromagnetic ratios yr 
and y,, which interact with each other and also with 
an external magnetic field. The latter consists of a 
rotating radio-frequency field of constant amplitude 
and angular velocity, 3; and w, and a uniform static 
field, of amplitude 5o, along the axis of rotation. With 
the z axis chosen in the direction of the static field and 
the x axis in the direction of the rotating field at time 
t=0, the Hamiltonian of the system can be written in 
the form 

H= Hot+ Ai, (2) 
where 
Ho=al-J+ysJ Hoty Ko, (3) 
7M. N. Hack, Phys. Rev. 100, 975(A) (1955) ; thesis, Princeton 
University, 1955 (unpublished). 

§ Multiple-quantum transitions in oscillating and multiple- 
frequency fields have also been studied by J. Winter, Compt. 
rend. 241, 375 (1955); 241, 600 (1955). The type of multiple- 
quantum transition discussed by Winter differs from that con- 
sidered here in that in his case the terminal states of the transitions 
themselves also play the role of intermediate states. 

*The extension to an arbitrary number of coupled angular 
momenta introduces nothing new in principle. On the other hand, 


for a single angular momentum all resonances, single- and multiple- 
quantum, coalesce at a single frequency. 
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and 
Ay= (ysI +r) -[ (51 coswt)it+ (KH: sinwt)j]. (4) 


The Hamiltonian given by Eqs. (2), (3), and (4) 
depends explicitly on the time. However, a transfor- 
mation to a coordinate system rotating with the applied 
radio-frequency field’ reduces the problem to a time- 
independent one.>~’ This follows with the help of the 
identity 

eiFeot/h ET eiF eatin = V, (5) 


Vey Hityl HK, (6) 


where 


and F, is the component of the total angular momen- 
tum, F=I+-J, along the direction of the static magnetic 
field. Equation (5) can be proved for example by 
observing that the derivative of the left-hand side with 
respect to ¢ vanishes by virtue of the commutation 
relations of the angular momentum operators. The 
left-hand side is therefore independent of ¢, and since 
(5) clearly holds at time ‘=0, it follows that it holds 
generally. 

The transformation to the rotating coordinate system 
is effected by the unitary operator exp(iF,wt/h) so that 
the transformed wave function is 


o= Up= erwin, (7) 
and 
de dy i 
—= U—+—-F wy 
dt dt h 


= (ih) (UHU—oF,)¢, (8) 


where in the last line we have substituted from the 
Schrédinger equation for dy/dt. By virtue of Eqs. (2) 
and (5) and the fact that F, commutes with Ho, we have 


UHU™=HotV. (9) 
Consequently, we obtain the transformed wave equation 


ih(dp/dt)=W¢, (10) 
W=H—oF AV (11) 


is independent of the time. In the following sections 
we study solutions of Eq. (10) for w in the neighborhood 
of resonance frequencies of the system. 


where 


3. SOLUTION OF THE RECURSION RELATIONS OF 
TIME-DEPENDENT PERTURBATION THEORY 
FOR A CONSTANT HAMILTONIAN 


Time-dependent perturbation theory starts from the 


equations 
W= Wot ¥; Wwi= Whi, (12) 


where the y; and W; are the eigenstates and eigenvalues 
of the time-independent unperturbed Hamiltonian Wo 
and V is the perturbation. The wave function is ex- 


1 Rabi, Ramsey, and Schwinger, Revs. Modern Phys. 26, 167 
(1954). 


panded in the form 

¥i()=Li aise", 
where the subscript 7 indicates that the initial condition 
is chosen, without loss of generality, as y;(0)=y,;." 


The perturbation theory consists of expanding the a,; 
in a series 


aij()=ai+ai;% +a; O+---, 


where a;;°=6;;, a;;° (0)=0, and the a,;“(t) are deter- 
mined by the recursion relations” 


(13) 


(14) 


i t 
aij ()= ~-f > V net tt’ hg, -) ()dt’, (15) 
0 


l 


where Wi=W;:—W:. We will solve these recursion 
relations in the important case that V is independent 
of the time. In this case (15) yields for the first- and 
second-order transition amplitudes the well-known 
expressions 


e Wijtih_ | 
a;j{0=— rake) (16) 
ij 


(eiWsit/h— 1) 
WiiWii 


1 
————(eimatm_y)!. (17) 
Wi 


The solution of the recursion relations (15) to all 
orders can be described as follows for the case of a 
constant Hamiltonian. In Fig. 1 the labels at the right 
designate the initial, final, and intermediate states, and 
the sequences of arrows are all possible ways of jumping 
upwards from state 7 to state 7. If a single arrow in 
one of these sequences connects a lower state s to an 
upper state p and passes over states r, ---, g on the 
way, we associate with it a factor 


1/(W yeW ge *Wra). 


If p happens to be the final state, we adjoin an addi- 
tional factor (e*¥*/4A—1), For each sequence of arrows 
we take the product of all such factors, multiply by 
the product of matrix elements Vj---V,;, and sum 
over all intermediate states. The rule for obtaining the 
sign of each term is explained below. In this way, for 





2 





struction of the third-order 
transition amplitude. 








Fic. 1. Diagram for con- 








} 


ul The solution satisfying the most general initial condition 
¥ (0) =; cw; is clearly Y(t) =>; cw; 9 (reference 12). 
22M. Born, Z. Physik 40, 167 (1927) 
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the third-order case illustrated in Fig. 1, we arrive at 
the following transition amplitude: 


(e8¥ sjt/h— 1) 


aj%=> VV imV mj a! 
l,m 


WijsWigW mj 


1 1 
-—— (¢*W imt/h_— 1) 
W imW im Wj 


1 


Wu WijW nj 


(2iW siti 4) 


(etW artim 1) } 
Wat Win Wj 


The diagram for order m+1 gives 2" terms and can 
be constructed from the diagram for order m by (1) 
continuously extending the final arrows one level higher 
(no new arrows) and (2) adding a new row of arrows 
across the top of the diagram for order n. The sign rule 
is then as follows: The 2" terms corresponding to (1) 
arise from the exponential terms of the preceding order 
m and get an additional minus sign when the corre- 
sponding terms of order m+1 are obtained from Eq. 
(15). Their signs are therefore opposite to the signs in 
the preceding order. The 2” terms corresponding to 
(2) come from the minus one terms of the preceding 
order, and this minus sign together with the one from 
Eq. (15) gives no net sign change so that the signs are 
the same as in the preceding order. (The sign is negative 
for n= 1.) 

The prescription given above can be proved by 
mathematical induction. It is obviously valid for n=1. 
We now assume its validity for m and prove its validity 
for n+1. For a term arising from an exponential, say 
e‘¥irt/h, the multiplication by e‘”*/* in (15), and 
integration, gives a factor (e*”‘/*—1)/W,;,, which is 
just the additional factor needed according to the above 
prescription for the term arising from continuously 
extending the final arrow of the corresponding sequence 
of the mth order diagram. For a term arising from a 
minus one, the multiplication by e*”*/*, and integra- 
tion, gives a factor (e*”*/*—1)/W 4, which is just the 
additional factor needed for the term arising from 
adding an arrow to the top of the corresponding mth 
order sequence. Thus (15) establishes the validity of 
the procedure for »+1 if it holds for m; since it holds 
for n=1, it therefore holds for all n. 


4. MULTIPLE QUANTUM TRANSITIONS IN THE 
UNCERTAINTY WIDTH REGION 


The time-independent transformed Hamiltonian W 
[ Eq. (11) ] can be split up into an unperturbed Hamil- 
tonian Wo and a perturbation V proportional to the 
amplitude of the rotating magnetic field, 


W=Wot V, (18) 


HACK 


where 
Wo=HAo— oF, (19) 
and 


Vay Kitty HK. (20) 


Wo is diagonal in the representation determined by the 
eigenstates ¥; of the commuting Hermitian operators 
Ho and F,, and we have 


Wai=Wai= (Ei—M ho), 


where £; and Mf are the eigenvalues of Hy and F,, 
and W, is the eigenvalue of Wo, in the eigenstate y;. 
Thus 


Wi=Wi—W;=h(wij—[Mi—M jo), (21) 


where w,;;= (E;— E;)/h. Also we define matrix elements 
Aj; by 

Vis= Wi, Voi) =NA 55. 

Since the y; are eigenstates of F,, the M; selection rules 

are the same as in the F, Mr representation,’* namely, 

A,;=0 unless M;=M;+1. (23) 


For an ordinary allowed transition, with M;=M;+1, 
the first order of perturbation theory gives for the 
transition amplitude 


(22) 


e(wijFe) Rms 1 
ape fy 
WijFw 


(24) 


and therefore for the transition probability 


sin*[ 4 (wFw,;)t 
PO Gertler] ay 
(oF wi) 


If E;—E; and M;—M;(==+1) have the same sign, we 
obtain a resonance for w= | £;—E;|/h. If, on the other 
hand, E;—E; and M;—M; have opposite sign, then 
there is no resonance for any positive value of w. The 
physical basis of this situation is the fact that for the 
positive direction of rotation of the radio-frequency 
field, the absorption (emission) of a photon increases 
(decreases) angular momentum as well as energy, so 
that both angular momentum and energy can be con- 
served in the first case but not in the second. However, 
in order to obtain a resonance in the second case, it is 
only necessary to choose the opposite direction of 
rotation. 

For a two-quantum transition,!:* insertion of Eqs. 
(21) and (22) into (17) gives 


eiwijF2u) — 1 





aij =D) AvAy 
" 1 : (wjF 2w) (w1j-Fw) 


ei(witFo) tJ 





_ 26 
(wi=Fw) (wij-Fw) G6) 


18 FE. U. Condon and G. Shortley, The Theory of Atomic Specira 
(Cambridge University Press, New York, 1953), p. 61. 
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for M;= M ;42. The summation over / may be restricted 
to intermediate states for which M;=M +1, as other- 
wise A,,A;; vanishes. The first term in the braces 
exhibits a resonance at 


w=+(E,—E,)/2h. (27) 


Similarly, making use of the solution developed in the 
preceding section, we see that for given J and J, 
multiple quantum transitions are possible of orders n= 2 
up to m=2(/+J)=max(M;—M,) at resonance fre- 
quencies given by the generalized Bohr condition 


For well-separated resonance frequencies and for w in 
the neighborhood of the value (28), we have 


a; ==(—1)* 


AwA Im** -A,j[LeiwiiFne) t_ 1] 





(29) 
Lm, (wij mw) [wij (n—1)w ]- + + (wp j-Fw) 


for M;=M,;-+n. The summations over intermediate 
states /, m, ---, r can be restricted to states satisfying 
M,=M;+(n-1), Mn=M;+(n—2), At, M,=M;+1 
as otherwise the product of matrix elements in the 
numerator of (29) vanishes. Thus 


2 


PO (i j= (30) 


sin*[4n(w—wo)t ], 
w— wo)? 


A wA lm* * ‘A rj 


x 
[wijF (n—1)w Lom iF (n—2)w]- + + (wrjFw) 





(31) 


and 
wo= +w;;/n. (32) 
This result already accounts for the principal ob- 
served characteristics of the multiple-quantum transi- 
tions. Resonance occurs at the frequency given by the 
generalized Bohr condition (28) and with an uncertainty 
width of the order of Aw=2z/nt." It is clear that the 
intensity of the transition depends on the relative 
locations of the intermediate states, falling off, as 
observed by Kusch,‘ as the locations of the intermediate 
states become much different from equally spaced 
points between the terminal states of the transition. 
Since the matrix elements in the numerator of (31) are 
proportional to the amplitude 3(, of the rotating field, 
the leading term of the transition probability for an 
n-quantum transition goes as the (2n)th power of H. 


4 The narrowing of the uncertainty width with increasing n is 
by no means in conflict with the energy-time uncertainty principle. 
In fact, by (28) the uncertainty in the measured energy difference 
is nh times larger than Aw, so that AE-t~h. 


5. EXTENSION TO HIGHER RADIO-FREQUENCY 
FIELDS 


As the rotating field amplitude 3, is increased, the 
lowest nonvanishing order of time-dependent pertur- 
bation theory ceases to be a good approximation and 
higher order corrections must be taken into account. 
The result that for well-separated resonance frequencies 
a formula of the Rabi type holds [Eq. (53) below] was 
first proved by Salwen® for multiple quantum transi- 
tions in a rotating radio-frequency field. We derive 
this formula here under the same assumptions by a 
simpler and more direct method which is also applicable 
to oscillating and multiple-frequency fields. 

We consider first the simplest case of coupled angular 
momenta, J=J=}4, and afterwards treat the general 
case of arbitrary J and J. In the J=J=} case the 
time-dependent Schrédinger equation becomes 


ida,/dt= A ,ye**-“) ta ,+ A mem) tay, 
ida,/dt= A ye" 8+ "a; A jje@i-) "a, 
iddm/dt= A mem) a+ A mjeiomi-® "a ;, 


ida;/dt= A je* i+) 'a,+-A jme*oint ota, 


(33) 


where the second subscript on the a’s, which would 
denote the fixed initial state, is suppressed, and the 
basis states y; are labeled as follows according to the 
(F,M pr) quantum numbers of the states into which the 
Yi go over continuously as 


Ho: i—(1,1), 1—(1,0), m—(0,0), g~-(l, —1). 


In order to treat the two-quantum resonance transition 
between states i and j, we take as initial condition 


¥(0)=y; or 


a;(0)=1, a@,(0)=a,,(0)=a;(0)=0. (34) 


We are interested in the solution of (33) subject to the 
initial condition (34) for w in the neighborhood of the 
two-quantum resonance frequency 


wo= (E,—E,)/2h. (35) 


Integration by parts of the second equation of (33) 
gives 
Ai 
etolite) tq — 
Wil WwW 


Ai 
a\= 
Wil W 


A li é da; 
_— f ei(olitw) t__qj+ 
0 


Wi1—-W dt wyitw 


Ai $ j da; 
~ J ei(vi-w) tp, (36) 
0 dt 


wjitw 


A Ij 
_pi(wij—w) t 
€ ( ij a 


and similarly for am. We assume that the separations 
of the resonance frequencies are large compared to the 
widths of allowed transitions. To the lowest order in 
the rotating-field amplitude, we may neglect the inte- 
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grals involving da,/dt and da;/dt in (36). We may also 
neglect the constant term, since on substitution of (36) 
and the corresponding equation for a, into the first 
and last equations of (33), it will be multiplied by 
exponential factors which oscillate rapidly for w in the 
neighborhood of (35). With these approximations we 


obtain 
ida,/di= ea;+-ye" ™'a;, 


ida ;/dt = naj;+édet = ‘ai, 


(37) 


Q=20—4;;, (38) 
AyAu AimAmi AyAy AimAnj 
= + ’ 23 + ’ 
Wi1—-W Wim—wW WItw Wjmtw 
AjiA li A jmA mi 
+ 


A iA yA imA mj 


7 ? 
WiItwW Wimtw 


and 








(39) 





Wil W Wim—@ 


The diagonal coefficients « and » correspond to energy 
level shifts due to virtual emission followed by absorp- 
tion, and the opposite order, respectively. The off-di- 
agonal coefficients determine the peak intensity at low 
fields and the resonance width at higher fields. In the 
neighborhood of the resonance frequency (35) we can 


make the approximation 6~y. In terms of 
(40) 


b:=e*t'a;, bj;=e*'"a;, 


we then have 


idb;/di=5e—*°"'b;, idb;/di=de''b,, (41) 


(42) 


where 
2’ =Q—e+n. 


The solution of (41) which satisfies the initial condition 
(34) is | | 
b,(t) = (ps/d)e*?-*— (p_/d)ei*t, 
b;(t) = (pp_/dd)e*™ *(e'?+!— etp-t) | 
pa=—30' 43d, d=(07+48)!. 


(43) 


where 
(44) 


This gives for the transition probability 


& 


Pi am?” sin?(4d1), (45) 


or, if we recall the definitions of Q, 2’, and d and put 


w=, wo= 3 (wist+e—n), (46) 


2 


— sin*[ (w—wo)?+w;? }}. 


ee ao 47 
(w—wo)*+w? “aa 


P(i-j)~ 


Equation (47) extends the previous result (30) to 
higher radio-frequency fields, for the case ]=J=4 and 
n= 2. In the case of arbitrary J and J, the Schrédinger 


HACK 


equation becomes 
ida,/dt = > A eit) tg, (48) 


for i=1, 2, --+, (22+1)X(2/+1) and where the — or 
+ sign is to be taken according as M;=M,+1 or 
M;=M,-—1, respectively. The summation can be re- 
stricted to states satisfying M,=M;,+1 as otherwise 
Aj, vanishes. For an n-quantum transition i—7 where 
M;=M;-n we obtain, integrating the preceding equa- 
tions successively by parts and making the same 
approximations as before, 


ida;/dt= eas t+ye™ Nt, 


(49) 
ida;/dt=na;+de**"a,, 


Q= +Nw— wi; (50) 


Ai? A ie 
= 2 +k 
Mi=M;-1 @j1—- @ M \=M;i+1 wWytw 

A i Ai? 
i > + % ’ 


MI=Mj-10;1—-@ = Mi=Mj+H1 wjrtw 


ye(-))** 2 


L,m,-++,r 


A yA tm: **Asj 


and 





4 , 
[wi sF (n—1)w ]LomsF (n—2)w ]- + - (wpjFw) 
i= (14D 


L,m,--+,r 


A jee *AmiAu 





x , 
[wreck (2—1)w ]- + - (Wmizk 2w) (wiw) 


Equations (49) are of the form (37) already considered, 
and we can again make the approximation y-~~é in the 
neighborhood of resonance since the A,; can be chosen 
symmetric and 


Was (n— p)w~wj—L(n— p)/n Jui; 


it pu. (52) 
We can thus immediately apply the previous formula 
(45), where d is defined as before [Eq. (44), with 0 
given by (42) and (50) ]. Thus 


2 


sin?{ }n[(w—wo)?+w1? ]4}, (53) 


Pui 


1 
(w—wo)?-+-w? 
o> 25/n, wo=t (1/n) (wij te—n). 
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The dispersion of microwaves has been theoretically calculated in the case of gaseous deutero-ammonia 
on the basis of the Van Vleck-Weisskopf expressions for collision-broadened spectral lines, as applicable to 
the inversion of ND; molecule in its ground vibrational state. The inversion frequency lies at 1600 Mc/sec 
which shifts to zero frequency at 9-cm pressure. Dispersion curves are plotted at various pressures and 


frequencies. 





HE phenomenon of the inversion of the symmetric 
top pyramidal ammonia molecule has been of 
great interest to the microwave spectroscopists for a 
long time. The molecule shows a copious absorption of 
centimeter wave radiations and the maximum absorption 
region lies at 0.88 cm~'. In the case of deutero-ammonia, 
the reduced mass of the molecule is greater than that 
of ammonia by 2, and theoretically it is expected that 
the inversion of the ND; molecule in its ground state 
will occur at a frequency approximately eleven times, 
lower. The inversion line has been traced! at 1600 
Mc/sec (0.052 cm~). The inversion frequency decreases 
with increasing pressure in the manner predicted by 
Margenau? for the ammonia molecule. The inversion 
spectrum of heavy ammonia transfers from resonant to 
nonresonant or Debye absorption at 9 cm pressure. The 
pressure-broadened spectral line of ND; can be repre- 
sented by the following expressions for absorption and 
dispersion given by Van Vleck and Weisskopf,? which 
have excellently predicted‘ the line shape of the collision- 
broadened spectral line of NH; and the dispersion 
associated with it: 
Ap 
} 


rts] + 

(Ad)?+ (+0)? (Av)?+ (H—d0)? 

a en ee V) 
2L (As)? (5-+5)?  (Av)*+(9—H)* I 

TABLE I. Values of resonance frequency ¥ and 


line-width parameter AP. 


Ab 


zp 








uy 








Pressure cm Hg 
1 10 
2.86 
0.05 
0.012 


5 


14.3 
0.026 
0.03 


1 atmos 


217 
0 
0.15 





28.6 
0.0 
0.035 


IpX105 
¥o(cm™) 
Av(cm™) 








1G. Birnbaum and A. A. Maryott, Phys. Rev. 92, 270 (1953). 

2H. Margenau, Phys. Rev. 76, 1423 (1949). 

3J. H. Van Vleck and V. F. Weisskopf, Revs. Modern Phys. 
17, 227 (1945); C. H. Townes and A. L. Schawlow, Microwave 
Spectroscopy (McGraw-Hill Book Company, Inc., New York, 
1955). 


‘Krishnaji and P. Swarup, Z. Physik 136, 374 (1953), and 
Prem Swarup, thesis, Allahabad University, 1954 (unpublished). 
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where a@ is the absorption coefficient (per cm), #9 the 
resonance frequency, Av the line-width parameter 
(cm), and 6,, the dipolar contribution to the electric 
susceptibility of the gas at a frequency #(cm~), p is 
the pressure in cm Hg, and 7 is a constant of propor- 
tionality for a given molecule at a given temperature. 
The calculated values of J.p at various pressures and 
the values! of # and Ai have been tabulated in Table I. 
For pressures below 1 cm Hg, (Ai)*<*, the dispersion 
expression is approximated by 


and for pressures above 10 cm Hg, when the resonance 
frequency centers at zero wave number, the expression 


52 
Vo 


(3) 


i= 14] 


o2 of 
Vo-—V 


= Them 


SUSCEPTIBILITY «10 


FREQUENCY (on) 


Fic. 1. Dispersion curves at various pressures in a 
wide frequency band. 
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Fic. 2. Pressure variation of the electric susceptibility. 


reduces to the Debye dispersion formula: 
(A9)? 
i Ba 
. P+(A5)? 


(4) 


The net susceptibility 6, at the frequency 7 will also 
include contributions due to other polarizations, which 
remain constant in the region under consideration. 


5,=8' +5y». 


5’ is due to polarizations other than dipolar. From the 
measurements of the susceptibility’ at 1 Mc/sec, the 
value of 4’ has been computed to be 0.0658X10~, 
where p is in cm Hg. The dispersion curves have been 
plotted in Fig. 1 at various pressures in a wide fre- 
quency band. It is observed that the dispersion is very 
significant at low pressures, but as the pressure in- 
creases and the resonance frequency becomes of the 
order of the line-width parameter the maximum and 
minimum points disappear, i.e., at 5 cm pressure. Figure 
2 shows the pressure variation of the electric suscepti- 
bility. At all frequencies the susceptibility varies linearly 
with pressure, but the anomalous behavior near the 
inversion frequency is interesting. The graph shows con- 
cavity towards the pressure axis just before resonance 
and convexity after resonance. The dispersion in ND; 
can be checked by susceptibility measurements at 0.04 
and 0.06 cm“, 
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The radiations of the U” family have been investigated with an electromagnetic alpha-particle spectro- 
graph and gamma-ray scintillation counters. The following alpha groups were found: U#°—5.884 (67.2%), 
5.813 (32.1%), 5.658 (0.7%) ; Th?*—6.330 (79%), 6.220 (19%), 6.095 (1.7%), 6.029 (0.6%) ; Ra®2—6.551; 
Em**—7.127 Mev. The following gamma rays were seen: U™—72 (0.75%), 158 (0.33%) ; 232 (0.24%); 
Th®*—112 (4.8%); 131 (0.4%), 197 (0.40%), 242 (1.2%); Em*®—609 kev (0.2%). The results are cor- 
related into decay schemes, which are discussed with respect to current systematics and theory of complex 
alpha spectra and excited states of even-even nuclei. 





INTRODUCTION 


HE uranium isotope U* is a 20.8-day a emitter which gives rise to a series of shorter-lived daughers.! The 
series is collateral to the uranium-radium family (4+-2 series) and joins the main family at Po®!4(RaC’).? 





> Ra26 
8.0% 10! yr 


a 
Main family: U4 —————— Th (Io) 


2.5X 105 yr 1622 yr 


U™® family: U® 


This paper is concerned with the alpha and gamma 
spectra of this group of even-even alpha emitters. The 
early members of the series (U™°, Th”®) are sufficiently 
far removed from the closed-shell region at lead so that 
nuclear energy level spacings are small and hence 
excited states are appreciably populated by alpha 
decay.2* As a result the spectra are complex and 
several low-energy y transitions are observable. The 
lower members of the series show simpler spectra 
because energy level spacings are wider and the sharp 
dependence of alpha-decay lifetime upon energy effec- 
tively prevents the observation of transitions to excited 
states. Nevertheless evidence for the first excited states 
was obtained for both Em*!® and Po** (from the decay 
respectively of Ra”? and Em7!*), Some of the data 
presented here have been summarized in a review 
article.® 


EXPERIMENTAL 


Preparation of sources —The U* was obtained from 
its Pa?® parent which had been made by the irradiation 
of thorium (Th?) with protons in the 184-in. synchro- 
cyclotron. Four preparations were made over a period 


*This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 
1M. H. Studier and E. K. Hyde, Phys. Rev. 74, 591 (1948). 
2 All data presented without references were taken from 
Hollander, Perlman, and Seaborg, Revs. Modern Phys. 25, 469 
1953). 
: 3 9g Oe and I. Perlman, Phys. Rev. 87, 393 (1952). 
4S. Rosenblum and M. Valadares, Compt. rend. 235, 711 (1952). 
5 T, Perlman and F. Asaro, Ann. Rev. Nuclear Sci. 4, 157 (1954). 
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a Qa 
— Po#!8(RaA) ————> Pb*"*(RaB) 
3.83 day 3.05 min 


26.8 min 
Bi?*(RaC) 


19.7 min 


a a a 

~ Th®* ——— Ra” —"Em™! 
20.8 day 30.9 min 38 sec 
of two years, the irradiation histories of which are 
summarized in Table I. Pa™°, which has a half-life of 
about 17 days, decays only to the extent of ~8% by 
B- emission to U and ~92% by electron capture to 
long-lived Th°.6 At the proton energies employed for 
maximum thick-target yields of Pa™, there are also 
formed in good yield 22-hr Pa®* and 36-hr Pa**. These 
decay, respectively, to alpha-emitting thorium isotopes, 
1.9-yr Th”® and 7340-yr Th”. Because of their rela- 
tively short half-lives, Th”* and its daughters could 
interfere in the observation of the U* series even after 
some chemical separation. This source of interference 
was minimized in the first three preparations by allow- 
ing the protactinium isotopes to decay for several days 
before they were isolated. The protactinium fraction 
then consisted predominantly of Pa and the long- 
lived Pa™!, The optimum waiting time for the growth 


"Po*™4(RaC’). 
0.019 sec 





TABLE I. Irradiation data. 








Length of 
irradiation 


2.7 hr 
1.6 hr 


Proton 
energy 


85 Mev 
145 Mev 
150 Mev 
100 Mev 


Irradiation 


number Target 





thorium 
thorium 
thorium 
thorium 








*M. H. Studier and R. J. Bruehlman, Argonne National 
Laboratory Report ANL-4252, February, 1949 (unpublished). 
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of U* was about one month. In the fourth preparation 
the uranium was chemically isolated from the other 
irradiation products about one month after the irradi- 
ation. 

The U™ was prepared as a source for the alpha- 
particle spectrograph by volatilizing from a tungsten 
filament onto a cold platinum plate. The tungsten 
filament was folded to make a V trough in order to 
“focus” the deposit into a narrow band. 

For y-ray measurements the uranium fractions were 
purified more rigorously than for a-particle analysis 
because one of the objectives was to search for rays 
of extremely low intensity. The uranium fraction was 
subjected to repeated ether extractions from ammonium 
nitrate solutions and to adsorption and elution from 
anion-exchange resin columns. 

For many of the y-ray analyses the various decay 
products of U™° were separated by collecting recoils 
resulting from the a-decay process. The techniques 
varied with the particular products to be collected and 
are described where the y-ray analyses are described. 
The alpha spectrograph measurements are inherently 
slow and only the equilibrium mixture was dealt with. 

Radiation measurement.—The electromagnetic spec- 
trograph used for determining the a spectra has been 
described in other reports.’:* As in other studies photo- 
graphic plates were used to record the alpha tracks, 
and alpha groups of known energy were used for energy 
standards. 

The gamma-ray analysis employed a sodium iodide 
scintillation assembly, the output of which went into a 
50-channel self-gated pulse-height analyzer. The crystal 
and photomultiplier tube were enclosed in a lead 
housing with a sample holder which allowed placement 
of the samples at five different distances from the 
crystal. The variable geometry was employed to help 
in the assignment of 7 rays to particular members of 
the decay chain, as will be described. 

Gamma-gamma coincidence measurements were made 
by using a single-channel analyzer to trigger the gate 
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Fic. 1. Alpha spectrum of U™ family. 


7F. L. Reynolds, Rev. Sci. Instr. 22, 749 (1951). 
8 Asaro, Reynolds, and Perlman, Phys. Rev. 87, 277 (1952). 
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Fic. 2. Low-abundance alpha groups of U and Th®*, 


of the 50-channel analyzer. In this way the entire 
spectrum in coincidence with a selected photon energy 
could be recorded. Intensities were corrected for escape 
peaks’ and crystal counting efficiencies.” 


RESULTS 
Uranium-230 


Alpha spectrum.—Since exposures on the alpha- 
particle spectrograph were long compared with the 
lifetimes of the U?* decay products all spectra taken 
included the equilibrium mixture. A part of the spec- 
trum is shown in Fig. 1 and a longer exposure used to 
bring out low-intensity groups appears in Fig. 2. 

The main alpha group (ground-state transition) of 
U*° was found to be at 5.884+0.005 Mev. The energy 
was measured on several runs by using either the main 
group of ThX"™ (5.681 Mev) or that of RaA (5.998 
Mev)" as an energy standard. The previously reported 
value for the alpha-particle energy of U* is 5.85 Mev 
determined with an ionization chamber.” 

The alpha transition to the first excited state of Th”® 
is undoubtedly that at 5.813 Mev, designated U™ a7; 
in Fig. 1 to signify that this group leads to a state 73 
kev above the ground state. The y-transition energy is 
obtained from the difference of a-group energies plus 
the correction for the difference in recoil energy from 
the two alpha groups. From seven measurements of the 
alpha spectrum the difference between ap and a73 gave 
a best value for the y transition of 72.6+0.5 kev." 
Eight measurements of the abundance of a73 gave a 
value of (32.1+0.8)% of the total U™° a particles. 

A third «@ group in low intensity ascribable to U* 
was found at 5.658 Mev (see Fig. 2). The energy level 
of Th”* to which this group leads was found to be at 


®P. Axel, Brookhaven National Laboratory Report BNL-271 
T-44, September, 1953 (unpublished). 

10M. Kalkstein and J. M. Hollander, University of California 
Report UCRL-2764, October, 1954 (unpublished). 

1 G. H. Briggs, Proc. Roy. Soc. (London) A157, 183 (1936). 


2A. H. Jaffey, quoted by M. H. Studier and E. K. Hyde, 
Phys. Rev. 74, 591 (1948). 

13 Recently Smith, Asaro, and Hollander [Phys. Rev. 104, 99 
(1956), following paper] measured L, M, and N conversion lines 
of this y ray with a permanent-magnet spectrograph and obtained 
a more accurate energy (72.13+0.07 kev). 
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230+5 kev as a result of three measurements of the 
alpha spectrum. This agrees well with the presence of a 
232-kev ray which will be mentioned further below. 
The intensity of ago is (0.7+0.15)% of the total U* 
alpha particles. There is good evidence that this a group 
is really an unresolved doublet, one group leading to a 
4+ state and the other to a 1— state. The arguments 
for this conclusion appeared in part in an early publi- 
cation concerning 1— levels in this region and will be 
reviewed briefly where the decay scheme is discussed. 
No other a groups ascribable to U™ could be found. 

Gamma spectrum.—Three y rays were found in the 
decay of U*°. The energies and abundances (shown in 
parentheses) are as follows: 72+2 kev (0.75+0.11%), 
158+3 kev (0.3340.06%), 23243 kev (0.24+0.05%). 
The abundances are percentages of total alpha emission 
events. 

The problem in determining the U™ y spectrum is to 
distinguish its y rays from those of Th”* and its decay 
products which grow into purified U*° with a 31-min 
half-life. In one experiment the y-ray spectrum of the 
equilibrium mixture was measured and then that of 
Th” and its products. The curves were normalized in 
terms of a peak at 325 kev (from Ra™), and upon 
subtraction the U* spectrum was obtained. 

A more sensitive way of removing peaks due to Th”*® 
and products is illustrated by Fig. 3. The uranium 
fraction was purified by ether extraction and the y-ray 
spectrum measured soon after. Some of the peaks were 
due to U** decay products because these grow in with 
a 31-min half-life and the relative intensities of some 
are greater than those of U*° y rays. This spectrum is 
the broken-line curve of Fig. 3. After the daughters 
had grown in to a large extent the y-ray spectrum was 
again measured (not shown in Fig. 3) and a subtraction 
of the second spectrum from the first gave the spectrum 
of the Th®”® family. Then the 325-kev peaks in the first 
spectrum and that of the Th”® family were used to 
normalize the two curves. Subtraction of the normalized 
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Fic. 3. U gamma-ray spectrum. --- U2 family gamma 
spectrum measurement started 4.25 min after purifcation of 
uranium (6-min run). —— Net U?® gamma spectrum without 
daughter contributions. 
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Fic. 4. U® decay scheme. The transition marked with an 
asterisk is the probable assignment of a y transition found by 
Smith, Asaro, and Hollander.!8 
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Th” family spectrum gave the U*® spectrum (solid-line 
curve in Fig. 3). A small correction was made for the 
lag of the 325-kev y ray which grew in with a 38-sec 
half-life. 

This operation was repeated several times using 
ether extraction or anion columns to purify the uranium. 
As a result of the several measurements the y-ray 
energies and intensities as already cited were obtained. 
Aside from the three photons definitely ascribed to 
U® decay there appears to be a residual peak at ~110 
kev when the Th”*® peak at this energy is subtracted. 
Since this peak could receive contribution from scat- 
tered radiation from higher-energy y rays or simply 
represent inaccuracy in the curve-subtraction process, 
it is better not to assume that this is a U™° y ray. 

Decay scheme.—The three alpha groups and three 
y-ray lines agree well with the energy level scheme 
shown in Fig. 4. The interpretation of the levels, 
however, is not entirely straightforward. 

The 73-kev level is undoubtedly the familiar 2+ 
first excited state expected in this region. The total 
conversion coefficient (value is 42) was found by com- 
paring the total population of the 73-kev state with the 
measured y-ray intensity, and this value corresponds 
with the expected £2 nature of the transition. Finally, 
in a study already reported," alpha-gamma angular 
correlations for this transition corresponded with the 
requirements of a 0—*—+2—— 0 spin sequence. 

A number of previous reports have dealt with the 
rotational spectra of even-even nuclei in the heavy- 
element region in which the second excited level of the 
rotational band has spin and parity 4+ and lies at an 
energy about 3.3 times that of the 2+ state.!*'’ In 

4 Stephens, Asaro, and Perlman, Phys. Rev. 96, 1568 (1954). 

16 A. Bohr and B. R. Mottelson, Phys. Rev. 89, 316 (1953); 
90, 717 (1953). 

16 F, Asaro and I. Perlman, Phys. Rev. 91, 763 (1953). 


174, Bohr and B. R. Mottelson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 27, No. 16 (1953). 
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this case we would predict that the 4+ state would lie 
close to 230 kev which at first sight seems to be in 
excellent agreement with the observed energy level 
defined by the 5.658-Mev a group. However, for all 
0+, 2+, 4+ sequences there has never been observed 
a crossover transition from the 4+ to the 0+ states 
and none would be expected. The 232-kev y ray must 
therefore originate from a state other than 4+, and as 
shown in Fig. 4 the 232-kev level is assigned 1—. 
Confirmation of this assignment through alpha-gamma 
angular correlations has already been published.'® 

The question then remains whether there is any 
experimental evidence that a 4+ state also exists at 
~230 kev as an unresolved doublet with the 1— state. 
The 232-kev ray can come only from the 1— —0+ 
transition but, within the available resolution, a y-ray 
of ~158 kev can arise from both 1—-—2+ and 
4+ — 2+ transitions. It will be seen that the photon 
intensity of 0.33% is divided about equally between 
the El and £2 transitions (see Fig. 4). When the 
conversion coefficients are taken into consideration the 
alpha population of the 4+ state is calculated to be 
0.43% and that of the 1— state (158 kev plus 232-kev 
transitions) is 0.44%. The sum of these, 0.87%, is to 
be compared with 0.7%, the measured unresolved 
a-group intensity populating both of these states. The 
agreement is considered satisfactory. 

The first experimental evidence that there is more 
than one state at ~232 kev came from the comparison 
of y rays of Th”® excited from two modes of decay. 
Grover and Seaborg'* found in the B-decay of Ac”é 
the abundance ratio ‘y1s0/72s2 to be 0.85 and this 
experiment has been checked as part of the present 
study. However, the same relative y-ray intensities 
from U* @ decay has the ratio 1.7. (These ratios, 
although measured in the same way, are used only for 
comparison and do not include corrections for counting 
efficiency.) Since it is unlikely that the 8-decay process 
would populate both 1— and 4+ states we may 
conclude that only the 1— state is populated and 
therefore, from the a decay of U™, half of the observed 
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Fic. 5. Equilibrated U™ family gamma-ray spectrum. 
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photon intensity at 158 kev arises from the 1— state 
and half from the 4+ state as indicated in Fig. 4. 

A selective view of the 4+ -—2+ transition was 
obtained by Smith, Asaro, and Hollander’ in this 
laboratory in measuring the conversion electron spec- 
trum of the U™ series with a permanent magnet 
spectrograph. Among the lines seen were Ly and Lin 
lines of a y ray of 154.3+-0.3 kev, while the Ly line was 
missing. The absence of the Ly line strongly indicates 
E2 character and therefore that this is the 44+ —2+ 
transition. Since the observed lines were weak one 
would not expect to have seen the 1—--—2+ El 
transition because the L-shell conversion coefficient is 
some fiftyfold lower. It would appear from these 
measurements and from our value, 158-+-3 kev, for the 
y-ray energy, that the 4+ state lies a few kev below 
the 1— state. 

One further point concerning the doublet at 230 kev 
is the alpha-gamma angular correlation measurements 
previously reported.’® The 70-kev y ‘ray showed a well- 
defined 0—*—+2—7-— 0 correlation and the 230-kev 
y ray followed clearly the 0—*—1—0 form. However, 
the alpha-gamma angular dependence of the 160-kev 
y ray had little if any anisotropy. This is consistent 
for a mixture of radiations from the sequences 0—*— 
4—1—»2 and 0—*—1——2. 


Radium-222 


Gamma rays.—A single y ray of 325+3 kev has been 
found from the a decay of Ra” and is attributed to the 
de-excitation of the first excited state of Em”, Figure 5 
shows part of the y-ray spectrum of the U™ family 
among which is a fairly prominent peak at 325 kev. 
The energy for the y ray is the weighted average of 
four measurements. It has been assigned to Ra” decay 
from the following experiments. 

A thin sample of Th”® was prepared by collecting 
under vacuum the recoiling atoms from U* decay. 
The Th”* decay product, Ra” (38 sec half-life), could 
be collected in an interesting manner which permitted 
immediate y-ray analysis. The scintillation crystal and 
photomultiplier tube are enclosed in the standard 
fashion, in an aluminum can, which, if not grounded, 
floats at a potential of over 500 volts negative when the 
photomultiplier is on. This potential effectively collects 
recoils from an alpha emitter placed below the crystal. 
The Th®® sample was alternately placed below the 
crystal and removed at one-minute intervals. During 
the time the Th”® was out of the counting chamber a 
switch was tripped to allow the y spectrum to register. 
The operation was repeated to record a total of 20 
minutes’ counting time. The background count was 
taken for 20 minutes and subtraction gave the curve 
shown in Fig. 6. It is seen that the only definite y ray 
present is that at 325 kev; in particular, the prominent 
yy rays at 112 kev and 242 kev have disappeared and 
it will be seen that these are due to Th”®, 
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A further check that the 325-kev y ray belongs to 
Ra™ (or its daughters) was obtained by determining 
the half-life of the 325-kev peak after collecting recoils 
from Th” in the manner already described. A value of 
3622 sec was obtained which agrees well with the 
38-sec half-life reported by Studier and Hyde.' The 
a-activity of a recoil sample from Th”® decay collected 
in vacuum gave a half-life of 37.542 sec. 

That the 325-kev y ray belongs to the decay of Ra” 
and not to its daughter was determined in the following 
manner. It was already mentioned that the metal can 
in front of the crystal serves as a collector of recoiling 
nuclei from alpha-emitting samples placed near it. If a 
sample containing a family of alpha emitters is placed 
at different distances from the crystal then a particular 
¥ ray will show a different intensity pattern depending 
upon whether it comes from the primary a emitter or 
one of the daughters. If the y ray arises from the parent 
substance the measured intensity should vary in first 
approximation simply as the solid angle subtended 
between sample and the crystal. If, however, the y ray 
arises from one of the a-decay products, the recoil 


TABLE II. Assignment of 325-kev + ray. 








Relative Relative 
intensities of intensities of 
325-kev y ray 325-kev y ray 
from Th from Ra*3 
sample sample 


Calibrated 
solid angle 
(Relative) 


Calc relative 
intensities 


Sample 
from recoils 


position 





1 1 1 1 1 
2 0.22 0.56 0.56 0.2 
3 0.10 0.49 0.45 0.1 


8 
0 








collection by the crystal housing will tend to make the 
intensity independent of the sample position for the 
component of the recoils which leave the plane of the 
sample in the direction of the crystal. 

The relative solid angle for three different sample 
positions was determined using the 60-kev y ray of 
Am*! as a monitor, and these are shown in Column 2 
of Table II. Column 3 shows the calculated" relative 
intensities of a y ray which arises from a recoiling 
product. The fourth column shows the relative intensity 
of the 325-kev peak measured in a sample of Th”*® 


1% Recoils from U*” alpha decay were collected in vacuum on a 
plate masked so that the recoils did not enter at angles more 
acute than 8°. If we assume the ranges of recoils following U?™ 
and Th”* alpha decay are equal, the fraction of Ra activity 
which escapes the collecting plate is 


SP ae / feos. 


The angle @ is the angle of incidence of the recoil fragments in 
entering the collecting plate. Assuming that all of the escaping 
recoils are attracted to the metal container which houses the 
crystal and that the crystal subtends a solid angle of 45% of 
4 sterad for any gamma ray emitted by atoms on the housing, 
we find, for the three sample positions indicated in Table II 
(solid angle for position 1= 10.8% of 4m sterad), that the expected 
relative counting rates for gamma rays following Ra® decay are 
1:0.56:0.49. 
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Fic. 6. Ra®* family gamma-ray spectrum. 


which had been prepared by collection of recoils in 
vacuum from a U™® sample. Clearly the 325-kev y ray 
follows the intensity pattern for a product of Th”* and 
since this fact was already known the experiment 
checks the validity of the method. Next samples of 
Ra” were collected from Th** under vacuum and 
quickly placed in the scintillation spectrometer. In a 
series of carefully controlled experiments in which the 
three sample positions were included and the counting 
rates of the 325-kev peaks corrected for decay, the 
results as shown in the last column of Table II were 
obtained. Since the relative intensities follow the solid 
angle dependence the y ray must come from Ra™ 
decay and not from a decay product. 

Still another check was made later'® on the assign- 
ment of the 325-kev y ray to Ra™. A thin scintillation 
crystal was used as a rough alpha energy measuring 
device and was coupled to a single-channel pulse-height 
discriminator which in turn served as a gate for the 
multichannel y-ray analyzer. The coincidence experi- 
ments showed that the 325-kev y ray was in coincidence 
with alpha particles of energy about 0.33 Mev lower 
than the known energy of the ground-state transition 
of Ra”. This a-energy setting is nowhere near the 
energy of Em”'* or Po** a-particles and therefore the 
ray must come from Ra” decay, since it is already 
known that it cannot arise from earlier members of the 
decay chain. 

K x rays were observed in the Ra” gamma spectrum 
and these presumably arose from the conversion of the 
325-kev gamma ray. The abundance of these K x-rays 
corresponds to a K-conversion coefficient of 0.08, indi- 
cating an £2 transition. Later alpha-gamma angular 
correlation measurements!® confirmed this assignment. 
The 325-kev y ray of Ra” was found in 3.6 percent 
abundance. The sum of gamma ray, K conversion, and 
the theoretical LZ conversion yields a population of 
4.4+1 percent to the 325-kev state. It will be seen that 
the particular alpha group leading to this state could 
not be resolved from another (see Fig. 1), so that the 
y-ray measurement is the only means at present for 
obtaining the intensity of the alpha group. All other 
gamma-ray abundances described in this paper were 
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Fic. 7. Decay schemes of Em**® and Ra**. The abundances 
marked with an asterisk were deduced from the gamma-ray 
abundances. 


measured relative to the 325-kev gamma abundance, 
and the listed limits of error are also relative to the 
intensity of this gamma ray. This value is accurate to 
about 20%. 

Alpha spectrum and decay scheme.—The alpha peaks 
of Ra” are shown in Fig. 1 and the energy for Ra” ap 
is 6.555+0.010 Mev. The previous value reported for 
this alpha emitter is 6.51 Mev, which was obtained with 
an ionization chamber.” The alpha group leading to the 
325-kev state falls at nearly the same position as a 
prominent a group of Th*® and the two cannot be 
resolved. From the y-ray intensity measurements it 
can be shown that } of the peak at 6.220 Mev is due 
to Ra® a325 and the other ¢ belongs to Th®*® ai;2. The 
decay scheme summarizing the information on Ra” 
decay is shown in Fig. 7. Other excited states of Em*!® 
could not be seen in the experiments presumably 
because they lie at a high level and hence would be 
populated only to a very slight extent. 


Thorium-226 


Gamma rays.—The Th”® sample was made by col- 
lecting recoils in vacuum from a U™® preparation. The 
plate was covered with tape to prevent loss of Th”® 
products and the spectrum of the entire family recorded. 
The contribution by Ra” (and its products) was 
subtracted after normalizing the Ra* spectrum to that 
of the Th”* family in terms of the 325-kev y ray. The 
resulting spectrum of Th*”® alone is shown in Fig. 8. 
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Of the four y rays indicated, that at 130 kev had to be 
resolved with the aid of the gamma-gamma coincidence 
spectrum gated by the pulses from the 112-kev y ray. 
This curve shown in Fig. 9 proves that y rays of 
~130 kev and ~190 kev are in coincidence with the 
112-kev y ray but that the 242-kev y ray is not. 

From a number of experiments the best energy and 
abundance values for Th”* y-rays are: 112 (+3) kev, 
4.8 (+0.4)%; 131 (+5) kev, 0.4 (+0.1)%; 197 (+10) 
kev, 0.40 (+0.05)%; 242 (43) kev, 1.2 (40.1)%. As 
expected from the 112-kev £2 transition, L x-rays were 
found in high abundance. 

Alpha spectrum and decay scheme.—The alpha groups 
of Th”® are seen in Figs. 1 and 2. The main group 
(ground-state transition) is at 6.330 (+0.010) Mev 
which compares with the ionization chamber measure- 
ment,” 6.30 Mev. The group at 6.220 Mev combines 
aii2 of Th”*® and ase5 of Ra” as already discussed. If 
correction is made for the Ra*” contribution to this 
peak the intensity of Th”® ai. is 19 (+1.5%). The 
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Fic. 9. Th”* family gamma-ray spectrum in coincidence 
with 112-kev gamma ray. 


energy difference between this state populated by aii2 
and the ground state turns out to be 112+3 kev from 
the alpha spectrum, just as was found for the ¥ ray. 
As indicated in the decay scheme (Fig. 10) the 112-kev 
level is the familiar 2+ first excited state. The conversion 
coefficients of the 112-kev y ray agree with its expected 
E2 character. The y-ray intensity is 4.8%, the popu- 
lation of the state is 19%, and therefore the total 
conversion coefficient is 3.0 which upon comparison 
with theoretical conversion coefficients rules out an 
F1 assignment. From the total K x-ray intensity it 
was found that the maximum contribution to the 
conversion coefficient from K conversion is 0.4. This 
information serves to rule out M1 character; the 
L-shell conversion coefficient does not distinguish well 
between E2 and M1 at this energy. The E2 assignment 
was later confirmed by angular correlation measure- 
ments.!® 

An a-group at 6.095 Mev was assigned to Th” since 
its energy separations from Th”* ap and aii2 agree well 
with the 242- and 130-kev y rays of Th”®. In addition 
the 130-kev 7 ray was shown to be in coincidence with 
the 112-kev y ray. Since the 242-kev state populates 
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by vy emission both the 0+ and 2+ states it can have 
spin 1 or 2 only, and from conservation laws in the 
a-decay process the assignment more specifically is 1— 
or 2+. Since this level bears the same relationship to 
other levels as the 1— state in Th®* decay it was 
assumed to have that assignment here. The assignment 
was later proved by alpha-gamma angular correlation 
measurements.'!® The best abundance for Th”® age 
based on four measurements is 1.7 (+0.15)% of the 
total Th”* a particles. 

The a group at 6.029 Mev was assigned to Th”* 
because the energy separation from Th”*® ay2.agrees 
very well with the 197-kev y ray and this y transition 
is in coincidence with the 112-kev y ray. The best 
energy for the level populated by this group is 309 kev, 
the abundance of the @ group is 0.58 (+0.06)%, and 
the abundance of the 197-kev y ray is 0.40% of the 
total Th”® a-decay rate. The conversion coefficient is 
therefore 0.4, a value which agrees with an E2°assign- 
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ment and not with M1 or higher order electric multipole 
radiations. The evidence agrees well with the expecta- 
tions for the second excited member of the rotational 
band and hence is designated 4+ in Fig. 10. 


Emanation-218 


The a@ group at 7.127 (+0.010) Mev is assigned to 
Em’; the previously reported energy is 7.12 Mev.” 
The high-energy part of the y-ray spectrum of Th”® 
and products recorded in Fig. 11 shows the 325-kev 
y ray of Ra and another peak at 609+6 kev found in 
(0.20+0.05)% of the Em!’ a-decay events. The assign- 
ment to Em?!* decay is based on the following evidence: 
The y ray belongs to a member of the series below Th”*® 
because it was found in the Ra” recoils collected from 
Th”* decay. When a thin KI crystal was used as an 
a-particle spectrometer’ and a selected a-energy band 
at ~0.61 Mev below the main Em*!® group (7.13 Mev) 
was used in a coincidence measurement, it was found 
to be in coincidence with the 609-kev 7 ray. Presumably 
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Fic. 11. Th®* family high-energy gamma-ray spectrum 
through 4.03-g/cm? Pb absorber. 


the 609-kev state of Po seen here from the a decay 
of Em*!’ is that which leads to the well-known y ray 
of this energy for the 8-decay of Bi*. The alpha group 
of Em*!’ leading to this state could not be seen because 
of its low intensity and close proximity to the main 
group of Ra”, 


DISCUSSION 


A graphical summary of energies and intensities of 
the a groups which have appeared in the U® series is 
given in Fig. 12. The ordinate scale showing intensities 
was made logarithmic in order to accommodate the 
large range. 

The region starting with U** and proceeding to lower 
elements marks the departure from the extreme uni- 
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Fic. 12, U™ family alpha-particle energies and abundances. 
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TABLE III. y-ray lifetimes of the U™ family. 








Half-life 
(millimicro- 


Energy 
seconds) 


(kev) 


Excited 
states of 


Th 
Ra? 
(Th®*) 
Raz 200 
Ths 160 


Transition 


2+ —0+- 73 
i— —0+ 230-240 





<1.5 
<1.2 


<1.5 
<1.5 


<14 
<0.8 


Ra? 110 
Em?8 325 








formity noted for the a spectra of the heavier even-even 
a emitters. For the heaviest elements the Bohr-Mottel- 
son rotational spectra are nearly “pure” in the sense 
that the energy level spacings for the even states 0+, 
2+, 4+--- follow closely the J(J+1) dependence, 
and indeed the absolute values of the energies are 
almost identical. The energy for the first excited state 
(2+) in this region is somewhat over 40 kev. Exami- 
nation of the decay schemes of the U™ family show 
progressive increases in energy of the first excited 
states: Th”®, 73 kev; Ra®, 112 kev; Em*!®, 325 kev; 
Po!*, 609 kev. 

Bohr'® has discussed the purity of rotational spectra 
and predicted that such spectra would be perturbed as 
the rotational motion becomes sufficiently rapid so that 
the particle structure of the nucleus can no longer 
follow adiabatically. According to Bohr" the first 
correction term is negative and follows an J/?(J+1)? 
dependence, which means that the higher rotational 
states become proportionally lower. Smith and Hol- 
lander® have obtained accurate energies for the first 
two excited states of Pu¥* (from Cm* decay) and 
from these evaluated the coefficients A and B for the 
rotational spectrum expression 


E,o= A(I(I+1)]— BL P(I+1)"]. 


The purity of the rotational states is evidenced by the 
finding that the coefficient B has the small value 
0.0035 kev as compared with A=7.37 kev. The 
“T?(I-+1)*” correction amounts to only 1% for the 4+ 
state but would be 2.0% and 3.4% for 6+ and 8+ 
states. When applied to the 6+ state” of Pu** and the 
recently found* 8+ state, the agreement between 
experiment and calculation was exact within the limits 
of error of the data. In the present study, the highest 
spin states observed were the 4+ states in Th”® and 
Ra™ so that the coefficients A and B can only be 
calculated without any means of checking the adequacy 
of the simple “J?(7+1)*” correction. The observation 
of 6+ states would be of great value in this region 


2” W. G. Smith and J. M. Hollander, Phys. Rev. 101, 746 (1956). 
*1 Asaro, Harvey, and Perlman (unpublished data, 1955). 
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because the indicated correction is large and therefore 
the point at which this term is no longer adequate 
could be determined sensitively.” For the 4+ state of 
Th”® the indicated correction is already 6% and for 
Ra”, 23%. On this basis the 6+ state of Th®* should 
lie at about 435 kev and would be seen in terms of the 
6+ 4+ v¥ ray of ~205 kev. 

Another point of interest in the U*° family is the 
appearance of 1— states in two of the members. The 
occurrence of an odd parity state in an even-even 
nucleus at an excitation of only a few hundred kev has 
not yet received a verifiable explanation. A suggestion 
has been made, however,” that this state may have the 
same intrinsic structure as the ground state but repre- 
sents a collective distortion in which the nucleus is 
pear-shaped. On this basis this state would belong to 
the K=0 configuration of the ground state, a supposi- 
tion which can be checked by comparing the y-ray 
intensities leading to the 0+ and 2+ states. Following 
the treatment of Alaga, Alder, Bohr, and Mottelson,” 
the reduced transition probabilities of y rays leading 
from a particular state to two members of a rotational 
band would depend simply on the geometrical factors 
of the transition and can be expressed in terms of the 
vector addition coefficients. In the present case the two 
yy rays are electric dipole transitions (1— -0+, 07° 
and 1— —+2+, 0) and the question is whether the 1— 
state belongs to the K=O structure or K=1. If the 
1— state has K=O the reduced transition probability 
ratio of 1— —’-0+/1— -—2+ should be 0.5; if K=1 
for the 1— state, the ratio should be 2.0. It turns out 
that the experimental values for the corresponding 
states in Th”* and Ra™ are respectively 0.430.087 
and 0.48+0.15. Clearly from this evidence the 1— state 
has K=0 and presumably has the same particle struc- 
ture as the familiar 0+, 2+, group of states. 
Other cases in which 1— states have been observed 
show the same behavior and have been dealt with in a 
separate publication.” 

The even states of rotational bands such as dealt 
with in the present study are joined by cascading E2 
transitions which are expected to be about 100-fold 


% The observations [Stephens, Asaro, and Perlman (to be 
published) ] of 6+ states following the alpha decay of Th® and 
perhaps Th®* indicate that the simple ‘“/?(7+1)? correction” 
leads to values of the 6+ —4+ transitions which are 13% and 
23% too low, respectively. 

%A. Bohr (private communication of a suggestion by R. 
Christy). 

* Alaga, Alder, Bohr, and Mottelson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 29, No. 9 (1955). 

* This notation expresses the spin and parity on the left side 
of the comma and the quantum number on the right side. 

26 More recent work [Stephens, Asaro, and Perlman (unpub- 
lished data, 1956) ] on the decay scheme of Ac®** has shown that 
the ratio of the reduced transition probabilities for Th** is 
0.50+0.05. 

27 Stephens, Asaro, and Perlman, Phys. Rev. 100, 1543 (1955). 
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faster than E2 transitions governed by single-particle 
states.'7 There is abundant evidence that such transi- 
tions are indeed fast,?*~*' and the following table gives 
some upper limits to transitions of this type among 
members of the U*° family. Also included are some F1 


28 Experimental results are summarized in reference 18. 

22D. Engelkemeir and L. B. Magnusson, Phys. Rev. 94, 1395 
(1954). 

% A. W. Sunyar, Phys. Rev. 98, 653 (1955). 

31 —. L. Church and A. W. Sunyar, Phys. Rev. 98, 1186 (1955). 
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transitions. The alpha-gamma fast-coincidence meas- 
urements were made by Strominger and Rasmussen.” 


ACKNOWLEDGMENTS 


We wish to acknowledge the participation of Dr. 
Louis Slater in the early parts of this study, and helpful 
discussions with Dr. Frank S. Stephens, Jr. 


% JT), Strominger and J. O. Rasmussen, University of California 
Radiation Laboratory Report UCRL-3157, June, July, and 
August, 1955 (unpublished). 


NUMBER 1 OCTOBER 1, 1956 


Electron Spectrum of the U**® Decay Series* 


W. G. Suitu,t FRANK ASARO, AND J. M. HOLLANDER 
Radiation Laboratory and Department of Chemistry and Chemical Engineering, 
University of California, Berkeley, California 
(Received May 23, 1956) 


The energies of the first excited states of Th?*, Ra??, and Em#® have been measured as 72.13+0.06, 
111.1+0.3, and 324.6 kev with photographic-recording beta-ray spectrographs. The energy of the second 
excited state in Th” has been measured as 226.4 kev, and a comparison is made with predictions of the 


Bohr-Mottelson nuclear model. 


HIS note will describe the results of a study of 

the conversion-electron spectrum of the U 
series, in which precision measurements have been 
made of the energies of the first excited states of Th’, 
Ra”, and Em’, and a value also reported for the 
second excited state of Th”*®. This work is part of a 
program concerned with a study of the detailed 
behavior of low-lying rotational states in heavy nuclei.! 

The alpha- and gamma-ray spectra of the U™ family 
have been studied by Asaro and Perlman,’ who reported 
from alpha-particle spectrograph and _ scintillation 
spectrometer measurements the energies of the first 
excited states in Th”®, Ra’, and Em*!8 as 72.6+0.5, 
112+3, and 325+3 kev, respectively. They also find 
that the 4+ level in Th”® lies near the 1— level at 
23243 kev. Grover and Seaborg’ also found the 1— 
level at 232 kev from Ac”® beta decay. 

The present measurements have been made with two 
180° photographic recording permanent-magnet spec- 
trographs of effective field strengths 52 and 98 gauss; 
the instruments and their calibration have been 
described previously.' 

The U* was obtained by separation from its parent, 
Pa*, The Pa*° had been prepared by irradiation of a 
piece of thorium metal with 100-Mev protons in the 


*This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

t Present address: Department of Physics, Indiana University, 
Bloomington, Indiana. 

1 W. G. Smith and J. M. Hollander, Phys. Rev. 101, 746 (1956). 

2Frank Asaro and I. Perlman, Phys. Rev. 104, 91 (1956), 
preceding paper. 

3 J. R. Grover and G. T. Seaborg (unpublished results, 1954). 


184-in. cyclotron. U* was also formed in this bombard- 
ment following beta decay of Pa™*. About one month 
after the irradiation the thorium target was dissolved, 
and a uranium fraction was separated by selective 
stripping of the activities from a Dowex A—1 resin 
column with hydrochloric acid solutions. Further 
purifications of the uranium fraction were made by 
ether extractions from 0.1N HNO; solutions saturated 
with ammonium nitrate. 

The pure uranium fraction was evaporated to dryness 
then taken up in 500 ul of 0.4M (NH4)2C20, in a special 
plating cell! from which the uranium was electro- 
deposited upon a 10-mil platinum wire. The active 
wire was then mounted in the appropriate spectrograph 
camera. 

Although the spectrographs have been extensively cali- 
brated, it was decided to use an internal standard in 
these experiments to gain the maximum precision; for 
this purpose, the 120-day beta emitter s9T'm'” was used. 
The energy of the gamma ray of Tm'” has recently 
been measured by Hatch and DuMond‘ (using a 
2-meter diffraction spectrometer) to be 84.26+0.02 kev. 
This activity makes a very good standard both because 
its conversion electrons are quite similar in energy to 
those of U*° and also because thulium is easily electro- 
plated. 

Two independent measurements were made in the 
52-gauss spectrograph of the energy of the U*° gamma 
ray. In the first, the Tm!” was initially plated upon 


4E. Hatch and J. W. M. DuMond (private communication, 
September, 1955). 
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TABLE I. Energy difference of U™ and Tm!” gamma rays in kev.* 
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TABLE II. Gamma rays observed from decay of U™ series. 








Isotope E. 
U*» 


Shell Ey 


52.45 In 
55.82 
67.30 
68.08 
73.74 
74.26 
75.29 
82.07 
82.28 


U™(E,)=72.11 kev 
Tm!'(E,)=84.24 kev 
Erm) — Ey) = 12.13 kev 





72.11 


84.23 
84.25 
84.24 
84.25 








* Binding energies have been taken from the compilation of Hill, Church, 
and Mihelich, Rev. Sci. Instr. 23, 523 (1952). 


the wire and the U* was subsequently plated on the 
same wire which was then run in the spectrograph. 
In the second experiment, wires containing Tm!” alone 
and U™ alone were exposed in succession without 
removing the photographic plate between exposures 
(care was taken to reproduce as closely as possible the 
position of the source holder when changing from Tm!” 
to U® wires). The results of these experiments are 
given in Table I, in terms of the previous calibration 
of the instrument; the agreement between the two 
experiments was better than 0.1% for all lines so 
the results are given as average values. Using the 
Tm'”—U™ energy difference obtained here, 12.13 
kev, together with the Tm'’” energy of Hatch and 
DuMond,’ we obtain the energy of the U™* gamma ray, 
72.13 kev. The probable error is estimated to be ~0.1%. 

In the 98-gauss spectrograph, the Th”* gamma-ray 
energy was measured from Ly, Lim, Mu, Min, N, 
and O conversion lines to be 111.1+0.3 kev as the 
result of two experiments. A separate internal standard 
was not used in these exposures, but the value also 
obtained for the U*° gamma ray, 72.1 kev, was in 
good agreement with the result of the more accurate 
measurement just described. In addition, the K line of 
the Ra” gamma ray was observed and corresponded 
to a gamma energy of 324.6 kev; since only one line 
was seen in this case, a probable limit of error is not 
quoted. 

Two weak lines were also seen from Ly and Ly 
conversion of the weak 4+-—>2+- gamma ray in Th”® 
following alpha decay of U*. The corresponding 
gamma-ray energy is 154.3 kev, indicating that the 
4+ state in Th” lies at 226.4 kev. 

Although relative intensities of the U™ series conver- 
sion lines were not measured because of the high back- 
ground caused by the radium emanation, the line 
patterns were easily observed to possess the familiar 


Gamma-ray 
energy 
(kev) 


72.13+0.07 
154.3+0.3 
111.1+0.3 


324.64 ? K 


Parent 
isotope 


UU» 
Ths 


Ra 


Lines seen 


In, Li, Mu, Min 
In, In 

In, Lm, Mu, Min, 
N,O 











characteristics of low-energy £2 transitions, that is, 
prominent conversion in the p-electron shells and 
extremely weak s-electron conversion. 

In addition, six extremely weak lines with the 
following energies were observed: 120.0, 122.4, 127.4, 
143.0, 159.9, and 199.0. These lines did not seem to 
correspond to any of the known gamma rays in the U™ 
family” and hence were unassigned. 

The presence of U*? in the uranium fraction would 
cause Th”® and its daughters to grow into the sample. 
At the time the measurements were made the most 
intense line in the U** family above 100 kev would be 
the “F” line of Pb” at 148.1 kev®; this line was not 
observed. 

Table IL summarizes the U* series gamma-ray 
energies. 

In the unified nuclear model of Bohr and Mottelson,® 
the following formula is given for the rotational energy 
level spacings in even-even nuclei: 


E;= AI, (;+1)- BI2(1;+1), 


where A=#?/2% and B=2(1/hw)?(h?/3)*. 

By using the energies obtained for the first two 
excited states of Th”®, 72.13 and 226.4 kev, the above 
constants were evaluated to be A=12.16 kev and 
B=0.043 kev. These values can be compared with 
those found! for the excited states of Pu** observed from 
the alpha decay of Cm™ which were A=7.37 kev and 
B=0.0035 kev. The larger rotational energy spacings 
seen as one approaches closed nucleon shells are 
reflected in the larger value of A (smaller deformation) 
obtained for Th”® than for the heavier even-even 
nuclei. Also, the tenfold increase in the deviation 
constant B over that for Pu®* indicates vividly the 
failure of the simple 7(J+1) dependence to describe 
the energies of excited states of even-even nuclei in the 
mass region of A= 226. 


5D. I. Meyer and F. H. Schmidt, Phys. Rev. 94, 927 (1954). 

6A. Bohr and B. R. Mottelson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 27, No. 16 (1953); A. Bohr and B. R. 
Mottelson, Beta- and Gamma-Ray Spectroscopy, edited by K. 
Siegbahn (Interscience Publishing Company, Inc., New York, 
1955), Chap. 17, p. 468. 
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Spins of Rubidium Isotopes of Masses 81, 82, 83, and 84* 


J. P. Hosson,f J. C 


C. Husss, W. A. NIERENBERG, H. B. SILSBEE, AND R. J. SUNDERLAND 


Radiation Laboratory ond Department of Physics, University of California, Berkeley, California 
(Received June 26, 1956) 


The nuclear spins of four neutron-deficient isotopes of rubidium have been determined by the atomic-beam 
magnetic-resonance method. The isotopes, with half-lives between 4.7 hours and 80 days, are produced 
in quantities of 10" to 10 atoms by alpha spallation reactions in the Berkeley 60-inch cyclotron. Detection 
of the beam is accomplished by allowing the neutral beam to fall on a sulfur surface at room temperature, 
then removing the surface from the apparatus and counting with low-background high-efficiency scintillation 
counters which accept K x-rays accompanying K capture and internal conversion. Since all four isotopes 
are made in one bombardment, the identification is important (and is the subject of a separate discussion). 
The experimental results are: Rb®, 7=3/2; Rb®, 7=5; Rb®, 7=5/2; Rb*, 7=2. 





I, INTRODUCTION 


HIS paper presents the results of the first part of 

a program to measure the spins, magnetic 
moments, and hyperfine-structure anomalies of the 
long-lived ground states and long-lived excited states 
of the rubidium isotopes. By long-lived is meant 
having a half-life greater than 10 minutes. Since this 
includes all rubidium mass numbers from 81 to 88, 
the hope is that information on the fine structure of 
the magnetic moment will be revealed. 

The neutron-deficient isotopes are made by cyclotron 
bombardment with alpha particles on bromine. The 
number of atoms produced is very small, therefore a 
very efficient low-background counting technique has 
been developed for these experiments. Furthermore, for 
maximum isotope production the full energy (45 Mev) 
of the alpha beam was used. Unavoidably all four 
isotopes of interest are simultaneously produced. The 
spins are all observed in a given run but the identifica- 
tion becomes a significant problem. This part of the 
research has been greatly facilitated by the large 
quantity of literature on the rubidium isotopes.'-* 

The isotopes under discusson are the 4.7-hr Rb*, 
the 6.3-hr Rb®, the 83-day Rb®, and the 33.0-day 
Rb™. The one largely unexpected result is the spin 
I=5 of Rb®. It is now of special interest to measure 
the spin of the 1.5-min Rb®”, but with present techni- 
que it seems impossible. 


* Work done under the auspices of the U. S. Atomic Energy 
Commission. This research was supported in part by the Office 
of Naval Research. 

{ Present address: National Research Council of Canada, 
Ottawa, Ontario. 

1 Reynolds, Karraker, Templeton, Phys. Rev. 75, 313 (1949). 

2D. G. Karraker and D. H. Templeton, Phys. Rev. 80, 646 
(1950). 

3 J. O. Hancock and J. C. Butler, Phys. Rev. 57, 1088(A) (1940). 

4S. V. Castner and D. H. Templeton, Phys. Rev. 88, 1126 
(1952). 

5 J. P. Welker and M. L. Perlman, Phys. Rev. 100, 74 (1955). 

®R. S. Caird and A. C. G. Mitchell, Phys. Rev. 89, 573 (1953). 

7™W. C. Beckham and M. L. Pool, Phys. Rev. 80, 125(A) (1950). 

8 W. C. Barber, Phys. Rev. 72, 1156 (1947). 


Il, EXPERIMENTAL DETAILS 


The spin of 4.7-hr Rb* was first measured by use of 
the zero-moment technique. When it became apparent 
that the spin of Rb® is about 5, the apparatus was 
rebuilt to employ the magnetic resonance technique of 
Rabi as modified by Zacharias” and used by many 
others since for similar research. Figure 1 is a schematic 
diagram of the apparatus. The first-focusing, or A field, 
is 2.25 in. long; the refocusing field B is 21.25 in. long. 
The asymmetry in length gives an improvement of 
almost a factor of four in solid angle over a symmetrical 
machine. The uniform field (C field) is 1.5 in. long; 
the rf transition field at the center of the C field 1 cm 
long. In addition to the usual surface ionization 
detector in the path of the collimated beam, a monitor- 
ing detector is inserted before the A magnet and out 
of the way of the direct beam. This detector monitors 
the beam continually, particularly when the normal 
detector is blocked by the sample-collecting button 
and serves to normalize the observed resonance. 
The sample-collecting button is inserted through a 
vacuum lock and intercepts the beam that would 
otherwise reach the detector. The detector is used to 
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Fic. 1. Schematic diagram of the apparatus. 


® Hobson, Hubbs, Nierenberg, and Silsbee, Phys. Rev. 96, 
1450 (1954). 
10 J. R. Zacharias, Phys. Rev. 61, 270 (1942). 
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align the beam by means of the natural carrier Rb in 
the beam, to normalize the resonance efficiency of the 
apparatus by use of the natural Rb, and to calibrate 
the C field by use of the natural Rb® and Rb*’ fre- 
quencies. In this connection Na* is always present 
and serves as a third point to fix the frequency scale. 

A gain of 300 in intensity over the zero-moment 
method was both expected and observed, but this 
increase in intensity is marred by the presence of a 
background for the resonance apparatus that has no 
counterpart in the zero-moment machine. When the 
magnetic fields are off and the stop wire in, considerably 
less than 0.1% of the full beam reaches the detector. 
When, however, the focusing fields (~10000 gauss) 
and the C field (~5 gauss) are turned on, approximately 
0.1% of the beam appears to reach the detector. This 
background is the present limit of sensitivity of the 
method and appears due to unwanted nonadiabatic 
transitions in the region of rapidly changing magnetic 
fields between the C magnet and the focusing magnets 
as first treated by Majorana." 

The experimental procedure is as follows: The 
radioisotopes are produced by alpha bombardment of 
a powdered BaBry target for from 1 to 36 hours and 
with cyclotron beam currents ranging from 15 to 90 
microamperes. After the chemical extraction and oven 
preparation (to be described later) the oven, with 
its RbBr, and an excess of calcium is loaded into the 
apparatus via a vacuum lock. The oven is heated to 
between 400° and 600°C, at which point the RbBr is 
reduced by the calcium to free rubidium at a rate 
determined by surface contact and temperature. 
The effusion of rubidium is observed by the monitor 
and held approximately at a constant value during a 
run by slowly increasing the oven temperature. The 
C field is adjusted by observing transitions of the Rb® 
and Rb*’ carrier (as well as the unavoidable sodium). 
An exposure at a given radio-frequency and C-field 
setting is taken for periods of 3 to 30 minutes. The 
collecting button is then removed and a new button 
inserted at new frequency and field settings. The 
button is immediately counted so that preliminary 
answers are only one to two steps behind the observa- 
tions. As many as 60 experimental points have been 
taken per run. 


Ill. ISOTOPE PRODUCTION 


The rubidium isotopes of mass numbers 81 through 
84 ar rroduced by (a,km) reactions on Br” and Br® 
where ..=1,2,3, or 4. No excitation functions exist for 
this set of reactions, but experimental results on near-by 
nuclei show quantitative agreement with the evapora- 
tion theory except for accidental effects such as 
competition between the ground state and its daughter 
for decay of the excited nucleus. A computation of the 
excitation function has therefore been made, using 
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experimental Q values to obtain thresholds. The 
additional data used are the branching ratios for 
decay of the excited state as given by Wu” and 
Doggett.* By use of the evaporation model," the 
predicted cross sections are obtained as a function of 
the incident alpha-particle energy, and are shown in 
Fig. 2. These numbers are used in the next section to 
compare the observed intensities with the predicted 
intensities, 

The target itself is designed to make use of the 
relatively high-current and high-current-density alpha 
beam at the Berkeley 60-inch cyclotron. BaBr2 melts 
at 850°C and boils at 1850°C. It is finely powdered 
and packed into a series of slots in a dural plate, and 
covered by a 1-mil dural foil which is held down by a 
cover plate whose beam opening is interrupted by 
thin ribs perpendicular to the slots. Heat dissipation 
is more than 1000 watts/cm* for a 40-microampere 
beam. For those runs where no appreciable material 
was lost, the absolute agreement between experimental 
and theoretical production is on the order of a factor 
of two. 

The RbBr product of the bombardment is separated 
from the approximately 2 grams of target material by 
a procedure of about 1 hour’s duration. The target 
material is dissolved in 5 to 10 cc of water containing 
1 to 15 mg of carrier RbBr. The barium is precipitated 
as the carbonate by a large excess of (NH4)2CO; and 
removed by filtration. The solute is dried by heating 
and the NH,Br is removed by sublimation at 550°C. 
The RbBr is dissolved in a few drops of water, placed in 
the oven, and dried. The yield has varied from 30% 
to 80%. 

The question arises as to the choice of this method 
over, say, the bombardment of RbBr directly and the 
elimination of the chemistry. The first and least objec- 
tion is that the RbBr is not as stable under bombard- 
ment as the BaBr2 and does not contain as much Br. 
The second objection is more fundamental, and points 
to one of the serious limitations of this research. 
With an isotope of a given half-life, there is available 
just that equivalent time to exhaust an oven charge 
and do an experiment. An excess of carrier or contam- 
inant therefore limits the number of radioactive atoms 
available for an experiment to that fraction of the 
atoms that effuse through the oven during a time equal 
to the half-life. It is for this reason that channeling an 
oven has very definite limits for an isotope of half-life 
on the order of 1 hour. In these experiments the RbBr 
carrier could be controlled to give specific activities on 
the order of several hundred curies per gram, but the 
limitation in this direction has been the sodium 
contamination. 


22 C. S. Wu (private communication). 

1% W. O. Doggett, Ph.D. thesis, University of California, 
Berkeley, 1956 (unpublished). 

“4 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952). 





SPINS OF Rb ISOTOPES 


IV. BEAM DETECTION 


The radioactive part of the beam is detected by 
collecting the neutral thermal beam on a surface, or 
“button,” and then removing the surface from the 
apparatus to be counted. The first collection method 
tried'® was the ionization of the beam by a surface 
ionization detector followed by the attraction of the 
ions to a surface by means of a potential difference. 
To summarize the results briefly, it can be stated that 
the collection efficiency for the alkali metals is unity 
above 3 kev on all surfaces, and is unity on some surfaces 
below 0.1 ev. The region between these limits gives 
collection efficiencies of about 2%, small but reproduc- 
ible. Other methods tried were collection of the neutral 
beam by metal surfaces yielding generally irreproducible 
collection efficiencies ranging from 1% to 25% at 
300°K. Platinum and tungsten, however, are reproduc- 
ibly efficient with a value of 25% for chemically clean 
surfaces and unity for well outgassed surfaces. The 
method finally adopted was the use of sulfur; this has 
a unit collection efficiency which is unaffected by the 
phase and age of the surface, and no measurable loss of 
radioisotope has occurred over periods of several 
months. The success of this surface may be due to 
the strong chemical binding of the RbS molecule and 
the self-cleaning action of the surface; in air the sulfur 
forms a coat of sulfurous acid which is rapidly pumped 
off in the apparatus vacuum, leaving a clean sulfur 
layer. These results may not obtain for depositions 
involving more than a molecular layer of RbS; typical 
depositions in these experiments are ~10-* of one 
molecular layer. 

Because of the small number of decays per minute to 
be measured on some samples, a counting technique 
was needed that gave high efficiency with low back- 
ground. The method finally chosen was x-ray counting 
with Nal scintillators. The isotopes decay primarily 
by K capture with a K x-ray on the order of 15 kev. 
This x-ray is completely absorbed in a few mils of the 
crystal, and therefore crystals 1 mm thick were used. 
Furthermore, the collection geometry is very definite 
in this apparatus; the beam at the collector is 0.1 by 
0.5 inch, and the width and length of the crystals used 
are only slightly larger. The total volume of the crystal 
is therefore only ~0.003 in.’, and yet it absorbs all 
the incident x-rays. The photomultiplier tubes them- 
selves are selected 5819’s or 6292’s. The x-ray peak of 
Rb is very cleanly resolved on a differential pulse- 
height analyzer. The actual counting is done on the 
pulse-height analyzer, which accepts pulses from about 
5 to 20 kev equivalent. The counting efficiency for the 
rubidium isotopes is ~0.4, and the backgrounds for 
this setting are between 0.5 and 1.0 count per minute. 
A full description of the counting system is to be 
published elsewhere. 


16 FE, H, Bellamy and K. F. Smith, Phil. Mag. 44, 33 (1953). 
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Fic. 2. The total cross section for production of the neutron- 
deficient rubidium isotopes by (a,km) on Br” and Br*!, were 
k=1,2,3,4; k=1 yields Rb* and Rb®, k=2 yields Rb® and Rb", 
k=3 yields Rb®, k=4 yields Rb". 


V. EXPERIMENTAL RESULTS 


The only low-frequency transition that is observable 
with the flop-in apparatus when J=1/2 is that for 
which F=J+1/2 and mr=—I—Jeoomr=—I-—J+1. 
The frequency of this transition is 


21 uct H? | 
(gr—gs)’— —+0(H?), (1) 
h? Av 


+ -— —--- 
(27+1)? 


where v is the frequency of the transition, gy= —2 for 
the alkalies, wo is the Bohr magneton, g; is the nuclear 
g factor ~1/2000, and Ay is the hyperfine structure 
constant. For spin measurements the second term is 
always negligible within the line width of the apparatus. 
At sufficiently low values of the field the third term 
may be neglected. The procedure is to set the magnetic 
field at as low a value as is consistent with the resolution 
necessary to resolve possible lines corresponding to 
different spin values. The field is measured by use of 
the resonances of the carrier Rb*® and Rb*’. The 
radio-frequency oscillator is set to the discrete fre- 
quencies of the spins of interest. This procedure alone 
does not uniquely determine J, for the third term above 
could be large enough to shift the resonance to a fre- 
quency characteristic of Zeeman transitions for a 
different value of J. In all cases, therefore, resonances 
have been observed at two or more values of magnetic 
field to insure that quadratic effects are small. Actually 
the hyperfine splittings have since been approximately 
determined and will be published separately when they 
are more precisely measured; for the present purposes 
it is sufficient to state that they are greater than 
2500 Mc/sec and therefore have no effect in the spin 
determinations. 

Figure 3 is a typical decay curve of the full beam 
taken with a 3-minute collection time with no magnetic 
fields and the stop wire removed. The decay is resolved 
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Fic. 3. The decay of an undeflected beam sample collected 
for three minutes on a sulfur surface. 


into a 5.43-hour component and a component of ~70 
days. The 5.43-hour component is a mixture of 66% 
Rb* and 34% Rb® by activity, and the 70-day compo- 
nent is approximately 80% Rb* and 20% Rb*™ by 
activity. These are the fractions that are used to 
normalize the observed resonances. A predicted rate 
is based on the cross sections of Fig. 2, on what is 
known of the level schemes of the isotopes, on such 
reducing factors as the Auger effect, on the counter 
efficiencies, and on the apparatus transmission. 

The analysis of a typical bombardment is as follows: 
The predicted activity yields are 2.3810" counts per 
minute, 0.942 10" cpm, 6.08X 108 cpm, and 1.78X 10° 
cpm for Rb", Rb®, Rb®, and Rb®, respectively. The 
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Fic. 4. Activity observed on samples collected at rf frequencies 
appropriate to the spins indicated. The circles are proportional 
to the counting rates taken shortly after collection. The squares 
are’ proportional to counting rates measured several days after 
collection. All the counting rates are extrapolated to the end of 
the bombardment. The apparatus background is subtracted and 
theindividual rates are normalized to the appropriate components 
in the beam The intensities follow the ratio 1/(27+1). 
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SILSBEE, AND SUNDERLAND 
total counting rate predicted is 3.310" cpm. The 
total Rb activity produced is 7.6X10 cpm. The 
ratio of Rb* to Rb® activity predicted is 2.5; the ratio 
observed is 1.9. The ratio of the combined Rb® plus 
Rb* activity to the combined Rb* plus Rb® predicted 
is 2.4X10-*; the ratio observed is 2.7X10-*. The 
prediction for the activity ratio of Rb® to Rb* is 4 to 
1. This is in only crude agreement with the observed 
decay. The over-all agreement is taken as satisfactory 
in view of the relatively rough assumptions that 
necessarily are part of the estimates. 

The over-all results are displayed in Fig. 4. Observed 
intensities are plotted versus given spin settings for 
different buttons and different runs. Effects are observed 
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Fic. 5. The half-life determinations of the samples corresponding 
to J=3/2 and J=S. 


only for J=3/2, J=2, I=5/2, and I=5. No effect is 
observed for the other spin values indicated. The 
experimental data as taken are not seen in this curve, 
since corrections have been made for the apparatus 
background and half-life of each component, and the 
counting rate is normalized to the fraction of isotopic 
abundance in the main beam. This normalization shows 
the variation in intensity with spin as expected. The 
theoretical intensity is 1/(27+1) of the main beam. 
The effect of the stop wire and transition probability 
is to reduce the observed intensity to 0.25/(27+-1) for 
the carrier beam; this is approximately the ratio in 
Fig. 1. This is itself a partial verification of the assign- 
ments. To discuss the experimental verification in 
detail it is convenient to discuss each isotope separately. 





SPINS OF Rb ISOTOPES 


Rubidium-81; I= 3/2.—This resonance was observed 
several times. Sufficient material was deposited to 
permit a reasonably accurate half-life determination. 
Figure 5 is such a decay curve, and the half-life is 
observed to be 4.7 hours, which is the previously 
reported values.? For comparison the Rb® decay is 
shown on the same figure. 

Rubidium-82; I=5.—This resonance was also ob- 
served several times and at several values of the field. 
The primary identification was made by use of the 
half-lives measured from the decay curves of the 
samples on the resonance buttons. The result of 6.3 
hours (Fig. 5) agrees with the reported values.? As an 
example of the performance of the apparatus, two full 
resonance curves for this isotope are shown in Fig. 6. 

Rubidium-83; I=5/2.—After a few days the Rb* 
and Rb® components decay away and the buttons 
can be recounted for residual activity so as to determine 
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Fic. 6. Typical resonances for Rb™. 


the Rb® and Rb™ spins. Figure 7 shows the decay 
curves of the buttons corresponding to J=3/2, J=5/2, 
and I=7/2, collected under experimentally similar 
conditions; after three days the J=5/2 button alone 
shows a significant counting rate. Figure 8 is the decay 
curve of this sample taken over several months. The 
measured half-life is 82 days. This is to be compared 
with the reported 83-day half-life.‘ The same counter 
was used to observe the decay of the full-beam sample. 
The measured half-life is 76 days, showing the compara- 
tive enrichment of the sample of Rb®, J=5/2. 
Rubidium-84; I=2.—The low abundance of this 
isotope made this the most difficult determination. 
Figure 9 is the observed (uncorrected) resonance curve 
for Rb® and Rb™ combined. The Rb™ resonance is 
not very far above background, and the existence of 
an actual peak was verified by repeating the observation 
several times. Furthermore, the decay curve of the 
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Fic. 7. The decay of the samples corresponding to /=3/2, 
5/2, and 7/2, taken under similar conditions. The residual count 
for /=5/2 implies the spin of Rb®. 


resonance sample on the same counter as the Rb® 
sample and the full-beam sample (Fig. 8) yielded a 
half-life of 43 days. The experimental value for Rb* 
is 33.0 days.’ The difference is due to the relatively 
low abundance of the Rb* and the background con- 
tamination of the Rb®*. An experimental estimate of 
this background subtracted from the decay of the 
I=2 peak yields a half-life of 36 days, which is reason- 
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Fic. 8. Decay curves for a direct beam sample compared to 
I=5/2 and J=2 samples taken in the same counter. The J =5/2 
= yield half-lives close to those for Rb® and Rb*®, respec- 
tively. 
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Fic. 9. Resonances of Rb® and Rb™. No apparatus 
background is subtracted. 


able. Figure 10 is the comparison of the decays of 
spin-1 and spin-2 samples, showing the residual count 
for J=2. 

The identifications, then, are based on the following: 


1. There are four isotopes reported of half-life 
greater than 1 hour. There is a short-lived pair (~5 
hours), one of which is odd A, the other even A. There 
is a long-lived pair (~30—80 days), one of which is 
odd A and the other even A. Only four resonances are 
observed for spin values and activities that can be 
assigned uniquely on this basis. 

2. The chemistry, including the calcium reduction 
in the oven, is such that only an alkali is likely to be 
present in the beam at the oven temperatures. 

3. The x-rays observed in counting are characteristic 
of a Z in the neighborhood of Rb and Br and cannot, 
for example, come from products of (a,kn) on Ba 
except for accidental effects. 

4. The measured half-lives of the observed resonance 
peak samples are close to those reported in the literature. 

5. The relative abundances observed in the full 
beam and in the resonances are approximately those 
predicted by current nuclear theory and the observed 
spin values. 
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Fic. 10. Decay curves for /=1 and J=2 samples 
taken under similar conditions. 





VI. DISCUSSION 


The spins of rubidium isotopes, which are now 
complete from mass 81 through 87, show an interesting 
parabolic form for the difference between the energies 
(including pairing effects) of the fs/2 and p32 proton 
levels. The ground state is apparently p32 for Rb*®, 
Rb*’, and perhaps Rb**,!® while the fs;2 appears to be 
favored for Rb®, Rb**, and perhaps Rb*. The occur- 
rence of spin 2 in Rb™ and Rb* but spin 5 in Rb® also 
suggests that isomerism occurs in the even-mass 
rubidium nuclei. A projected investigation of the 
20-minute Rb™™ will be of interest in this connection. 
Details of the coupling scheme of the neutron-proton 
system in odd-odd nuclei will be well understood only 
upon consideration of the nuclei of Z+1 as well as 
the nuclei of V+1; hence similar investigations of the 
strontium and krypton isotopes are desirable. 

The authors wish to express their thanks to Professor 
Segré for his help in starting this program and to 
Professor Helmholz for his help in problems associated 
with the decay schemes of the Rb isotopes. 
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Q Value for the Cu®°(p,n)Zn® Reaction* 


J. B. Marionf AND R. W. KAVANAGH 
Kellogg Radiation Laboratory, California Institule of Technology, Pasadena, California 
(Received June 22, 1956) 


The threshold for neutron emission from the Cu®(p,n)Zn® reaction has been measured to be 2.1653 
+0.0015 Mev, relative to the Li7(p,n)Be’ threshold at 1.8811 Mev. The Q-value, —2.1322+0.0015 Mev, 
is in close agreement with previous threshold measurements and with the results of the Zn® 6-decay and 
neutron scattering measurements. This indicates that compound nucleus resonances probably do not affect 
the determination of the Q-value for this reaction from the neutron threshold. 





ETERMINATIONS of the Q value for the 

Cu®(p,n)Zn® reaction have recently been made 
by measuring the threshold for neutron emission,!:* by 
the scattering of the neutrons from this reaction® from 
the 585-kev resonance in sulfur,‘ and by the measure- 
ment® of the 6-ray end point in the decay of Zn®. 
The neutron threshold measurements yielded Q-values 
of —2.137+0.005 (Oak Ridge group’) and —2.136 
+0.004 Mev (Rice group’); the neutron scattering’ 
and §-decay®® results gave values of —2.131+0.005 
and —2.130+0.0013 Mev respectively. Although these 
measurements are all consistent within the stated 
probable errors, the neutron threshold determinations 
are slightly higher than the scattering and #-decay 


TABLE I. Q-values for the Cu®(p,n)Zn® reaction. 








Method Reference 


Neutron threshold 1 
Neutron threshold 2 
Neutron scattering 3 
Zn® 8-decay and n-p 5,6 
mass difference 
Neutron threshold 


—Q (Mev) 


2.137 +0.005 
2.136 +0.004 
2.131 +0.005* 
2.130 +0.0013> 


2.1322+0.0015 
2.13152-0.0009 





Present work 


Weighted mean‘ 








*® This value was incorrectly listed as 2.141 Mev in the abstract of 
reference 3. 

+ Computed from Zn*—Cu* =1,347+0.001 Mev (reference 5) and 
n-p =0.7830 +0.0009 Mev (reference 6). 

¢ The indicated uncertainty is the internal probable error of the five 
results. The external probable error is 0.0007 Mev. 


*Supported by the joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

t National Science Foundation Postdoctoral Fellow; now at 
the University of Rochester, Rochester, New York. 

1 Kington, Bair, Cohn, and Willard, Phys. Rev. 99, 1393 (1955). 

2 Brugger, Bonner, and Marion, Phys. Rev. 100, 84 (1955). 

3 J. B. Marion and R. A. Chapman, Phys. Rev. 101, 283 (1956). 

‘DP. J. Hughes and J. A. Harvey, Neutron Cross Sections, 
Brookhaven National Laboratory Report BNL-325 (Superintend- 
ent of Documents, U. S. Government Printing Office, Washington, 
D: C., 1955). 

5R. W. King, Revs. Modern Phys. 26, 388 (1954). 

6 A. H. Wapstra, Physica 21, 367 (1955). 


results. It has been pointed out’ that a neutron threshold 
measurement may give too high a Q value if the theo- 
retical threshold falls between two resonances in the 
compound nucleus such that no appreciable neutron 
yield is observed until the next resonance is reached. 
The scattering and 6-decay measurements, however, 
give the Q value directly. In order to clarify this point 
with regard to the Cu®(p,u)Zn® reaction, a new and 
more accurate measurement of the neutron threshold 
energy has been made. 

The electrostatic analyzer of the Kellogg Laboratory’s 
3-Mev Van de Graaff generator was calibrated by 
observing the Li’(p,n)Be’ threshold at 1.8811+0.0005 
Mev.’ The neutron detector was a “‘slow-neutron BF; 
counter” of the type used in “‘counter ratio” investiga- 
tions of neutron thresholds.** A liquid-air trap in the 
vicinity of the target essentially prevented carbon 
buildup on the targets; several runs over the thresholds 
showed no observable displacements due to carbon 
deposits. Targets for the Cu®(p,2)Zn® threshold 
measurement were made from natural copper foil and 
separated? Cu® evaporated onto a gold backing. The 
threshold energy as determined with these targets was 
2.165340.0015 Mev; the corresponding Q value is 
—2.1322+0.0015 Mev. This value is compared with 
the previous measurements in Table I. The mean of 
these values weighted by the inverse of the squares of 
the stated probable errors is —2.1315+0.0009 Mev. 

Since this new measurement of the Cu®(p,7)Zn® 
Q value agrees well with the neutron scattering and 
B-decay results, it is concluded that compound nucleus 
resonances do not affect the threshold measurements in 
this reaction, at least within the uncertainty of the 
most accurate presently available results. 

7 Jones, Douglas, McEllistrem, and Richards, Phys. Rev. 94, 
947 (1954). 

®T. W. Bonner and C. F. Cook, Phys. Rev. 96, 122 (1954); 
Marion, Brugger, and Bonner, Phys. Rev. 100, 46 (1955). 


® The separated Cu® was purchased from the Atomic Energy 
Research Establishment, Harwell, England. 





PHYSICAL REVIEW VOLUME 


104, 


NUMBER 1 OCTOBER 1, 1956 


Photoprotons from Be, C, and O* 


L. Conen, A. K. MAnn, B. J. Patron, K. REmBEt,t} W. E. STEPHENS, AND E. J. WINHOLD 
Physics Department, University of Pennsylvania, Philadelphia, Pennsylvania 
(Received June 25, 1956) 


The photoprotons ejected from thin foils of beryllium, carbon, and polyethylene and from oxygen gas by 
25-Mev betatron bremsstrahlung were observed in nuclear emulsions with good resolution. The energy 
distributions and yields of photoprotons were determined for Be, C, and O. Excitation functions for transi- 
tions to the ground states of the residual nuclei have been constructed from the observed photoproton 
energy distributions of C and O. Structure is observed in the proton energy distributions and hence appears 
in the corresponding (y,p) excitation functions. This structure is in rough agreement with that observed in 


(y,m) reactions in C and O. 





INTRODUCTION 


PRINCIPAL feature of photonuclear transmuta- 

tions is the “giant resonance” region of photon 
absorption. Since the photoneutron and photoproton 
yields! in this region seem to exhaust the dipole sum 
rule? (in medium atomic weight nuclei), this resonance 
is ascribed to an electric dipole absorption. The photon 
energy (at least in medium weight nuclei) is soon dis- 
tributed over the nuclear particles and an evaporation® 
of a neutron or proton takes place. 

In light nuclei, the nuclear levels are more widely 
spaced and in some cases the residual nucleus can be 
left in only a few possible levels. In such cases it is 
sometimes possible to identify specific transitions and 
to observe the character of the intermediate excited 
states thus obtaining detailed information concerning 
the photon absorption. In those nuclei in which the 
giant resonance width is less than the spacing of the 
residual nucleus states, the use of heterogeneous brems- 
strahlung photons still allows an identification of the 
transition by the observation of the photoproton 
energy. With these objectives in mind we have meas- 
ured the photoprotons from the light elements beryl- 


TABLE I, Exposure data. 








C (ist run) C (2nd run) Oo 


Polyethylene Oxygen 
sheet gas 


Element Be 
Beryllium Graphite 
Target foil slab 





Thickness (mg/cm*) 5.8 6.3 1,97 21 
Betatron energy (Mev) 23.5 24 24 25 
Roentgens at foil 11 500 17 300 10 900 22 400 
Emulsion type (Ilford) C2X2 C2xX2 C2 C2x2 
Emulsion thickness 

(microns) 100 100 100 200 
Area scanned (cm*) 0.285 0.338 0.63 0.36 
Tracks measured 781 44 873 1123 








* Supported in part by the joint program of the Office of Naval 
Research and U. S. Atomic Energy Commission and by the Air 
Research and Development Command. 

t National Science Foundation Predoctoral Fellow, 1954-1956. 

1A. K. Mann and J. Halpern, Phys. Rev. 82, 733 (1951); 
R. Nathans and J. Halpern, Phys. Rev. 93, 437 (1954) ; Montal- 
betti, Katz, and Goldemberg, Phys. Rev. 91, 659 (1953). 

2 J. S. Levinger and H. A. Bethe, Phys. Rev. 78, 115 (1950). 

3P. R. Byerly and W. E. Stephens, Phys. Rev. 83, 54 (1951). 


lium,‘ carbon,® and oxygen.® Similar investigations have 
been reported independently by Spicer? and Johansson 
and Forlsman* both of whom studied the photodis- 
integration of oxygen at somewhat lower bremsstrahlung 
energies than were used in the present work. 

Several experiments’ have indicated fine structure in 
the “giant resonance” absorption by light elements. 
Our experiments offer independent evidence of this fine 
structure and additional information on the details of 
these levels. 


EXPERIMENTAL PROCEDURE 


A well-collimated bremsstrahlung photon beam from 
a 25-Mev betatron irradiates either a foil or gas target 
and the photoprotons which are ejected are recorded in 
nuclear emulsion plates placed at 90° to the beam. The 
experimental arrangement has been described in pre- 
vious papers.’ The photoproton tracks are scanned 
with a Spencer binocular microscope at a magnification 


TABLE II. Calibration data (energies in Mev). 








Eeorr® Eovs® Half-width 
0.23 
0.21 


0.22 


Reaction 
N¥ (d,p) Nis 


C3(d,p)C# 
C#(d,p)C# 


Ess calc 


9.10 
6.50 
3.40 


QO value* 


8.609 
5.994 
2.723 





8.92 
6.28 
3.07 


8.96 
6.38 
3.12 








® F, Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 (1955). 

>Corrected for passing through 200-microgram/cm? gold foil target 
backing and 3.42-mg/cm? aluminum window. 

© Based on range energy curve for C2X2 Ilford emulsions given by Lees, 
Morrison, and Rosser, Proc. Phys. Soc. (London) A66, 13 (1953). 


*L. Cohen, M.S. thesis, University of Pennsylvania, 1956 
(unpublished). 

5W. E. Stephens and A. K. Mann, Phys. Rev. 98, 241(A) 
(1955) ; K. Reibel, M.S. thesis, University of Pennsylvania, 1956 
(unpublished). 

® Stephens, Mann, Patton, and Winhold, Phys. Rev. 98, 839 
(1955); B. J. Patton, Ph.D. thesis, University of Pennsylvania, 
1955 (unpublished). 

7B. M. Spicer, Phys. Rev. 99, 33 (1955). 

55) E. Johansson and B. Forlsman, Phys. Rev. 99, 1031 
(1955). 

® Katz, Haslam, Horsley, Cameron, and Montalbetti, Phys. 
Rev. 95, 464 (1954); A. S. Penfold and B. M. Spicer, Phys. Rev. 
100, 1377 (1955); Wright, Morrison, Reid, and Atkinson, Proc. 
Phys. Soc. (London) A69, 77 (1956). 

10M. E. Toms and W. E. Stephens, Phys. Rev. 82, 709 (1951); 
92, 362 (1953); 95, 1209 (1954). 
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PHOTOPROTONS FROM 


of 970 times and the proton energies determined from 
the measured ranges. Table I shows the pertinent 
details relating to the various exposures. The roentgen 
doses were measured with an integrating ionization 
chamber calibrated against a Victoreen 100r thimble 
encased in an 8-cm Lucite cylinder. The betatron energy 
was determined from the maximum proton energy 
observed and the proton binding energy. Several of the 
plates used were Ilford C2 type diluted with gelatin by 
a factor 2 (designated C2X 2) in order to reduce back- 
ground. No apparent advantage was thereby gained. 
In order to check both the range-energy calibration 
of the nuclear emulsions and to determine the resolution 
to be expected, we have exposed Ilford C2 2 emulsions 
to monochromatic protons from several (d,p) reactions 
induced in a 3 mg/cm? nylon foil by 800-kev deuterons 
from our statitron. The proton energies to be expected 
at 45° were calculated from the known Q values as 
given in Table II and these energies were corrected for 
the gold foil target backing and aluminum window 
through which the protons had to pass to reach the 
emulsions. The corrected energies are given in column 4 
of Table II. The observed proton ranges were converted 
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Fic. 1. Energy distribution of monoenergetic proton groups as 
observed in C2X2 nuclear emulsion. 


to energy using the range-energy curve of Lees ef al."! 
and are shown in Fig. 1. The good agreement (~1%) 
between the observed mean energies and the calculated 
values is shown in Table II. From this calibration we 
believe the proton energies to be accurate to about 
0.1 Mev. Figure 1 also indicates the limits to resolution, 
approximately 0.2 Mev, imposed primarily by range 
straggling in the emulsion. The only additional uncer- 
tainty in photoproton energy arises from target thick- 
ness corrections which for the higher energy protons are 
small in the oxygen run and in the second carbon run. 
Target thickness in beryllium and gas absorption in 
oxygen become limiting factors for photoprotons of less 
than 5 Mev. 

} The background from (n,p) reactions in the target 
and from neutron recoils in the top layer of the emulsion 
is estimated from observations to be small (~1%) and 
of low energy (~2 Mev) and is therefore neglected. 


11 Lees, Morrison, and Rosser, Proc. Phys. Soc. (London) A66, 
13 (1953). 
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Fic. 2. Observed energy distribution of photoprotons from 
beryllium not corrected for target thickness. 


EXPERIMENTAL RESULTS 
Beryllium 


Figure 2 shows the energy distribution of 781 tracks 
which appeared to come from the beryllium foil at 
angles relative to the incident beam between 45° and 
135°. These tracks were corrected for recoil and their 
ranges increased by the equivalent of half the target 
thickness to give the distribution shown in Fig. 3. 
Below 2 Mev the half-target correction is inadequate 
and the dashed histogram is not a good indication of 
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Fic. 3. Corrected energy distribution of photoprotons from 
beryllium. The upper energy scale is the disintegration energy. 
The lower scale is the photon energy if the recoil nucleus were left 
in its ground state. 
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Fic. 4. Observed energy distribution of 408 photoprotons 
from the first run on carbon. 


the true disintegration energy distribution. If we assume 
a photoproton energy distribution which is roughly 
constant from 0.5 to 3 Mev and correct it for target 
absorption, we obtain agreement with the observed 
data. This assumption is somewhat arbitrary at the 
lower energy end, the 0.5-Mev value having been 
chosen from Coulomb barrier considerations. On this 
basis we estimate that 30% of the photoprotons would 
not emerge from the beryllium foil and 10% of those 
emerging would not be detected because of short 
length in the emulsion. From these considerations we 
have corrected the observed yield of 3.66X10* to 
(5.843) X 10* protons per mole per roentgen (assuming 
isotropic angular distribution). 

It is energetically possible for deuterons as well as 
protons to be emitted in the photodisintegration of 
beryllium since the thresholds are 16.68 and 16.87 Mev 
respectively. We have looked for possible photodeu- 
terons among the photoparticles by grain counting 66 
tracks of length greater than 50 microns. The relatively 
short track lengths severely restricted the reliability of 
this measurement, but no evidence for photodeuterons 
was found. 

Carbon 


The first carbon run was made using as a target the 
thinnest slab which we could grind from a graphite 
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Fic. 5. Observed energy distribution of photoprotons from 
polyethylene (carbon second run) plotted in 0.2-Mev intervals. 
Smooth curve gives the proton distribution predicted from the 
inverse reaction B"(p,y) by applying detailed balancing. 
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plate. The carbon slab was approximately 2 mils thick 
and weighed 6.3 mg/cm*. Figure 4 shows the photo- 
proton energy distribution observed. This histogram is 
corrected for the half-target thickness but not for recoil. 
In an attempt to improve the energy resolution, which 
in this first carbon run was limited by target thickness 
to about 0.4 Mev, a second run was made using a poly- 
ethylene foil of about 2 mg/cm? thickness. The results 
of this exposure are shown in Fig. 5 and show an appreci- 
able improvement in resolution. The energy scale is the 
observed proton energy plus half the effective target 
thickness in Mev. There were 69 tracks which left the 
emulsion before stopping. These were added to the 
curve of Fig. 5 at an energy equal to the average of 
those tracks which stopped in the emulsion and which 
had a range longer than the one in question. Most of 
these were added above 6 Mev. It will be noted that 
the independent distributions of Figs. 4 and 5 are in 
substantial agreement except for difference in resolution. 

The total yield was calculated (using the data of 
Table I) on the assumption that the foil was CHb. 
Different scanned regions in the plate gave yields at 
90° of 13.2, 15.1, 12.4, and 15.610‘ protons per mole 
per roentgen unit. A weighted average gives 14.6 104 
protons per mole per roentgen. The reliability may be 
estimated to be consistent with a 25% probable error. 
When corrected for angular distribution,’ the yield 
is (12+3) X 10‘ protons per mole per roentgen unit. 


Oxygen 


A gaseous target was chosen for the oxygen irradia- 
tion in order to eliminate the effects of other elements 
and to achieve a minimum of target thickness correction 
consistent with measurable yield. This was accom- 
plished at a sacrifice of a localized target, introduced 
geometric corrections into the angular distributions, 
and necessitated correction for absorption in the oxygen 
gas. It is possible that inaccuracies in this latter correc- 
tion reduced slightly the resolution to be expected. The 
gaseous absorption also introduces a cutoff for the 
detection of low-energy protons. Since long-range pro- 
tons were expected because of the low binding energy 
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Fic. 6, Observed energy distribution of 1123 photoprotons from 
oxygen corrected for gas absorption. 


2 Halpern, Mann, and Rothman, Phys. Rev. 87, 164 (1952). 
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of protons in oxygen (12.11 Mev), 200-micron emulsions 
were used in this run. 

Three areas on the chosen plate were scanned. Area I 
was 5 mm from the emulsion edge nearest the incident 
beam and 227 tracks were found at 90°+30° in 0.086 
cm? of plate. However, 18% of the tracks observed went 
through the emulsion and entered the glass backing. 
To improve the measurement of the higher energy 
protons, an additional 0.278 cm? at 3 cm from the edge 
was scanned. This scanning yielded 315 tracks at 
90°+30° of which only 3% went out of the emulsion. 
In both these areas, the absorption of the oxygen gas 
was important for low-energy protons and especially 
important for those at angles greater than 30° to the 
plane normal to the beam. The oxygen absorption cut 
off low-energy protons at 1.3 and 1.8 Mev for angles 
greater than 30° in areas I and II respectively. To 
reduce this biasing effect, another area (III) was 
scanned closer to the edge in a less fogged plate. 

The observed proton energy distribution from 1123 
tracks found in areas I and II at angles 30° to 150° 
from the beam is plotted in Fig. 6. These tracks have 
been corrected for oxygen gas absorption and dip and 
the energies determined from the range-energy curve of 
Lees et al. Each track which left the emulsion was added 
to the curve at the average energy of those tracks 
longer than itself. 

The yield can be calculated as 10.7 10* protons per 
mole per roentgen unit for region I and 11.510‘ for 
region II. The weighted average of these is 11.210 
protons per mole per roentgen at 25-Mev brems- 
strahlung and is estimated to be accurate to about 
20%. Angular distributions were determined for each 
of the proton peaks of Fig. 6. Poor statistics and un- 
certain geometrical corrections did not allow a definitive 
interpretation of the angular distribution of each peak. 
Nevertheless, the data seem to indicate isotropy for 
the protons of energy less than 6 Mev and a distribution 
peaked around 90° with possibly some forward shift 
for protons of greater than 6-Mev energy as shown in 
Fig. 7. 


Discussion 


In order profitably to discuss the implications of the 
observed photoproton yields (summarized in Table ITT) 
and energy distributions presented in the previous 
sections, it is necessary to identify the energy of the 
photon whose absorption caused the emission of the 
photoproton. The continuous spectrum of the incident 


TABLE III. Photoproton yields. 








Be Cc oO 
23.5 24 25 





Betatron energy (Mev) 
Photoproton yield (protons/ 
mole roentgen) (12+3) X10 (1143) K104 
Approximate integrated cross 
section (Mev-mb (32) ~60 ~60 
Dipole sum rule (Mev-mb) 190 250 340 


(5.843) X104 
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Fic. 7. Angular distri- 
bution of high-energy 
photoprotons from oxy- 
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bremsstrahlung radiation and the possibility of leaving 
the residual nucleus in one of several states makes this 
difficult. (The level schemes and relations between 
photon and proton energies for the nuclei that have been 
studied are presented in Fig. 8.) Nevertheless, those 
protons which have energies greater than the difference 
between the maximum photon energy and the threshold 
energy for transitions to the first excited state of the 
residual nucleus must be associated with transitions to 
the ground state. From this part of the photoproton 
energy spectrum it is then possible, with a knowledge 
of the bremsstrahlung spectrum, to construct a partial 
curve of cross section versus photon energy for the 
process of photoproton emission leading to the ground 
state of the residual nucleus. The rest of the photo- 
proton energy distribution can be translated to an 
excitation curve only if additional information is avail- 
able or if simplifying assumptions are made. 

Beryllium.—The observed beryllium photoproton 
yield of 5.8X10' protons per mole per roentgen at 
23.5-Mev bremsstrahlung energy is considerably greater 
than the value of (1.8+0.6)10* reported previously 
by Mann and Halpern."* The difference is due to an 
incorrect estimate of the large absorption of the low- 
energy protons in the rather thick targets of the latter 
experiment. 
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Fic. 8. Level schemes and transitions associated with the 
photoprotons from beryllium, carbon, and oxygen. 


13 A, K, Mann and J. Halpern, Phys. Rev. 82, 733 (1951). 
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Haslam ef al. report a yield of the radioactivity of 
Li® from Be*(y,p)Li® of 2.34X 104 lithium-eight nuclei 
per mole per roentgen unit at 24 Mev. Haslam also 
gives a crosss-ection curve for this reaction from which 
an integrated cross section of 13 Mev-mb is deduced 
for the giant resonance whose peak is located at 22 Mev. 
If we assume that the photoproton emission cross 
section has a similar shape, then we can estimate from 
our photoproton yield an integrated cross section for 
photoprotons of 32 Mev mb. This value, however, 
includes contributions from both the Be*(y,p)Li® and 
Be*(y,np)Li’ reactions. 

Nathans and Halpern’ have measured the excitation 
function for photoneutron emission from beryllium and 
deduce a cross section curve which has peaks at 10 Mev 
and 22 Mev. The 10-Mev peak can only be produced by 
Be*(y,n) because of energy considerations. The 22-Mev 
peak may arise from both Be*(y,n)Be® and Be*(y,np)Li* 
and has an integrated cross section of 15 Mev mb. 
The level schemes of Li’ and Be® (see Fig. 8) make it 
seem reasonable that much of this 15 Mev-mb is due to 
Be*(y,np)Li’. The integrated cross section for photo- 
proton emission will be the sum of the Be®(y,p)Li® and 
Be*(y,np)Li’ cross sections, i.e., of the order of 28 
Mev-mb, assuming that most of the 22-Mev photo- 
neutron resonance is Be*(y,np). Our measured value of 
32 Mev mb is in reasonable agreement with that value. 

The energy distribution of the beryllium photo- 
protons (Fig. 3) shows very few protons of energy 
greater than 4 Mev, implying that transitions to the 
ground and first excited states of Li® are relatively rare. 
The presence of many low-energy protons is consistent 
with the suggestion made above that a significant 
fraction of the observed photoprotons are associated 
with transitions from Be® levels to Li’ following neutron 
emission from Be’. 

Carbon.—The carbon photoproton yield of (12+3) 
X10* protons per mole per roentgen unit is slightly 
lower than the value of (18+3)X10* obtained from 
counter measurements by Halpern and Mann.!* The 
difference is probably associated with an over-correction 
for target absorption of photoprotons in the latter 
value. Using our measured energy distribution, it is 
possible to recorrect the counter data for target absorp- 
tion and obtain a yield of 9.5X 10‘ in satisfactory agree- 
ment with the present result. 

In analyzing the energy distribution data of Fig. 5, 
it must be noted that protons of energies less than 
5.4 Mev can be produced not only in transitions to the 
ground state of B'!, but also in transitions to the first 
excited state of B'! at 2.14 Mev. Likewise, protons of 
energy less than 2.7 Mev can be produced also in transi- 


™“ Haslam, Katz, Crosby, Summers-Gill, and Cameron, Can. J. 
Phys. 31, 210 (1953). 
18 R. Nathans and J. Halpern, Phys. Rev. 92, 940 (1953). 
16 J. Halpern and A. K. Mann, Phys. Rev. 83, 370 (1951). The 
energy distribution assumed in this reference for the carbon photo- 
rotons in order to correct for target absorption was peaked 
wer than the actual distribution which is shown in Fig. § 
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tions to the 4.46 and 5.03 Mev levels of B! (see Fig. 8). 
Interpretation of the portion of the proton spectrum 
below 5.4 Mev is thus not clear. We can however, 
utilize information on the cross section of the inverse 
reaction B"(p,y)C™ leading directly to the C!* ground 
state by applying the principle of detailed balance. The 
absolute 90° cross section for production of the ‘16’- 
Mev capture gamma ray leaving the C” in its ground 
state was obtained by correcting the high-energy proton 
data of Bair et al.!” for channel width and resolution and 
normalizing them to the low-energy proton absolute 
data of Huus and Day.'* The smooth curve of Fig. 5 is 
the expected energy distribution of photoprotons ejected 
by the bremsstrahlung photons leaving the B" in its 
ground state as calculated from the inverse reaction 
data using detailed balance. This curve has roughly the 
same shape as our experimental spectrum although the 
number of protons is somewhat less. The uncertainty 
in each curve in the region 3 to 5 Mev is of the order of 
25% so that the discrepancy is within the experimental 
errors. The fraction of the protons in the energy region 
below 5 Mev produced in transitions to the excited 
states of B™ can be estimated very roughly from the 
difference between the two curves as one-fourth. This is 
not the same as the fraction of photon absorptions 
which result in transitions to the excited states since, 
for instance, the fraction of photon absorptions between 
21.4 and 23.4 Mev which go to the first excited state is 
obtained (in principle) by subtracting the ground state 
protons (determined from detailed balancing) between 
3.0 and 3.9 Mev from all those observed in this region 
and comparing with the observed protons in the region 
between 5.0 and 5.9 Mev. In this fashion the fraction of 
photon absorption in the giant resonance region with 
proton emission which results in transition to the first 
excited state compared to the ground state can be 
estimated very roughly to be } to 3. Phase space and 
penetrability factors account for a ratio of 3. This value 
may be lowered to about $ by reduced width considera- 
tions. Using the simplifying assumption that all of 
the protons are associated with transitions to the ground 
state of B", we transform the proton energy distribution 
of Fig. 5 into a cross-section curve (shown in Fig. 9) 
for photon absorption with emission of photoprotons at 
90° to the photon beam. This will be inexact to the 
extent of the transitions to the excited states of B™. 
Any protons which leave B" in the 2.14-Mev excited 
state should be associated with a photon energy 2.14 
Mev greater and hence would be multiplied by a larger 
bremsstrahlung factor. This would increase the cross 
section in the region of the peak. The smooth curve in 
Fig. 9 is the cross section for photoproton emission 
leaving B" in its ground state as predicted by detail 
balance from the B!(p,y) cross section. The circle 


17 Bair, Kington, and Willard, Phys. Rev. 100, 21 (1955). 
18 T, Huus and R. B. Day, Phys. Rev. 91, 599 (1953). 
19 Mann Stephens, and Wilkinson, Phys. Rev. 97, 1184 (1955). 
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represents an absolute value of C!*(y,p) measured at 
17.63-Mev gamma-ray energy by Mann and Titterton.” 

The integrated cross section deduced from Fig. 9 is 
about 56 Mev mb. The apparent numbers of protons 
of energy less than 5.3 Mev which are produced in 
transitions to the excited states of B' could increase 
the integrated cross section (because of the different 
bremsstrahlung factor) by possibly 5 to 10 Mev mb. 

A striking feature of the data is the fine structure in 
the proton energy distribution of Fig. 5 which is re- 
flected in the cross-section curve of Fig. 9. Resonances 
occur with some certainty at 21.5 and 22.6 Mev and 
possibly also at 20.8 and 23.1 Mev. The 17.3-Mev 
group appears to correspond in location and approxi- 
mate magnitude to the broad 1~ or 2+ state”! at 17.22 
Mev in C? found by proton capture in B!". Interpreta- 
tion of the 20.8-Mev peak is not certain. It is most 
probably a resonance to the B" ground state, although 
it may partly be associated with photon absorption at 
about 23 Mev followed by transition to the first excited 
state of B'!. If one assumes transitions to the B! 
ground state, the integrated cross sections for the 
resonances at 17.3, 20.8, 21.5, and 22.6 Mev are roughly 
2, 6, 9, and 12 Mev mb. Our resolution is such that 
each of these may well consist of narrower unresolved 
levels. 

The giant resonance is generally ascribed primarily 
to electric dipole absorption of the incident radiation 
by the target nucleus. Since the ground state of C!? is 0*, 
such absorption can lead only to 1~ excited states in 
C which may decay by the emission of protons to B"™ 
or neutrons to C!!, The latter are mirror nuclei with 
similar low-lying states whose spins and parities makes 
them accessible to transitions from the 1~ states in C'*. 
(The binding energy of a neutron in C” is 18.71 Mev 
so no states in C!* below this excitation energy will be 
associated with the emission of neutrons.) It is to be 
expected that fine structure in the excitation function 
for C!?(7,p)B" will be approximately similar to that 
for C!2(y,n)C" which has been determined from beta- 
tron excitation yield measurements.’ The latter method 
is apparently of greater resolution than is available in 
the proton work but there is rough agreement in the 
location and magnitude of the resonances observed in 
the photoproton reactions with those observed in the 
photoneutron reaction in C’’. It should be emphasized 
that the experimental uncertainties involved in both 
measurements are considerable and prevent precise 
comparison; nevertheless, it appears that the proton 
energy distribution and the inferred cross-section curve 
may be interpreted as providing independent con- 
firming evidence of structure in the giant resonance 
in C™, 

Oxygen.—It will be seen that the energy distribution 
of Fig. 6 contains several clearly delineated proton 


2 A. K. Mann and E. W. Titterton (to be oe. 


21H. E. Gove and E. G. Paul, Phys. Rev. 97, 104 (1955). 
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Fic. 9. Photon absorption cross-section curve for the ejection of 
photoprotons from carbon obtained from Fig. 5 on the assumption 
that the resultant B" nucleus is always left in its ground state. 
This curve gives an upper limit to the cross section for photon 
energies below about 20.5 Mev and a lower limit for higher 
energies. The curve is uncertain above photon energies of 23 Mev 
because of statistical uncertainties and corrections. The smooth 
curve is the cross section predicted from B"(p,7) data by detailed 
balancing. The point at 17.6 Mev is due to Mann and Titterton, 
reference 20. 


groups which have been labeled alphabetically. Groups 
D, E, and F can consist only of protons emitted in 
transitions to the 3~ ground state of N'® because 
transitions to higher states would not produce protons 
of energy greater than 6.5 Mev. Therefore, each of these 
groups must correspond to a resonance in the photon 
absorption cross section. This part of the proton energy 
distribution can then be transformed into a cross section 
curve for grounds-tate transitions as shown in Fig. 10. 
The large peak at 22.4 Mev comprises a major fraction 
of the giant resonance and presumably results from 
excitation of O'* into one or more 1~ states. The smaller 
peaks appear to be partially resolved resonances at 
19.6 and 20.6 Mev. The integrated cross sections are 
approximately 20 Mev mb for the larger peak and 
2 Mev-mb for each of the smaller ones. The measure- 


22 


ments of Katz et al.” of the O'%(y,n)O" yield curve 


22 Katz, Haslam, Horsley, Cameron, and Montalbetti, Phys. 
Rev. 95, 464 (1954). 
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Fic. 10. Photon absorption cross-section curve for the ejection 
of photoprotons from oxygen obtained from Fig. 6 on the assump- 
tion that the resultant N’ nucleus is left in its ground state. 


indicate a strong resonance at 21.9 Mev of estimated 
integrated cross section 7.5 Mev mb and smaller reso- 
nances (each approximately 2 Mev mb) at 19.3 and 
20.7 Mev. More recently, Penfold and Spicer* have 
found indications of a larger number of closely spaced 
levels in O'*(y,n)O'. Although these closely spaced 
resonances are not resolved in the photoproton work, 
nevertheless, as in C!*, there seems to be rough agree- 
ment of the structure observed in both (y,”) and (y7,p) 
reactions in O°. 

Groups A, B, and C of Fig. 6 could result either from 
transitions to excited states of N' at 5.3-, 6.3-, and 7.3- 
Mev excitation, or from absorption of photons of lesser 
energy and subsequent decay to the ground state of N™. 
Again, evidence from other experiments aids in assigning 
these proton groups. Spicer’ has observed an absorption 
resonance in oxygen at about 14.7 Mev which has been 
ascribed to electric quadrupole absorption.“ Protons 
from this resonance would contribute to group A. Our 
observation of approximate isotropy for protons of 
group A is consistent with a superposition of Spicer’s 
observed (1+-cos*@) angular distribution and a (1+sin*#) 
distribution which might be expected for » protons 
resulting from transitions between a 1~ giant resonance 
state in O"* and the $* state in N™ at 7.3 Mev (or a tail 
of the 6.3-Mev state). 

Recently reported measurements of gamma rays 
emitted in the photodisintegration of oxygen” indicate 
a predominance of 6.3-Mev gammas associated with 
O'*(y,p) and O'*(y,n). This appears to be evidence for 


% A. S. Penfold and B. M. Spicer, Phys. Rev. 100, 1377 (1955). 

% JT). H. Wilkinson, Phys. Rev. 99, 1347 (1955). 

%6N. Svantesson, Bull. Am. Phys. Soc. Ser. II, 1, 28 (1956), 
private communications from E. Fuller and E. Hayward. 
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assigning a large probability to transitions to the 3- 
state at 6.3 Mev compared with transitions to the states 
at 5.3 and 7.3 Mev, and makes it likely that group B is 
due to these favored transitions. The origin of the 
remaining group C, is uncertain. It may arise in part 
from transitions to the 6.3-Mev state and in part from 
photon absorption by a level in O'* near 17 Mev. The 
work of Johansson and Forlsman® suggests such a level 
but this is not substantiated by Spicer’s measurements’ 
in the same region. 

The transitions from the 1~ states of O'* to the 4- 
ground state of N' can yield photoprotons with zero 
or two units of angular momentum. It might be ex- 
pected that the d protons would be inhibited by the 
centrifugal barrier. The s protons should then give 
isotropic angular distribution. Yet we find these protons 
to have an angular distribution peaked near 90° as 
shown in Fig. 7, indicating appreciable enhancement of 
protons of nonzero angular momentum. A similar en- 
hencement of d protons was observed in carbon.'? 
A model which provides such an enhancement is the 
independent-particle model proposed by Wilkinson.”® In 
this model the initial nucleus is considered to be well 
described by a shell model state. The excitation transi- 
tions allowed on the absorption of a photon are those 
in which no more than one nuclear particle changes its 
configuration. In particular, a proton from the last 
closed shell is elevated to an /+1 shell by an electric 
dipole photon absorption. If this excited proton is 
emitted before interacting with the rest of the nucleus, 
it will of course carry /+-1 units of angular momentum 
away with it, leaving the resultant nucleus in a “parent” 
state. In the oxygen photoproton case, transitions 
should be probable only to those states in N° which are 
“parents” of the ground state of oxygen. Since the 
transitions involve protons in the p; or p; shells of O'% 
excited to the dy or d; states in O"*, there are only two 
“parent” states in N* on both 77 and LS coupling, 
namely, the }~ ground state and 3~ excited state 
(6.3 Mev) of N'. As discussed above, the present 
oxygen data combined with Svantesson’s* observations 
on the 6.3-Mev gamma ray are consistent with this 
model. However, the presence of several narrow, closely 
spaced absorption resonances”’ seems to indicate strong 
mixing between states involving single-particle excita- 
tion and those in which the excitation energy is shared 
among several particles. 

26D). H. Wilkinson, Proceedings of the 1954 Glasgow Conference 


on Nuclear and Meson Physics (Pergamon Press, London, 1955), 


p. 161. 
27 Also known from (y,m) work at Saskatchewan and Illinois 


(see reference 9). 
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Excitation functions were measured for two nitrogen-induced nuclear reactions on sodium, Na**(N',ap)P% 
and Na*(N"4,@2)Si*!. The total cross section at 26 Mev for the first reaction is 91+18 millibarns and for the 
second reaction 4.10.8 millibarns. A calculation based on the statistical model of the nucleus gives a value of 
about 50 for the ratio of op32/eg;31, which may be compared with the experimental ratio of 22+5. 





INTRODUCTION 


EASUREMENTS of total cross sections for nu- 
clear reactions produced by nitrogen ions on 
various target elements have been reported previously.' 
This paper describes the measurement of the cross 
sections for two reactions produced by nitrogen on 
sodium. The experiments constitute part of a systematic 
survey of nuclear reactions which lead to the formation 
of radioactive residual nuclides from the nitrogen bom- 
bardment of light elements. The Coulomb barrier limits 
the use of 26-Mev nitrogen ions available at this 
laboratory to the study of reactions in elements lighter 
than calcium. 

The two reactions studied in sodium are 
Na*(N",ap)P® and Na*(N",a2)Si*". These reactions 
were chosen among the many possible ones because of 
the convenient half-lives of the residual nuclei, and be- 
cause the similarity of the evaporated particles from the 
two reactions makes comparison with the predictions of 
the statistical theory of nuclear reactions relatively easy. 

With nitrogen-induced reactions, highly excited com- 
pound nuclei may be formed with little likelihood of 
competition from a direct interaction mechanism. The 
average energy per nucleon in the incident nitrogen 
nucleus is less than 1.86 Mev while the Q for the forma- 
tion of the compound nucleus, A*’, is +24.36 Mev. It is 
therefore likely that (N“,ap) or (N“,a2) reactions such 
as the ones reported here proceed through a compound 
nucleus process during which the nitrogen and sodium 
nuclei fuse and a particles and protons are emitted 
subsequently. There is, of course, always the possibility 
that surface reactions are of importance here, and that 
one has to deal with highly excited portions of nuclear 
matter rather than with uniformly excited compound 
nuclei. This experiment does not distinguish between 
these two mechanisms. 


EXPERIMENTAL METHOD 


The excitation functions were measured in a manner 
reported previously.! Sodium bromide was chosen for 
the targets because it is a stable sodium compound 


1H, L. Reynolds and A. Zucker, Phys. Rev. 96, 1615 (1954) ; 
Reynolds, Scott, and Zucker, Phys. Rev. 102, 237 (1956); Webb, 
Reynolds, and Zucker, Phys. Rev. 102, 749 (1956). 


unlikely to dissociate at bombardment temperatures. 
No nuclear reactions are possible with bromine because 
of its high Coulomb barrier. Sodium bromide crystals 
were pressed into {-inch diameter brass molds under a 
pressure of 40 tons/inch?. The resulting targets were 
about 75 inch thick, had a smooth hard surface, and 
could be stored indefinitely in a desiccator. The targets 
were bombarded in the external beam of the ORNL 
63-inch cyclotron. Thin nickel foils varying in thickness 
from 0.5 mg/cm? to 3.3 mg/cm? were placed in front of 
the targets to degrade the beam energy, so that thick 
target yields could be measured from 14-Mev to 26-Mev 
laboratory energy. Bombardments lasted from half an 
hour to over four hours, depending on the nuclide which 
was to be counted and on the incident energy. The 
current to the target was measured and integrated with 
a vibrating reed electrometer, and simultaneously 
plotted on a recording microammeter to determine how 
much the time variations of beam intensity would affect 
the yields. 

Phos phorus-32.—The yields of P® were determined by 
letting the shorter activities in the target decay for 
several days and then counting the target under a 
shielded end-window Geiger counter for 20 to 40 days. 
The P® was identified from its characteristic 14.3-day 
half-life, and no chemical separations were necessary. 

Silicon-31.—The 2.6-hour half-life of Si*! made chemi- 
cal separation necessary, lest the Si*! yields be incorrectly 
determined in a background of radiation from other 
nuclides with half-lives of the same order. The sodium 
bromide target was dissolved in dilute hydrochloric acid 
and about 10 mg of silicon as (NH,)2SiFs was added. 
Boric acid was added to complex any possible fluorine 
activity, giving added assurance that the precipitate of 
SiO2 would not be contaminated with this activity. Five 
milliliters of concentrated HCl was added and SiO, 
precipitated by digestion. The precipitate was carefully 
washed with warm dilute hydrochloric acid. The SiOz 
was dissolved in a minimum of KOH and the solution 
made strongly acid with HCl; SiO. was again precipi- 
tated by digestion. Dissolution and precipitation were 
repeated twice more. The SiO, was then filtered, 
ignited, and weighed to determine chemical yields. 
After the chemical separation SiO, was counted in a 
shielded calibrated Geiger counter. 
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RESULTS 


The thick-target yields for the two reactions in sodium 
are shown in Fig. 1. The observed counting rates were 
corrected for electron back-scattering by using the 
measurements of Zumwalt,? and for counter efficiency 
by comparison with a RaE standard obtained from the 
National Bureau of Standards. Each corrected counting 
rate was converted to a thick-target yield by taking into 
account the chemical yield, beam current, and bom- 
bardment time. The standard error in the absolute value 
of the yields is about 15%, mostly due to inaccuracies in 
Geiger counter calibrations. The relative errors in the 
yields are somewhat smaller, as may be seen from the 
inspection of the yield curves. 

By differentiating the smooth curves drawn to fit the 
experimental yield points, one obtains the cross section 
as a function of energy, shown in Fig. 2. The stopping 
power of NaBr for nitrogen ions was calculated from the 
known stopping power of nickel for nitrogen and the 
relative stopping power for nickel and NaBr for protons 
of the same velocity as the nitrogen ions. The proton 
stopping powers were taken from Allison and Warshaw.* 
This method of calculating the range of nitrogen ions in 
various materials has been checked experimentally be- 
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Fic. 1. Thick-target yields for the two reactions Na*(N",ap) P® 
and Na*(N",a2)Si* as a function of incident nitrogen energy. 
*L. R. Zumwalt, U. S. Atomic Energy Commission Report 

MDDC-1346, 1947 (unpublished). 
3S. K. Allison and S. D. Warshaw, Revs. Modern Phys. 25, 779 
(1953). 


fore for silver and aluminum.! The errors in the absolute 
values of the cross sections are about 20%. 


DISCUSSION 


It is assumed that the two reactions investigated are 
examples of evaporation of nuclear particles from highly 
excited nuclei. At 26 Mev laboratory energy, the com- 
pound nucleus A*’ is formed with an excitation energy of 
40.5 Mev. It can decay to P® by (ap) or (pa) emission 
and to Si* by (app), (pap), or (ppa) emission. Calcula- 
tions described below show that the (ppa) process 
accounts for less than 10% of the Si*! formed since it is 
improbable that enough energy will remain in the 
nucleus, after the evaporation of two protons, for an 
a particle to be emitted with sufficient energy to pene- 
trate the exit Coulomb barrier. Therefore, it can be seen 
that Si* is, so to speak, a daughter of P®, and that the 
amount of Si*! will depend on the energy level in which 
P® is left after an @ particle and a proton have been 
emitted from the compound nucleus. There are, to be 
sure, other routes involving deuterons, tritons, or He® by 


TABLE I. Comparison of calculated values and experimental 
results. Only one of the absolute cross sections p32 and ogj31 is an 
independent quantity, but both are listed for comparison with 
experimental results. The calculations listed are for two values of a, 
and for ro=1.5X10-8 cm. 








ops 7g i31 
op/F,m =F gi81/0,2 millibarns millibarns %ps2/¢gjs1 


0.270 312.2 
0.571 53.5 


4140.8 22245 





84.2 
30.6 


0.1917 
0.0696 


6.14 X10-4 


“ene = 2.6 
a=14.5 13.0 xK10-4 


values 
Experimental 91418 
values 








which the compound nucleus can decay to P® or Si®. 
These are, however, energetically unfavored and have 
been neglected. 

If it is assumed that the P® and Si* are formed by 
particle evaporation, the results of the experiment may 
be compared with the predictions of the statistical 
theory of nuclear reactions. This was done at one 
incident energy, 26 Mev. The following discussion is 
based on the theory as given by Blatt and Weisskopf.‘ 
The compound nucleus A*” may decay first by the 
emission of a proton, neutron, a-particle, deuteron, etc. 
To determine the probability that the first particle will 
be a proton, the ratio F,/>> F» (in the notation of Blatt 
and Weisskopf) was calculated. The energy distribution 
of the emitted protons was calculated from the relation 


N(E)dE=constEo.(E)w(E,)dE. 


Here E is the channel energy, o-(£) is the cross section 
for the inverse reaction taken from the tables‘ for 
ro=1.50X10-" cm, and £, is the excitation energy of 


4J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952), pp. 352-374. 
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the residual nucleus. The level density of the residual 
nucleus, w(E,), was calculated from the relation 


w(E,)=C exp[ (aE,)!]. 


The choice of the constants is discussed below. From the 
probability that protons are emitted and from the 
proton energy distribution, the population density of 
the various available states in Cl** was obtained. To 
simplify the calculation, the protons were grouped 
corresponding to energy level bands 5 Mev wide in the 
residual nucleus. By proceeding in the same manner for 
a particles evaporated from Cl**, the population of 
states in P® (grouped this time into 2-Mev bands) was 
obtained. Low-lying states of P® decay by y-ray emis- 
sion to the ground state while higher states may decay 
to Si by proton emission, again with a predictable 
probability. In a similar way the contributions to the 
formation of P® and Si* by the other decay routes 
involving protons and a particles were calculated. 

Adding all contributing decay modes gives the number 
of P® (or Si*!) nuclei formed per A*’ nucleus. This is 
equal to op32/o437 (or o8;31/0437) where o,37 is the cross 
section for formation of the compound nucleus. Table I 
gives these ratios for two choices of the parameter a. 
The smaller value, a= 2.6, was obtained by interpolating 
from the table given by Blatt and Weisskopf.t The 
larger value, a= 14.5, is based on the work of Lang and 
Le Couteur.5 The magnitude of the parameter C is 
irrelevant here, but the dependence of the level density 
on the odd-even character of the nucleus was taken into 
account by doubling C for odd-odd nuclei and halving it 
for even-even nuclei, relative to its value for nuclei of 
odd atomic mass number. 

Two independent calculated values, the ratio of the 
cross sections op32/os;31, and the magnitude of one of 
the cross sections, may be compared with experimental 
results. The latter quantity involves the capture cross 
section of nitrogen by sodium (c,37). This is calculable if 
the penetrabilities are known, but the existing tables do 
not cover the full range of parameters needed because of 
the large mass of the nitrogen. The approximate 
formula, 


R 
co=a(R+K) 1 -—— | 
(R+AX)E/B 


gives results in reasonable agreement with the more 
exact calculation so long as the incident energy (£) is 
ten or twenty percent above the Coulomb barrier (B). 
This is unfortunately not the case here, but the results 
of this calculation are given for ops2 in Table I to show 
approximately how the choice of a affects the absolute 


5 J. M. B. Lang and K. J. Le Couteur, Proc. Phys. Soc. (London) 
A67, 586 (1954). 
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Fic. 2. Cross section as a function of incident nitrogen energy for 
the two reactions Na¥(N",ap) P® and Na*(N",2)Si*!. 


value of the P® cross section. The same has been done 
for the Si* cross section. 

The ratio of ops2 to os;31, also given in Table I, is 
independent of o,437 and probably provides a more 
meaningful comparison with the experiment. The ex- 
perimental results at 26 Mev are listed in the last line of 
Table I. If one compares the experimental ratio with the 
calculated results, it is clear that the larger a is favored. 
As pointed out above, a comparison of the magnitudes 
of op32 and agj31 is not very significant. It should be 
noted, however, that these quantities are not as 
strongly dependent on a as is the ratio of cross sections, 
and would not be as sensitive a measure of a even if 
oa37 were known better. The calculated values of ops2 
and o;31 depend strongly on the nuclear radius used to 
determine the capture cross section, o,. Recent results 
obtained from nitrogen-nitrogen elastic scattering® indi- 
cate that r9>= 1.66 10—* cm should be used to calculate 
o-. The larger value of the nuclear radius serves to 
increase the calculated ops2 and o31 by a factor of 1.85, 
for both values of a. 

The authors wish to thank Miss Shirley Hale for 
assistance in processing the data. 


6H. L. Reynolds and A. Zucker, Phys. Rev. 102, 1378 (1956). 
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Differential cross sections were measured for F!°(~,a)O*, to the ground state, and for Li®(p,He*)He‘. 
The angular distribution from F*(p,2)O!* shows three maxima, which can be fitted approximately by the 
Born approximation for triton pickup. Empirical adjustment of phase, in the theoretical distribution, 
gives a better fit with a smaller nuclear radius. The cross section at 18.5 Mev is 1.5 times larger than at 
16 Mev. The angular distribution of He’ particles from Li*(p,He*)He* shows a maximum at zero degrees, 
explained qualitatively by deuteron pickup. Cross sections, at 18.5 and 15 Mev, are 1.1 and 1.7 times 
smaller, respectively, than expected, through pickup theory, from published 14-Mev data on Li®(n,t)He*. 
Maxima observed at 110 and 180 degrees are examined in terms of direct interaction between the proton 
and alpha particle in Li’; results are inconclusive, due to inadequacies of current theory. The pickup cross 
sections give reasonable values of triton and deuteron reduced widths in F” and Li®, respectively. 





I, INTRODUCTION 


ONSIDERABLE experimental and _ theoretical 

work! has been done on stripping and pickup 
reactions, to increase our understanding of the process, 
and to provide information on bound nuclear states 
from observed angular distributions, with the aid of 
the Butler theory. Most experimental work in this 
field has concerned single nucleon exchange reactions 
of the type (d,p) and (d,t), or the corresponding mirror 
and inverse (pickup) reactions. The possibility of pickup 
occurring in reactions involving the exchange of two 
or three nucleons has remained relatively unexplored. 
Cohen® observed pickup angular distributions in a few 
cases of the (p,/) reaction on nuclei having two loosely 
bound neutrons. Dabrowski and Sawicki’ showed that 
the angular distribution from Li®(n,t)He*, observed by 
Frye® at 14 Mev, is consistent with deuteron pickup. 
Experiments on reactions which might show effects of 
double nucleon pickup, such as (p,t) and (n,t), are diffi- 
cult because, with few exceptions, these reactions have 
large negative Q values. Recently, experiments on 
(He’,p) reactions have become possible. In some cases, 
for example Be*(He’*,p)B",® the angular distributions 
suggest stripping of a deuteron from the He’ particle. 
In this paper, experimental results are presented for 
two reactions which show pickup angular distributions. 
These are Li®(p,He*)He‘, the mirror of the reaction 


* This work was supported by the U. S. Atomic Energy Com- 
mission and the Higgins Scientific Trust Fund. 
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t Now at Canadian Aviation Electronics, Winnipeg, Manitoba, 
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studied earlier by Frye, and F"(p,a)O'* which is 
interpreted in the following as a triton pickup reaction. 


Il. EXPERIMENT 
Experimental Technique 


Protons, from the 18-Mev Princeton FM cyclotron, 
bombarded targets placed at the center of a 60-inch 
scattering chamber, previously described.” A counting 
system, mounted on an arm centered at the target, 
inside the evacuated chamber, could be placed at any 
angle with respect to the proton beam. The technique 
for detecting alpha particles, and most of the equipment, 
including counters, electronic circuits, and beam current 
integrator, were essentially the same as in previous work 
on (p,d) reactions.!! Alpha and He’® particles were 
identified by their large energy loss in a thin propor- 
tional counter, through which they passed before 
stopping in the Nal crystal of a scintillation counter. 
Scintillation counter pulses were displayed on a 20-chan- 
nel pulse-height analyzer. Large proportional counter 
pulses, produced by doubly charged particles, were 
selected by an integral discriminator, and then used to 
trigger a coincidence gate in the 20-channel analyzer. 
This scheme eliminated proton and deuteron back- 
ground, because these particles produced much smaller 
pulses, in the proportional counter, than alpha particles 
having the same energy. Perfect elimination was im- 
possible, because the upper (Landau) tail of the proton 
and deuteron energy-loss distributions, in the propor- 
tional counter, extended into the alpha-particle region. 
Background was reduced further by the use of a thin 
(0.014-inch) Nal crystal in the scintillation counter; as 
this could stop only 6.5-Mev protons and 8.5-Mev 
deuterons, all proton and deuteron scintillation counter 
pulses were smaller than those from high-energy alpha 
particles, of most interest here. 

Details of the counters are given elsewhere.!! The 


proportional counter, having a 2-cm path, was filled 


10 J. L. Yntema and M. G. White, Phys. Rev. 95, 1226 (1954). 
1K, G. Standing, Phys. Rev. 101, 152 (1956). 
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Fic. 1. Scintillation counter pulse-height spectra from proton 
bombardment of natural Li and Li, taken with proportional 
counter gate. 


with argon, containing 4% Ne, to 18 cm of mercury. 
As both counters were sealed off separately from the 
scattering chamber vacuum, the particles lost consider- 
able energy in absorbers (8 mg/cm? of Al equivalent) 
between the target and Nal crystal ; however the system 
was adequate for these experiments. 

The proton energy was determined by measuring the 
range in aluminum of protons scattered elastically from 
a platinum foil, as described elsewhere,’ and using the 
experimentally determined range-energy relation.” 


Results for Li®(p,He*)He* 


The target was a self-supporting foil, 3.8 mg/cm? 
thick, of lithium metal enriched to approximately 95% 
in Li’. The scintillation counter was calibrated for 
energy, approximately, by observing the alpha group 
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Fic. 2. Gated scintillation-counter spectra of He® and He‘ 
groups, from Li®, at representative (lab) angles, plotted on 
common scales. Double-dashed lines show background subtracted. 
Dashed curves are ungated spectra, showing proton (P), and 
deuteron (D) energy loss in thin Nal crystal. 
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from Li’(p~,a)He* (Q=17.3 Mev"*) and correcting the 
pulse-height scale for the nonlinear response of NaI to 
alpha particles.'® Particles from Li®(p,He*)He* could 
then be identified from their pulse height, and the 
known Q value of the reaction (4.02 Mev). As shown 
in Fig. 1, the He* and recoiling alpha particles, from the 
reaction, appeared as two widely separated groups; by 
kinematics, the alpha group is the lower one. The com- 
plete angular distribution, in the center-of-mass sys- 
tem, was obtained by observing the He* group from 4 
to 80 degrees in the laboratory, and the alpha group 
from 8 to 65 degrees. At each angle, the proportional 
counter bias was set to match the particle energy; for 
alpha particles, the bias was set slightly higher than for 
He’ particles. The proper bias was found experimentally 
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Fic. 3. Differential cross section, in center-of-mass system, of 
Li®(p,He*) He‘, versus center-of-mass angle between He* particles 
and proton beam. Circles indicate data at 18.5-Mev proton (lab) 
energy; squares show data at 15 Mev. Whether He? or Het par- 
ticles were observed is also indicated. Errors shown are relative. 


at three angles, by taking bias curves, and, at other 
angles, by interpolation with the aid of energy-loss 
curves.'’ Representative scintillation counter spectra, 
from which cross sections were obtained, are shown in 
Fig. 2. The rise in background, below the alpha group, 
can be attributed to a continuous spectrum of alpha 
particles, probably from disintegration of excited states 
of Li® formed by inelastic proton scattering; although 
the maximum energy of this continuum should lie at 
least 3 Mev below the alpha group, it overlapped with 
it slightly, due to poor resolution, and was subtracted. 
As shown in the 50-degree alpha spectrum, Fig. 2, 

16 F, Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
(1955). 

16 F. S. Eby and W. K. Jentschke, Phys. Rev. 96, 911 (1954). 

17 Aron, Hoffman, and Williams, U. S. Atomic Energy Com- 
mission Report AECU-663 (unpublished). 





120 J. 


protons “leaked through” the gate slightly; this effect 
was subtracted at larger angles, where the alpha and 
He’ groups overlap the proton peak. Figure 3 shows the 
differential cross section, observed at 18.5 Mev. Results 
of measurements taken at 15.0 Mev, at laboratory 
angles from 8 to 40 degrees, are included. 

The target was prepared by rolling a small piece of 
lithium against a glass plate with a glass rod, under dry 
mineral oil; shims, placed on each side of the lithium, 
controlled the thickness. After washing in m decane, the 
foil was preserved in vacuo continuously. The average 
foil thickness was found, to within 1%, by a cross 
section comparison, for proton scattering, with a thicker 
lithium target which was later dissolved in water and 
titrated against HCl. The actual foil thickness was 
known to only 4%, because of nonuniformity. This 
error was eliminated from angular distribution measure- 
ments by using a monitor counter, which detected 
proton scattering at 10 degrees, instead of the beam 
current integrator. Relative errors affecting the angular 
distributions are the statistical error and, where neces- 
sary, uncertainty in background subtraction. The esti- 
mated error of absolute cross sections is 8%. (Errors in 
figures and text are standard deviations.) 


Results for F!*(p,«)O'* 


A Teflon foil, 2.8 mg/cm?, served as the target. The 
alpha group, corresponding to the ground state of O'°, 
was identified from its known Q value (8.12 Mev"®) and 
the energy calibration of the scintillation counter, dis- 
cussed above. As these alpha particles were more 
energetic than all other reaction products from the 
target, no background difficulties were encountered. 
The angular distribution, observed from 10 to 120 
degrees at 18.5 Mev, is shown in Fig. 4. A few points, 
taken at 16.0 Mev are shown in Fig. 5. 


III. DISCUSSION OF F'*(p,a)0"* 


The angular distribution, Fig. 4, shows two maxima 
with the suggestion of a third. It would be difficult to 
explain this behavior by compound nucleus formation; 
the angular distribution from such a process should be 
symmetric about 90 degrees, when many overlapping 
levels of the compound nucleus are excited,'* which is 
probably true here at such a high excitation in the 
compound nucleus (30 Mev). 

The strong interference effects, in the angular distri- 
bution, suggest a coherent process. Triton pickup offers 
the simplest explanation, because of the structure of F”, 
which has two neutrons and a proton in the 2s and d 
shells outside the closed O'* core. In a pickup process, 
the triton would be separated from F" with /=0, the 
only possibility consistent with the spins and parities 
of the triton ($+), of F® (4+), and of O'* (0+). 

18W. Hauser and H. Feshbach, Phys. Rev. 87, 366 (1952). 


See also Brookhaven National Laboratory Report BNL-331 
(C-21) (unpublished). 
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Fic. 4. Differential cross section, in center-of-mass system, of 
ground-state alpha group from F¥(p,2)O"* at 18.5-Mev proton 
(lab) energy. Errors shown are relative. 


Intermediate-coupling calculations, which are in rea- 
sonable agreement with information on the lowest even- 
parity states of F, show that the ground state is almost 
entirely an S state, with a probability of about 90%; 
the total orbital angular momentum, of all three 
particles, is zero, and the spins of the two neutrons 
couple to zero. The symmetry of the state is very close 
to that of the triton; thus the probability, of finding a 
triton at the nuclear surface, may be appreciable. 


Pickup Theory 


For a qualitative test of triton pickup, the ‘“‘plane- 
wave” Born approximation theory! is adopted, with 
the assumptions commonly made for (d,p) and (,d) 
reactions: neglect of the Coulomb field, of nuclear inter- 
actions between the incident and outgoing particles 
with the final nucleus, and of any contribution to the 
process from the interior of the target nucleus. Also, to 
estimate the probability of virtual proton-triton cap- 
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Fic. 5. Differential cross section, in center-of-mass system, of 
ground-state alpha group from F(p,2)0"* at 16-Mev proton (lab) 
energy. Errc Errors shown are relative. 
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ture, the wave function of a proton, in the alpha particle, 
must be assumed. One can show, by calculating explicit 
cases,” that the precise form of this wave function, at 
small distances, has no effect on the qualitative shape 
of the angular distribution; at most, it affects only the 
amplitude of oscillations at large angles. As the whole 
calculation is approximate, the simplest assumption is 
adopted, namely, a triton-proton interaction of zero 
range. The incorrect normalization of the alpha particle 
wave function, implied by this assumption, introduces 
uncertainty into the absolute cross section. However, 
this is a minor objection, because the Born approxi- 
mation is known to overestimate cross sections of 
(d,p) reactions by factors of 2 to 6,?* and the same may 
be true for the present case. 

With these assumptions, the differential cross section 
for a pickup reaction of the type A («,y)B, in which A 
virtually emits a particle z (with ]=0), and « captures z 
(also with /=0) to form the outgoing particle y, is as 
follows”?: 


do Hzablypky(21,+1)68| F | %6*Lcos(Kro—n) } ' 
dQ purshe(2T +1) (20, +1)r0K2(K?+a) 





where K=|k,—k,mp/m4| is the characteristic mo- 
mentum transfer; k, and k, are relative (center-of- 
mass) momenta, in units of #; 6? is the reduced width, 
for separation of A into B and g, in units of 3#?/2rqus.; 
8! and a“ are the decay lengths of the tails of the 
wave functions for z, separated from y, and from A, 
respectively ; tann=a/K ; u is a reduced mass, and m an 
ordinary mass; J is a spin; 7o is the interaction radius 
between z and B. The factor | F|? is the overlap of the 
spin wave functions of x and z, with that of y; | F|?=1 
for a (p,a) reaction, and } for a (p,He*) reaction. 


Angular Distribution 


The solid curves, in Figs. 4 and 5, were calculated 
from Eq. (1) for radii of 7.05 10-* cm and 7.35 10-* 
cm, at 18.5 and 16 Mev, respectively. These values of ro 
were chosen to produce exact agreement at the first 
maximum, and best agreement with the others. Qualita- 
tively, these curves differ, from those for typical (p,d) 
reactions for /=0, by decreasing in amplitude more 
gradually towards larger angles, and by not reaching 
maxima at zero degrees. These differences arise mainly 
from the Q values of the reactions. In (p,d) reactions, 
the (usually) negative Q value causes K to be small; in 
the present case, the positive Q value makes K large. 
In fact, as Krom3m at the first maximum, the positions 
of the maxima depend sensitively on 7». 

Note that a single value of 7 is not consistent with 
the data at both energies. Also, while the theoretical 


2 The corresponding problem in (d,t) reactions is discussed by 
H. C. Newns, Proc. Phys. Soc. (London) A65, 916 (1952). 

21R. G. Thomas (unpublished). The derivation and result are 
essentially the same as for (p,d) reactions, discussed in references 
1, 3, and 4. The (p,He?) reaction is treated explicitly in reference 7. 


121 


curve, in Fig. 4, is very similar to that observed, its 
period of oscillation is too small. While a smaller ro 
would match the observed oscillation period, the 
maxima would be shifted in phase from their observed 
locations. This situation always occurs in attempting to 
fit (p,d) and (d,p) angular distributions with the plane- 
wave Born approximation. When Coulomb effects are 
small, this discrepancy may be removed?'* by consider- 
ing the distortion, of incoming and outgoing waves, 
caused by nuclear interaction. Empirically, this theo- 
retical refinement has the effect of decreasing n, in 
Eq. (1), below the values prescribed by the plane-wave 
Born approximation. In the absence of detailed calcu- 
lations for F(p,a)O"*, it is perhaps more realistic to 
find ro from the separation between the maxima in the 
observed angular distributions, and to treat » as an 
adjustable parameter. The results of this “semiem- 
pirical” approach are shown by the dashed curves in 
Figs. 4 and 5; both were calculated from (1), with 7 
equal to 0 and —20 degrees, at 18.5 and 16 Mev, 
respectively, and for ro>=6.53X10-" cm in both cases. 
Although possible variation of » with angle is ignored, 
the agreement at 18.5 Mev is quite good. While the 
16-Mev data is not sufficiently extensive to be fitted 
separately, it appears that a single radius is consistent 
with the data at both energies. This new radius, al- 
though smaller, is still larger than the sum of O'* and 
triton radii; the sum is 5.8X10-* cm according to 
ro=1.45A!X10-" cm. However as the radius in a 
pickup reaction is not well defined, this is a minor 
discrepancy. We conclude that, within limitations of 
the theory, the angular distributions agree with the 
pickup interpretation. 


Absolute Cross Section 


The theoretical curves, in Figs. 4 and 5, were plotted 
as absolute cross sections, by adjusting 6”, in (1), to fit 
the intensities of the first maximum; 6? is 0.15 at 18.5 
Mev, and 0.10 at 16 Mev. As mentioned earlier, Eq. (1) 
may overestimate the cross section; these values of @ 
are probably underestimates of the triton reduced 
width in F’, The width” is expected to be considerably 
less than the single-particle limit (6?<1), because the 
triton wave function, constructed from s shell wave 
functions, can overlap only partially with the 2s and d 
shell wave functions from which the F wave function 
is constructed. Within these uncertainties, @? agrees 
with expectations and therefore the pickup model is 
consistent with the observed cross section. 


Alternative Model 


An alternative model for (p,a) reactions, which may 
show strong interference effects in the angular distribu- 


22 Explicit calculations of triton reduced widths are not avail- 
able; general methods are given by A. M. Lane, Atomic Energy 
Research Establishment, Harwell Report T/R1289, 1954 (unpub- 
lished). 
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tion, is a direct interaction process, analogous to that 
proposed by Austern e al.” for (p,m) reactions; the 
incident proton undergoes virtual scattering, with an 
alpha particle within the target nucleus, resulting in 
emission of the alpha particle, and capture of the proton 
to form the final nucleus. While this process may be 
important in (p~,v) reactions on nuclei with large alpha- 
particle reduced widths, its contribution to F*(p,a)O'* 
is probably small ; because the O'* core must be broken 
to produce a large alpha width in F™. 


IV. DISCUSSION OF Li*'(p,He*)He‘ 


The angular distribution, in Fig. 3, shows a peak in 
the forward direction, similar to that observed by 
Frye’ from Li®(n,t)He‘ at 14 Mev. Following Dabrowski 
and Sawicki,’ we interpret this as due to deuteron 
pickup for e=0. In addition, a smaller peak occurs for 
He’ particles at 180 degrees, i.e., alpha particles in the 
forward direction. This may arise from a direct inter- 
action of the incident proton with an alpha particle in 
the nucleus. At any angle, both processes presumably 
contribute to the reaction amplitude, and may interfere. 
We assume that, in the extreme forward and backward 
directions, one process predominates over the other; so 
that, in these regions, each may be analyzed separately. 


Angular Distribution 


The theory, outlined in the previous section, is 
adopted here. Curves (a) and (b), in Fig. 3, were calcu- 
lated from Eq. (1) for bombarding energies of 18.5 and 
15 Mev, respectively. The lack of a definite minimum 
in the data, which is just perceptible at 35 degrees, 
makes the choice of ro uncertain. However, a single 
radius of 5.6X 10~-" cm seems to be consistent with the 
data at both energies. This large radius probably 
results from neglect, in the theory, of any contribution 
to the reaction from pickup inside the target nucleus, 
an effect which cannot be ignored in a nucleus con- 
sisting, for present purposes, of only two particles. By 
using a square well for the deuteron-alpha interaction, 
Dabrowski and Sawicki’ fitted the angular distribution 
from Li®(p,He*)He‘, at 14 Mev, with the more reason- 
able radius of 4X 10-" cm. An analysis of the same data 
by Eq. (1), requires a much larger radius of 5.8X10-" 
cm; thus the effect of neglecting the nuclear interior is 
apparent. Qualitatively, at least, the angular distribu- 
tion in the forward direction is consistent with deuteron 
pickup. 

Absolute Cross Section 


Values of 6?, used to normalize the theoretical curves 
in Fig. 3, are 0.45 at 18.5 Mev, and 0.30 at 15 Mev. 
A similar analysis of Frye’s data,’ at 14 Mev on 
Li®(n,t)He‘, gives @?=0.5. At the same energy, the 
(p,He*) and (m,/) reactions can differ only in the 


% Austern, Butler, and McManus, Phys. Rev. 92, 350 (1953). 
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Coulomb effect, which tends to depress the (p,He*) 
cross section. This may explain the low value of 6? for 
the (p,He*) reaction at 15 Mev. Note that, within 
experimental error (at least 5% for each reaction), the 
values of 6?, for the (m,t) reaction at 14 Mev, and for 
the (p,He*) reaction at 18.5 Mev, are the same; ap- 
parently the Coulomb effect is small, in the latter, at 
18.5 Mev. 

Although the plane-wave Born approximation usually 
overestimates the cross section, it may not in this case; 
the contribution, from the interior of the nucleus, may 
be sufficiently large to cancel partially the effects which, 
normally, depress the cross section. The true deuteron 
reduced width in Li® may then be of the order of 0.5, 
the greatest value of 6? above, or even greater, if the 
cancellation is not complete. 

The only independent information on the deuteron 
width in Li® comes from the s wave shift, in alpha- 
deuteron scattering, which arises both from the tail of 
the ground state resonance, and from hard-sphere 
scattering. Because of uncertainty in the interaction 
radius, the analysis permitted all values for the 
deuteron width from zero to the single particle limit. 
However, for a preferred radius equal to the sum of 
deuteron and alpha particle radii as determined by 
electron scattering, the authors found the deuteron 
width to be 6?=0.5, which is the value estimated from 
the pickup reactions. While this agreement may be 
partly fortuitous, the pickup process seems to be con- 
sistent with the order of magnitude of the observed 
cross sections. 


Direct Interaction 


As mentioned earlier, the oscillations between 90 and 
180 degrees, in Fig. 3, corresponding to forward alpha 
particles, may be produced by a direct interaction, 
analogous to the model of Austern et al. for (p,m) 
reactions; the alpha particle is presumably “knocked 
out” of the nucleus by virtual proton-alpha scattering, 
while the proton is captured by the remainder to form 
He’. No detailed calculations of the model are available 
for (p,a) reactions. The results of Austern ef al. cannot 
be applied here, because, while the p-n scattering ampli- 
tudes are nearly isotropic, the proton-alpha scattering 
amplitudes are not. However, if this fact is ignored, 
and the scattering amplitudes replaced by suitable 
averages, then, from an approximate evaluation of the 
integral in Eq. (9) of reference 23, the angular distribu- 
tion, appropriate for s states in initial and final nuclei, 
is proportional to [cos(Zro—n) }?Z-*(Z?+”)-!, where 
Z=|k,(A—4)/A—k.(A—4)/(A—3)| is the charac- 
teristic momentum transfer (modified from that in 
reference 23 to allow for finite masses); k, and k, are 
momenta in units of #; A is the mass number of target 


nucleus; y=a+8, where a~! and 6"! are the decay 


* A, Galonsky and M. T. McEllistrem, Phys. Rev. 98, 590 
(1955). 
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lengths in the wave functions for the alpha particle in 
Li®, and for the proton in He’, respectively ; n is defined, 
approximately, by tann=7/Z+1/Zro. 

This result has the same form as the deuteron pickup 
angular distribution. However, because Z is smaller 
than the corresponding K, appropriate for deuteron 
pickup, the oscillations in the backward direction can 
be fitted only with a much larger radius than for the 
other process. This is illustrated by curve d in Fig. 4, 
computed from the relation above, at 18.5 Mev for 
ro=8.4X10-" cm, with arbitrary normalization. Also, 
the angular distribution should shift considerably on 
lowering the proton energy. This is illustrated by 
curve c, in Fig. 3, calculated for the same radius, at 
15 Mev. The impossibly large radius, and the fact that 
no shift is observed between the angular distributions 
at the two energies, suggest that the minimum, observed 
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at 140 degrees, cannot be explained in this simple way. 
For a reasonable nuclear radius, say 5X 10~-" cm, the 
relation above gives an almost isotropic angular distri- 
bution from 90 to 180 degrees; lack of isotropy must 
be due to the angular dependence of the proton-alpha 
scattering amplitudes. While the minimum at 140 
degrees, in Fig. 3, might be related to the minimum 
observed in proton-alpha scattering,” a full explanation 
must await further developments in the theory. 

It is a pleasure to thank Professor R. Sherr, Professor 
P. C. Gugelot, and Professor M. G. White for their 
interest and advice in this work. We are also indebted 
to Dr. K. G. Standing, Dr. J. B. Reynolds, and Dr. G. 
Schrank for valuable comments, and for the use of their 
equipment. 
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We have measured the differential cross section for the scattering of alpha particles in helium between 
laboratory angles of 10 and 80 degrees and in the energy range 150 kev to 3 Mev, using Het ions from our 
electrostatic generators. Below 400 kev no nuclear interaction occurs within the accuracy of the experiments 
(41%), and Mott’s formula for the Coulomb scattering of identical zero-spin particles is verified in detail. 
Above 400 kev the nuclear s-wave interaction begins to contribute, starting at a phase shift Ko near z, 
and smoothly decreasing with increasing energy to about 128 degrees at 3 Mev. Starting at 2.5 Mev, a 
small d-wave phase shift, K2 is found necessary to account for the observed angular distributions, reaching 
a value of 2.5 degrees at 3 Mev. Absolute values of the cross sections were determined by fitting the relative 
angular distributions with the single parameter Ko below 2 Mev, and by comparison with Rutherford 
scattering in argon above 2 Mev. The phase shift analysis was facilitated by a simple mechanical monograph 
described in Appendix III. A careful survey of the low-energy region containing the ground state of Be®, 
and the absence of any measurable effect leads to a Jower limit for the mean life of the ground state of Be*® 
of 2X107'* sec. Combined with a recently established upper limit of 4X 10~ sec, this locates the lifetime to 
within a factor of twenty. 

I. INTRODUCTION as a function of energy by slowing down natural alpha 
particles with absorbers. These measurements were 
necessarily crude because of the extremely low available 
intensities, and consequent large spreads in energy 
and angle. Although it was realized that the ordinary 
Rutherford scattering expression had to be modified 
because of the impossibility of distinguishing the scat- 
tered from the scattering particle, this modification was 
considered merely a technical necessity. Experiments 
were not extended to sufficiently low energies to permit 
the discovery of a fundamental discrepancy. In fact, the 


HE alpha particles from natural emitters in the 

heavy elements, whose energies lie in the range 
between 4 and 8 Mev, were the first projectiles to be 
used in the exploration of the nuclear force field. 
Rutherford and his co-workers! were able to demon- 
strate deviations from the Coulomb law of force at 
large scattering angles, thus establishing a rough 
value for the nuclear radius. During these early 
measurements the scattering of alpha particles in 


helium, among many other elements, was investigated 


* Preliminary accounts of this work may be found in Cowie, 
Heydenburg, Temmer, and Little, Phys. Rev. 86, 593(A) (1952), 
and G. M. Temmer and N. P. Heydenburg, Phys. Rev. 90, 
340(A) (1953). 

1For discussion of the earliest work on a—a scattering, see 
Rutherford, Chadwick, and Ellis, Radiations from Radioactive Sub- 
stances (Cambridge University Press, Cambridge, England, 1930). 


ratio of observed cross section to Rutherford cross 
section, at 45 degrees in the laboratory, happened to 
pass through unity around 4 Mev, and hence there was 
no apparent incentive to pursue the investigation to 
still lower energies, since the interest centered on 
deviations from Rutherford scattering. 
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Mott? pointed out the fundamental consequences 
of the quantum-mechanical concept of identity when 
applied to the Coulomb scattering of identical particles. 
The first experiment designed to test the rather striking 
predictions of Mott was carried out by Chadwick*® who 
was able to show that at very low energies (~1 Mev) 
approximately twice the number of alpha particles 
were scattered at 45° (lab) than was predicted clas- 
sically. Blackett and Champion,‘ from an analysis of 
cloud chamber photographs further concluded that a 
deficiency in the scattering did exist at around 25 
degrees as predicted by Mott’s formula. Later experi- 
ments on alpha-helium scattering were performed 
mainly to determine deviations from Mott scattering, 
i.e., to study the influence of the specifically nuclear 
force on the interaction between alpha particles.*~7 

A theoretical interpretation of these early measure- 
ments up to 1939 was made by Wheeler.* He performed 
a phase shift analysis for alpha energies up to 7 Mev 
and concluded that the energy level in Be* located at 
about 3 Mev (6 Mev scattering) must have spin zero, 
in contrast to the evidence obtained from most other 
experiments involving this level which seemed to 
demand J=2. It must be remembered that the experi- 
mental errors incurred in these early experiments were 
rather large and allowed considerable freedom in the 
choice of phase shifts. More theoretical work, based on 
the same data, was carried out more recently.® 

The alpha-helium scattering was continued with 
cyclotrons after the war at 20 Mev," 32 Mev", and 
lately again at 22 Mev “ and 12 Mev." Up to four phase 
shifts had to be invoked for the interpretation of these 
experiments. 

It was apparent that the region of pure s-wave 
interaction, as well as of the interaction involving only 
s and d waves was rather unexplored. (It should be 
remembered that only even angular-momentum waves 
can participate in the scattering of identical particles 
of zero spin.) When we were successful in obtaining large 
beams of singly-charged helium ions from both our 
electrostatic generators equipped with rf ion sources, 
we decided to investigate the scattering of alpha 
particles in helium with three specific objectives in 
mind: (1) to verify Mott’s formula in detail at energies 
so low that all nuclear effects have disappeared; (2) to 
explore the region of the ground state of Be* in order to 


2.N. F. Mott, Proc. Roy. Soc. (London) A126, 259 (1930). 

3 J. Chadwick, Proc. Roy. Soc. (London) A128, 120 (1930). 

*P. M. S. Blackett and F. C. Champion, Proc. Roy. Soc. 
(London) A130, 380 (1931). 

P. Wright, Proc. Roy. Soc. (London) A137, 677 (1932). 

°C. B. O. Mohr and G. B. Pringle, Proc. Roy. Soc. (London) 
A160, 193 (1937). 

7S. Devons, Proc. Roy. Soc. (London) A172, 559 (1939). 

8 J. A. Wheeler, Phys. Rev. 59, 16 (1941). 

®R. R. Haefner, Revs. Modern Phys. 23, 228 (1951). 

1K. B. Mather, Phys. Rev. 82, 126 (1951). 

il E, Graves, Phys. Rev. 84, 1250 (1951). 

2 F. E. Steigert and M. B. Sampson, Phys. Rev. 92, 660 (1953) 

48 Kerman, Nilson, and Jentschke (to be published). 
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set an upper limit to its width and hence a lower limit 
to its lifetime; (3) to determine the s-wave and d-wave 
phase shifts from their first appearance up to 3 Mev, 
and possibly to shed some light on the 3-Mev level in 
Be®. We shall discuss these experiments in turn. 


Il. THEORETICAL BACKGROUND 


The ratio of the differential scattering cross section 
to that expected on the basis of the pure Coulomb 
interaction of identical, zero-spin particles (Mott 
scattering) is given by the following expression: 


reins =R(9)=|A'(@)+A” (0) 
mG... > ; 


+ © 41(@)(e*-1)], (1a) 
L=0 


(even) 
where 
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(1b) 
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© is the scattering angle in the laboratory system 
[@=6/2, @=scattering angle in the center-of-mass 
(c.m.) system]; A’ and A” represent the Coulomb 
scattering amplitudes for scattered and scattering 
particles, respectively; the quantities A, are the 
specifically nuclear scattering amplitudes for angular 
momentum L, exclusive of the phase factors, and the 
sum is extended over all even angular momenta whose 
partial waves have nonvanishing phase shifts Kr. 
For energies below 2.0 Mev we find a satisfactory fit 
of our data using s-wave interaction alone. At the 
higher energies some d-wave admixture was required. 
We refer to Appendix I for the explicit expressions for 
the special cases of pure s wave as well as (s+d)-wave 
scattering. 

The ultimate objective of this experiment was of 
course to fit the experimentally obtained angular distri- 
butions at different energies with the expressions given 
in Appendix I, and thus to obtain values of the phase 
shifts as a function of the energy. We postpone a 
description of the mechanics of this determination 
until later. 





ALPHA-ALPHA SCATTERING AT 


Ill. EXPERIMENTAL DETAIL 
A. Beam 


For the work below 1 Mev we used our 1-Mev 
electrostatic generator. For the energy region between 
1 Mev and 3 Mev the scattering apparatus was moved 
to our pressurized generator. Both of these accelerators 
are equipped with radio-frequency ion sources of the 
type described in the literature.'* The beam of singly- 
charged helium ions is collimated by two circular 
apertures of 1 mm diameter separated by a distance of 
about 80 cm. In addition, a series of some 200 aluminum 
diaphragms 0.001 in. thick with 2-mm diameter holes, 
and separated by slightly larger spacers, fill one of the 
differential pumping canals for a total distance of about 
10 cm, thus making energy degradation of the beam by 
small angle scattering from the canal walls very 
improbable. Two stages of differential pumping separate 
the main vacuum from the scattering chamber, where 
the scattering-gas pressure never exceeded 2.5 mm Hg 
at the higher energies, and was kept around 0.5 mm Hg 
below 1 Mev. This corresponds to an effective target 
thickness, as seen by the movable counter, of less than 
50 ev. The beam current in the scattering chamber was 
of the order of a few microamperes. 


B. Scattering Apparatus 


The scattering chamber contains a movable propor- 
tional counter which may be set accurately to within 
one minute of arc on either side of the beam, as well 
as two fixed monitor counters at about 15 degrees. 
The slit system on the movable counter defines both 
the scattering volume and the solid angle. The mean 
angle subtended in the plane of the counter is about one 
degree. A reentrant charcoal trap immersed in liquid 
air is attached to the chamber to remove impurities 
accumulating during a run. The helium scattering gas 
is fed to the chamber through another charcoal trap. 
An independent helium supply is used for filling the 
counters to a pressure of about 5 cm Hg. Because of 
the high beam intensity it was possible to have a very 
small aperture in the movable counter (0.5 mm diam). 
We were thus able to use extremely thin, unsupported 
Formvar windows (~5-10 yug/cm*) which permitted 
us to detect alpha particles down to 30 kev. The collec- 
tion voltage for the proportional counters was about 
300 volts (when using helium) and was supplied by 
dry cells. 

The output pulses from the proportional counters 
were fed through conventional preamplifiers, linear 
amplifiers and scalers. The scaler discriminators for 
the two monitors were set on the plateau of the counting 
rate vs integral bias curves. The output from the 
movable scattering counter was simultaneously fed to 
three scalers with judiciously chosen discriminator 
settings to insure proper detection efficiency at all 


4 Moak, Reese, and Good, Nucleonics 9, 18 (1951). 
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energies covered in an angular distribution measure- 
ment, as well as to keep a continuous check on the 
larger pulses due to scattering from (heavier) impurities. 
The introduction of the slit system described above 
vastly improved the plateau characteristics observed 
in the pulse-height distributions. 


D. Beam Current Measurements 


For energies below 1.5 Mev it was found to be impos- 
sible to integrate the beam current by the conventional 
Faraday cup technique because of the large energy 
loss and excessive scattering of the beam in the thinnest 
available nickel foil (0.00002 in.). We therefore meas- 
ured angular distributions relative to the 15° monitors. 
Since only a single phase shift turned out to be import- 
ant in this energy range, there was no ambiguity as to 
the absolute value of the scattering cross sections since 
the latter is uniquely determined once the s phase is 
found from the angular distribution. [See Eq. (A.1). ] 

Above 1.5 Mev we used a Faraday cup with nickel 
foil (see above) and obtained our absolute normalization 
by scattering from argon. Because of the different 
charge states of the helium beam (He’, Het, Het*) 
after emerging from the foil, the actual current collected 
is a rather complicated function of the number of 
particles. In fact, Fig. 8 (Appendix III) shows the 
cross section (multiplied by E*) for scattering from 
argon as a function of the energy. The plateau value 
reflects the predominance of He** ions in the Faraday 
cup at the higher energies; as we go down in energy, 
the apparent cross section increases because of the 
smaller average charge per particle collected. Some 
conclusions on the charge states of the helium ions 
emerging from the nickel foil are presented in Appendix 
II. The scattering at each energy was compared to 
argon scattering for the same nickel foil, and hence an 
absolute value could be obtained. Current values were 
used only for the relative comparison of the scattering 
for the two gases at the same energy. The pure Ruther- 
ford behavior for argon was established both from the 
plateau seen in Fig. 8 (proving the 1/E* dependence of 
the cross section), and from the exact csc*(@/2) depend- 
ence out to 45 degrees (lab). All usual precautions were 
taken concerning the proper operation of the Faraday 
cup such as guard ring, bias voltage, and magnetic 
field to minimize secondary-emission effects. 


D. Energy Calibrations 


The energy of the electrostatic generators was 
calibrated by known gamma-ray resonances and 
neutron thresholds" in the following reactions: 


F(p,ry)0"*; B"(p,y)C®; C¥(pyy)N"; Lit(p,n)Be’. 


Care was taken to operate the rf ion source at the same 


18 F, Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
). 
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probe potential (about 800 volts) during the calibration 
runs and the actual experiments. 


E. Procedure 


Below 1.5 Mev, we determined the ratios of counting 
rates in the movable counter to the counting rate in 
the monitor on the opposite side of the beam. These 
measurements were taken for the same angle on both 
sides of the beam, interspersed by determinations of 
the ratio of counting rates in the two monitors. The 
later served as a sensitive indicator of beam position. 
This set of readings made it possible to obtain a proper 
average value for a given scattering angle. We covered 
the range of scattering angles from 10 degrees up to 
the largest possible angle permitting 100% detec- 
tion efficiency, in five-degree steps. The maximum 
angle varied from 50 degrees at the lowest energies to 
80 degrees at 3 Mev. Additional angles were chosen 
for theoretical reasons [e.g., vanishing of P2(cos2@) ] 
when needed. 

Above 1.5 Mev, where we used the Faraday cup, we 
took readings on both sides of the beam and again 
determined average values for all angles. Only one 
reading with argon gas in the chamber was then 
necessary at each energy to obtain our absolute cross- 
section values at all angles, since we had previously 
established the csc*(@/2) variation with angle for argon. 

The gas pressure in the scattering chamber was read 
to 0.1% on a butyl phtalate manometer before and 
after each count in the “Faraday cup” energy region. 
The gas temperature was found to remain constant to 
within better than 1°C. In the “monitor counter” 
energy region these factors did of course not affect 
the results. 

We collected about 10000 counts at each angle, so 
that the statistical error was of the order of 1%. 

The extent of the contribution of impurities in the 
scattering gas was determined once during each 
complete run by setting the counter at a large enough 
angle (Q 275°) so that proportional counter pulses 
due to alpha particles scattered by helium could easily 
be distinguished from those scattered by the heavier 
impurities (carbon, nitrogen, oxygen, argon, etc.) by 
their pulse heights. The contribution at smaller angles 
could then be calculated from the csc*(6/2) law. 
After the introduction of the liquid air-charcoal trap, 
this contribution was kept below 0.5% for the smallest 
scattering angle. 

A very useful property of the scattering of identical 
particles is the symmetry of the cross section about 
90° (c.m.) or 45° in the laboratory (after division by 
cos@). All systematic errors but one will show up as a 
lack of symmetry about 45° (lab). As can be seen from 
our curves in Fig. 4, symmetry prevails within about 
2% for all determinations. This fact confirms (1) the 
correctness of the sin® effective target thickness 
modification, characteristic of gas scattering experi- 
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ments, (2) the smallness of impurity contributions, 
(3) the absence of sizable effects due to multiple scatter- 
ing in the gas (the last two tend to raise the left half 
of the curves with respect to the right), and (4) the 
essential correctness of beam and counter alignment. 
The one possible systematic error which would not give 
rise to asymmetry is the presence of low-energy 
components in the incident beam due to degradation 
by scattering from slits or differential pumping canals. 
Even a small contamination of this kind is serious 
because it is weighted as 1/E*. We believe that the 
construction of our collimating silts, described in 
Sec. III A, minimized this possibility, a belief that is 
supported by the flat integral pulse-height distribution 
observed for the scattered particles, as well as by the 
excellent agreement with Mott scattering at the very 
low energies where this effect would be most important. 


IV. RESULTS 
A. General 


Our results consist of a number of angular distribu- 
tions obtained with alpha particles having energies 
energies between 150 kev and 3 Mev. Absolute values 
at 1 Mev and below have been assigned by normalizing 
the experimental angular distributions for the best- 
fitting theoretical s-wave distributions [see Eq. (A.1), 
Appendix I], and by comparison with scattering from 
argon (see above) at 1.5 Mev and above. Our experi- 
mental results are summarized in Table I where we 
list the absolute differential cross sections both in the 
center-of-mass system and in the laboratory system, 
as well as the “ratio to Mott” values. The Mott cross 
section in the c.m. system is given by 


dou 0.0830 
( —~) ms [esc'O+sec*O 
dQ e.m. o 


(2) 


where Ep is the lab energy in Mev. The relation between 
c.m. and lab cross sections is given by 


(do/dQ)\.»=4 cos@ (da/dQ).m.. (3) 


A summary plot of all angular distribution data in 
terms of the ratio to Mott scattering is given in Fig. 1, 
where the solid curves represent the best theoretical 
fits we obtain from a phase-shift analysis to be described 
in Appendix III. These phase shifts are tabulated in 
Table II. Figure 2 shows a plot of the phase shifts 
Ky and K, as a function of the energy. 

In Fig. 3 we have replotted some of our higher 
energy data at constant angle as a function of the energy 
to facilitate comparison with the data of the early 
workers.*:*-7 It may be seen that our results tie in 
fairly well with the older work where overlap exists, in 
fact surprisingly well in view of the crudeness of the 
early measurements. It should be recalled that existing 


+2 csc?@ sec?@ cos(n In tan?@) } barns, 
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TABLE I. Summary of differential cross sections for alpha-alpha scattering at low energies. @=scattering angle in the laboratory 
system; 0=scattering angle in the cm system; oj) and o¢.m. are differential cross sections in barns/steradian; R=ratio of observed to 
Mott scattering [see Eq. (1).] Uncertainties shown are somewhat larger than the purely statistical errors to include variations of 
successive determinations. cj,p and o¢.m. have same percent errors as R. 








Eiab =1.00 Mev 
Po.m. R 


14.9 0.930+0.01 
0.868+0.01 
0.913+0.01 
0.992+0.01 
1.09 +0.01 
1.14 +0.01 

5 +0.01 


Eisb =0.600 Mev 


oo.m. R 


1.00+0.01 
0.99+0.01 
0.98+0.01 
0.98+0.01 
1.00+0.01 
1.02+0.01 
1.03+0.01 
1.00+0.01 
0.99+0.01 
0.98+0.01 
0.96+0.01 
0.95+0.01 


Eis» =0.850 Mev 
@lab R 


85.0 0.98+0.01 
22.4 0.92+0.01 
10.4 0.91+0.01 
7.23 0.98+0.01 
6.49 1.04+0.01 
6.03 1.07+0.01 
5.61 1.08+0.01 
5.12 1.08+0.01 
4.61 1.06+0.01 
4.18 0.98+0.01 
4.74 0.93+0.01 
8.19 0.92+0.01 


Tlab 


57.4 
15.8 
7.73 
6.54 
5.07 
4.70 
4.32 . , 
3.91 ; 

3.55 

3.31 





0.97+0.01 22.9 


0.98+0.01 





E\ab = 1.50 Mev 


0 lab To.m. R Go.m. 


Eiab =2.00 Mev 


Eiab =3.00 Mev 
Ce.m. R 


Eiab =2.50 Mev 


Tlab To.m. R 





20 138.5 35.14 0.89+0.01 
30 : 5.83 0.81+0.01 
40 4 1.82 0.76+0.01 
50 1.05 0.87+0.01 
54°44’ ; 0.953 0.97+0.01 

60 ' 0.898 1.09-+0.02 

70 . 0.852 1.27+0.02 

80 0.857 1.41+0.02 

90 0.856 1.45+0.02 
100 0.838 1.380.02 
110 0.879 1.31+0.02 
120 0.914 1.11+0.02 
130 1.08 0.89+0.02 
140 1.83 0.76+0.02 
150 6.11  0.85+0.02 
160 32.0 0.81+0.02 


16.73 


i be 0 0D DS 
SSSS2Ssa 


0.78 

0.69 

0.68 

0.89 

1.05 

1.25 

1.54 

1.75 

1.80 

1.73 

1.59 

1.25 

0.91 

0.68 

0.68 k 
0.481+0.03 


7.11 0.74 +0.01 
0.933 0.475+0.01 
0.373 0.530+0.01 
0.332 0.93 +0.02 
0.328 1.15 +0.02 
0.337 1.45 +0.02 
0.335 1.88 +0.03 
0.330 2.14 +0.03 
0.328 2.22 +0.03 
0.336 2.18 +0.03 
0.342 1.92 +0.03 
0.361 1.55 +0.03 
0.330 0.92 +0.02 
0.373 0.530+0.02 
0.955 0.486+0.02 
7.11 0.74 +0.03 


1.56 

0.579 
0.455 
0.403 


6.03 
2.18 
1.65 
1.61 
1.56 
1.48 
1.37 
1.27 


0.565+0.01 
0.593+0.01 
0.912+0.02 
1.14 +0.02 
0.451 1.38 +0.02 
0.451 1.78 +0.03 
0.427 2.01 +0.03 
0.448 2.11 +0.03 








theoretical interpretations** of alpha-alpha scattering 
have had to work within the large margins of error of 
natural emitter data. Consequently, the theoretical 
“fits” often fall quite wide of the mark set by our 
more accurate data. It is therefore not too surprising 
that apparent contradictions exist in the phase-shift 
analysis of the alpha-alpha scattering and spin assign- 
ments of excited states in Be®. Recently a group at the 
Rice Institute’® has extended these measurements from 
3-Mev to 6-Mev bombarding energy; their results are 
in excellent agreement with ours at the 3-Mev point 
of overlap. 

We detected definite deviations from Mott scattering 
at 600 kev and above (see Fig. 2 above). However, no 
nuclear effects were found at 400 kev and below within 
our experimental error (+1.5%). Figure 4 shows our 
results for the lowest energy at which we measured an 
angular distribution (150 kev). The absolute differential 
scattering cross section in the center-of-mass system 
is shown, normalized to the theoretical Mott curve at 
40° (c.m.). The very pronounced interference effects 
due to particle identity are in evidence and agree 
perfectly with the predicted Mott formula. Two maxima 


16 Phillips, Russell, and Reich, Phys. Rev. 100, 960 (1956); 
also Russell, Phillips, and Reich, Phys. Rev. 104, 135 (1956), 
following paper. 


and two minima may be discerned. It should be noted 
that the interference term at this low energy is extremely 
energy sensitive because of the large value of n, and 
hence of the argument of the cosine term in Eq. (1c). 
A 5-kev shift in the theoretical curve will produce 
appreciable discrepancies with experiment. The agree- 
ment increases our confidence in the essential correctness 
of the energy scale in this region. 

It is interesting to note that comparably strong 
interference effects in proton-proton scattering, i.e., 
similar values for » [Eq. (1c) ] would have to be sought 
at proton energies of one sixty-fourth the corresponding 
alpha-particle energy, or around 2 kev in our example. 


TABLE IT. Summary of s- and d-wave phase shifts for low-energy 
alpha-alpha scattering. Incident energy in Mev; phase shifts 
in degrees. 
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Ocm. 


Fic. 1. Summary of angular distributions for a—a scattering 
in the energy range 300 kev to 3.00 Mev. Ratio of observed to 
Mott differential cross sections is plotted against center-of-mass 
scattering angle 6. Values at center of curves refer to bombarding 
energy in Mev. Vertical scale shown correctly for the highest 
curve (3 Mev), but arbitrarily displaced by 0.20 unit downward 
for 2.5 Mev, 0.40 unit for 2.0 Mev, etc., to avoid superposition. 
The value 1.0 belonging to each energy is indicated to the left. 
Curves, symmetrical about 90°, are theoretical, obtained by phase- 
shift analysis of the data, using the values for s-wave and d-wave 
phase shifts Ko and Ke listed in Table II. No nuclear effect 
observed at 300 and 400 kev; Ko alone accounts for distributions 
from 600 kev to 2 Mev, while both Ko and K, are required to fit 
2.5 and 3.0 Mev. Data for 150 kev, 200 kev, and 950 kev are not 
shown. Errors indicated combine statistical uncertainty and 
internal consistency of various runs. Some low points at large 
angles are due to fall-off in detection efficiency for scattered alpha 
particles having energies below ~40 kev. 


B. Ground State of Be® 


Figure 5 shows the results of a careful survey of the 
energy region containing the ground state of Be’, 
whose energy is reported at 94.5+1.4 kev from the 
Q value of the Be*(p,d)Be® reaction.” Measurements 
were obtained every 500 ev (and in part every 250 ev) 
at a fixed scattering angle of @=45°. The curve shows 
the ratio of scattering to monitor counts as a function 
of incident alpha-particle energy. The slight slope in 
the curve is exactly accounted for by the velocity 
dependence of the Mott interference term at @=15° 


17 Jones, Donahue, McEllistrem, Douglas and Richards, 
Phys. Rev. 91, 879 (1953). 


[location of monitor counter, see Eq. (1c) ]; there is no 
energy dependence (other than 1/E*) at O=45°, as 
can be seen from Eq. (1c). We find no deviation outside 
our experimental error (~2%) from pure Mott 
scattering over the entire region investigated, namely 
146 kev to 202 kev (lab), or 73 kev to 101 kev (c.m.). 
This observation has the following significance: 
Figure 6 shows the theoretically expected scattering 
anomaly in the quantity Ro(45°)/Ro(15°), where 
R,(@) is given by Eq. (A.1) of Appendix I, over a 
phase-shift interval of 7 in the s-wave component, 
since Be® has a ground-state spin J=0.1* The phase 
shift as a function of the energy must be purely of the 
resonant type, and is given by the expression 


iW 
), (4) 
E,—E 


Ko= tan 


where E, and E represent the resonance energy and the 
alpha-particle energy, respectively, and I is the full 
width at half maximum of the Be® ground state, all 
expressed in the laboratory system. We are certainly 
justified in neglecting any nuclear potential phase shift 
contributions at these energies, since we still observe 
only pure Mott scattering at energies as high as 400 


Eviab) 


Fic. 2. Dependence of phase shifts for a—a scattering on 
energy. Left-hand scale applies to s-wave phase shift Ko; right- 
hand scale applies to d-wave phase shift K». Errors shown are 
determined from the uncertainties in the angular distribution data 
as illustrated in Fig. 10. Dotted vertical line marked Eo at 189 
kev represents probable behavior of Ko upon going through the 
resonance corresponding to the ground state of Be’. [See Fig. 6 
and Sec. IV (b) 4 


18 P, B. Treacy, Proc. Phys. Soc. (London) A68, 204 (1955). 
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kev. Now the resonance corresponding to the ground 
state is bound to be very narrow compared to the 
inherent stability and energy spread of our alpha- 
particle beam. We must therefore evaluate the effect of 
a narrow anomaly of the type shown in Fig. 6 on a 
beam whose natural spread AE is estimated to be about 
250 ev.!® We relegate to Appendix IV a more detailed 
evaluation of this problem, and merely state the result 
obtained for the upper limit on the level width: 


To < 3.5 ev, 


based on the absence of any observable effect greater 
than 2%. This implies a lower limit on the mean life 
r of the ground state of Be® given by 


h 6.64X10-"6 
t2—=——— = 2X10 ™ sec. 
To T',(ev) 


It is interesting to note that there exist a number of 
upper bounds on the lifetime of this state, deduced from 
cosmic-ray star fragments.”*! From the fact that Be® 
fragments break up into two alpha particles within less 
than 0.5 micron (lower limit of resolution in emulsion) 
of the origin of an energetic event (‘star’), Hodgson 
sets an upper limit on 7 of 


7 <2X10-" sec. 


More recently, Treacy,'* from a study of the B"(p,a) Be® 
reaction, inferred an upper limit 


7 £4X10-" sec. 


© = PRESENT WORK 

O = DEVONS 1939 

4 = MOHR AND PRINGLE 1937 
-OF—— 7 = WRIGHT 1932 - 
0 = CHADWICK 1930 
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Fic. 3. Summary of data on a—a scattering at fixed scattering 
angles vs energy. Ratio to Mott of observed differential cross 
sections at @=20°, 27°22’, 35°, and 45° (lab). Early data, 
obtained exclusively with natural alpha emitters, usually refer to 
angular spread of ~10° about the nominal angles, and have large 
uncertainties in their energy values. For early data, see references 
3, 5, 6, and 7. 


19 This spread is composed of about 200 volts due to the 0.1% 
voltage regulation of the generator, the rest being ascribed to the 
small gas target thickness, and the inherent uncertainty in knowing 
the exact potential at the place of ion formation in the rf ion 
source. 

2” J. Crussard, Compt. rend. 231, 141 (1950). 

21 P, E. Hodgson, Phil. Mag. 43, 190 (1952). 
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Fic. 4. Angular distribution of a—a scattering at 150 kev, our 
lowest energy. Data are normalized at 40° to the theoretical 
Mott curve. Differential cross section in the c.m. system in 
barns. Rutherford cross section is also shown (no interference 
term). This represents the most detailed confirmation of the 
influence of identity on scattering. 


The lifetime of the ground state of Be® is therefore 
bracketed to within a factor twenty as follows: 


2X 10-"* sec <r < 4K 10-" sec. 


C. Corrections 


The major correction applied to our scattering data 
is the well-known “second-derivative” correction to 
take into account the finite aperture of the counters.” 
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Fic. 5. Search for the ground state of Be*. Data represent ratio 
of scattering at 45° to scattering at 15° (monitor counter) over 
the energy interval 146 kev to 202 kev. Readings every 250 ev 
from 180 kev on. Resonance expected at 2X94.5 kev=189 kev 
(see reference 17). Scattering is of pure Mott type; slight slope is 
accounted for by the energy dependence of the interference term 
in Eq. (1c) for 15° scattering. Each point represents at least 12 000 
counts. For conclusions from less than 2% deviation from a 
straight line, see Appendix IV. 


Breit, Thaxton, and Eisenbud, Phys. Rev. 55, 1018 (1939). 
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Fic. 6. Theoretical shape for s-wave resonance corresponding to 
Be’ ground state. Ratio to the Mott differential cross section at 
45° divided by the corresponding ratio at 15° is plotted vs alpha 
energy, in units of I’, the full width (lab) of the presumed reso- 
nance. Upper abscissa gives corresponding values of Ko running 
from 0 to x. For analytic expressions relating these quantities, see 


Eq. (4) and (A.1). 


This amounts to —3.5% at the smallest angle (Q= 10°) 
and becomes less than 0.5% for angles greater than 20°. 
It again reaches 1.3% at O=80°. 

The effect of impurities heavier than helium was kept 
to a minimum by a liquid air—charcoal trap, as has 
already been mentioned ; at no time did the contribution 
at the smallest angles exceed 0.5%. This could be 
accurately determined from the pulse-height distribu- 
tion at large scattering angles, where the energy of 
alpha particles scattered from helium is Ey cos?@, while 
it is much nearer Ey for scattering from impurities 
such as N» or O2. Assuming Z=8 for a representative 
impurity, an upper limit of 0.03% can be tolerated to 
produce a scattering contribution of 0.5% at @=15°. 

A number of other corrections, such as multiple 
Coulomb or nuclear scattering in the gas, the lack of 
complete parallelism of the beam, etc., were found to 
be negligibly small. 

Because of the extremely steep dependence of the 
scattering yield on scattering angle,* amounting to 
as much as a change of 0.8% per minute of arc at 
@= 10°, very accurate alignment of the chamber with 
respect to the beam axis could be achieved from small- 
angle scattering observations on either side of the 
beam. Furthermore, all our data were obtained by 
averaging left and right observations. We estimate that 
an additional uncertainty of about 1% exists for 
observations at 10° and 15°. However, from the 
symmetry of the scattering curves about 6=90°, small- 
angle difficulties seem to have been under control. 


V. DISCUSSION 
A. Region of Pure Coulomb Interaction 


Our low-energy data on alpha-helium scattering 
probably represent the most detailed confirmation of 
%3 The cross-section variation is enhanced by the csc® variation 


characteristic of gas scattering experiments (effective target 
thickness). 


the consequences of particle identity on scattering 
as predicted by Mott. The agreement with theory is 
excellent over the entire interval from 150 kev to 
about 500 kev, where the first evidence for nuclear 
S-wave interaction becomes apparent. Our search for 
the ground state of Be* with negative results permits 
us to set a good lower limit on the lifetime of that 
state which, when combined with upper limits from 
other experiments, narrows the gap considerably. Bethe 
made an early estimate of the lifetime of Be® based on 
barrier penetration considerations.* His estimates for 
E,=100 kev (close to the accepted value of 94.5 kev) 
and for two assumed interaction radii of two alpha 
particles are given in Table III, together with a 
summary of the state of affairs for the Be® ground state. 
We also list the Jower limit for the Be® ground state 
lifetime of spin zero calculated from the sum rule 
given by Teichmann and Wigner,” which is about 
one-fifth of our experimental lower limit. We see that 
the theoretical estimates certainly encompass the 
experimental situation. 


B. Region of Pure S-Wave Interaction 


As can be seen from either Fig. 1 or Fig. 2, the first 
indication of a need for an s-wave phase shift Ko 
occurs at 600 kev. The phase shift is either small and 
negative, or slightly less than + (see Appendix I). We 
prefer the latter interpretation in view of the fact that 
the (nonobserved) resonance in the s wave, correspond- 
ing to the ground state of Be*, must have caused a 
phase change of 7, so that the s-wave phase could then 
have started at 0° as indicated by the dotted line in 
Fig. 2. The s-wave phase shift continues smoothly into 
the region of 3 Mev to 6 Mev." For a discussion of this 
behavior in terms of effective-range theory, we refer 
to the forthcoming publication of the Rice group." 
The general behavior of the s-wave and d-wave compo- 
nents is just as expected on the basis of a simple 
alpha-alpha potential such as the one put forward by 
Haefner® which we show in Fig. 7. Its analytic expres- 
sion is shown in the figure. Wheeler’s earlier interpreta- 
tion of alpha-alpha scattering experiments* was 
handicapped by the poor accuracy of early work, 
which forced him to conclude that the first excited 
state of Be® at about 3 Mev had spin zero, and hence 


TABLE III. Lifetime of the ground state of Be®. Ey =94.5+1.4 kev’; 
I=0>; ro in units of 10 cm; r is the mean life in seconds. 








Theory 
Penetrability 
ro=2.5  ro=5.0 


Experiment 


11(p,a)- 


B 
Sum rule He‘(a,a) Het Be®(a) Het 





>2 10716 <4 X10715 
present work (18) 


3X10-16 4 x10-""  ->4.Xx10-17 
(24) (25) 


Tr 
Reference 








* Reference 17. 
> Reference 18. 


%H. A. Bethe, Revs. Modern Phys. 9, 167 (1937). 
2 T, Teichmann and E. P. Wigner, Phys. Rev. 87, 123 (1952). 
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Fic. 7. a—a interaction potential of the type used by Haefner 
(reference 9). Pure Coulomb potential outside ro; region of 
attraction inside ro, followed by strong repulsion at small distances. 
r is the distance between centers of alpha particles. Values of 
D=50 Mev and ro=4.5X10-" cm are arbitrarily chosen here 
merely for purposes of illustration. 


would have to show resonant behavior in the s-wave. 
He concluded correctly that no static interaction 
potential could account for such a state. 

We found satisfactory fits for pure s-wave interaction 
at all energies from 600 kev to 2 Mev. 


C. Region of d-Wave Interaction 


The first definite need for a small amount of d-wave 
component arises at 2.5 Mev (K2=1.0°, see Appendix 
III). The work at the Rice Institute’® definitely showed 
the d-wave resonance associated with the first-excited 
state of Be* at ~3 Mev, thus establishing the spin of 
the latter as 2+. This is as expected for almost any 
postulated alpha-alpha interaction. We merely observe 
the onset of the K2 contribution (see Fig. 2), which 
amounts to 2.5° at our highest energy; without the 
benefit of the broad resonance at about 6 Mev (lab), 
the d-wave due to purely potential scattering would 
not be expected to contribute until somewhat higher 
energies are reached. 

The L=4 partial wave did not have to be considered 
here; in fact it is not even found to contribute in the 
Rice work up to 6 Mev, and is detected only in the 
scattering at 12 Mev and above.”'* 

Hence, although the alpha particle is a complex 
structure in itself, it is found that a relatively simple 
potential can account in a rather satisfactory manner 
for all low-energy features of the alpha-alpha interac- 
tion. This fact is of special importance for calculations 
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using the alpha-particle model, such as have recently 
received renewed attention.”* 
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APPENDIX I. EXPLICIT EXPRESSIONS FOR 
LOW-ENERGY a—a SCATTERING 


(1) s wave only—We use Eq. (1) for L=0; the 
summation then consists of a single term involving 
Ko. The nuclear amplitude Ao=2i/m/om, where ou 
and » were defined in Eq. (1c). Squaring expression 
(1a) in this case, we obtain 


dao(@) 1/8 
= R,(9) - 1+—|- sin*K 9 
dou(®) ouln 


2 
Xx ( -—csc?Q sina—sec’0 snd 
n 


4 
—- sin2Ko(csc?9 cosa+sec?@ cos) (A.1) 
n 
where 

a=nlncs?’Q; B= In sec?O. (A.2) 
We see that adding w to the phase shift Ko leaves 
expression (A.1) unchanged; changing the sign of Ko, 
however, changes the sign of the last term in (A.1). 
All our angular distribution data up to and including 
2 Mev could be fitted in a satisfactory way with a 
single parameter Ko; it is clear that the absolute 
differential cross sections in these cases are also deter- 
mined by Ko. The values for Ko listed in Table II for 
energies up to 2 Mev were obtained from the angular 
distributions; in addition, the phase shifts at 1.5 
and 2 Mev were determined independently from the 
absolute values obtained by comparison with argon 
scattering [see Sec. IV(a)], and were found to be in 
good agreement with the former values. 

(2) s wave and d wave only.—For completeness, we 
list the explicit expression for the scattering involving 
L=0 and L=2. The summation in Eq. (1a) extends 
over two terms now. It is convenient to write R2(@) 
in terms of Ro(@), defined in (A.1) above, as follows: 


do2(@) = R.(@)=R.(0 
dou(®) 2(O)=Ro(O)+ 


400P;?(cos2@) sin?K» 





nom 
40 
_ P2(cos2@) (sinK») (\/Ro 
ss cos sinK») (,/Ro) 
Xcosly—(2+K:)], (A.3) 
where 
2= tan y+tan—(n/2) 


*6 TD). M. Dennison, Phys. Rev. 96, 378 (1954). 


(A.4) 
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as defined in (1e), and 


’ 


(A.5) 


all other symbols have been defined previously. Since 
two parameters, Ko and Ke, are now required to fit a 
given angular distribution, we have found it preferable 
to determine them from the experimental data by 
means of a vectorial nomograph, to be described in 
Appendix ITI. 





, ( csc?Q@ sina+sec?@ sin8— (4/n) sin?Ko ) 
=tan— 
csc?@ cosa+sec?O@ cos8—(2/n) sin2Ko 


APPENDIX II. CHARGE STATES OF THE 
HELIUM BEAM 


The problem of the fractions of the helium beam 
being in the respective charge states He®, Het, and He** 
is of importance in connection with the determination 
of our absolute cross sections. As we pointed out in 
Sec. III(c) above, we used a Faraday cup for scattering 
at 1.5 Mev and above, using argon scattering of 
established Rutherford behavior as a calibration, so 
that we could obtain absolute cross sections by compari- 
son at any given energy, and using the same nickel 
window separating the scattering gas volume from the 
high vacuum region of the Faraday cup. Fortunately 
we do not observe any d-wave effects until we reach 
2.5 Mev (see Fig. 2) so that we are able to get absolute 
cross sections at the lower energies, where the charge 
state problem and the problem of scattering in the thin 
Ni window (0.00002 in. thick) become very serious, 
from relative angular distributions using monitor 
counters, as described in Appendix I. Figure 8 illustrates 
the situation for the higher energies ; we plot the reduced 
yield of alpha particles scattered from argon at 9= 20° 
vs bombarding energy. The reduced yield is given by 


Y,=YE¢?/Np, (A.6) 


where Y is the actual observed yield, NV is the number of 
alphas per unit of charge collected, Ey? removes the 
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Fic. 8. Reduced yield of alpha particles scattered at @=20° 
from argon vs energy. Y, has Rutherford scattering energy 
dependence removed. Plateau between 2.0 and 3.0 Mev corre- 
sponds to essentially pure He** beam collected in Faraday cup; 
increase at lower energies reflects the decrease in the effective 
charge per particle collected due to admixture of Het ions. 
Results in Table IV are derived from these data. 
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characteristic energy dependence of Rutherford scatter- 
ing, and # is proportional to the number of argon atoms 
per cc. The dashed horizontal line represents the 
limiting value of Y, for high energies, where all ions are 
collected as Het*. The departures at the lower energies 
simply reflect the fact that the average charge per 
collected particle decreases. Neglecting the He® fraction 
for this energy region [already less than 10% for 
Eo <500 kev; see Snitzer?’], and defining p as the ratio 
Het/Het*, we obtain the following expression for NV: 


N=3.125X10"(2p+1)/(o+1) 


alphas per microcoulomb. 


(A.7) 


If we define a to be the ratio of Y, at the plateau to 
the actual Y,, we can determine p from the simple 
expression 

p= (1—a)/(2a—1). (A.8) 
In Table IV we list the quantities p so obtained. It 
should be remembered that p is also equal to A+/A++, 
the ratio of the mean free paths for capture and loss of 
electrons. The energies listed are the energies upon 


TABLE IV. Information on charge states of a He beam emerging 
from nickel foil. E;=incident beam energy; Ey=energy of the 
beam emerging from a 445 yug/cm? nickel foil, estimated from 
range-energy data in copper; 2a=effective charge per particle 
collected (see text and Fig. 8). 








At/Att+ 


1.68 +0.15 
0.149+0.013 
0.000+0.015 
—0.010+0.015 
0.015+0.015 


Ei (Mev) Ey (Mev) 2a 
0.72 1.23+0.02 
0.92 1.77+0.02 
1.70 1.00+0.03 
2.16 2.02+0.03 
2.58 1.97+0.03 











emerging from the nickel foil. The fact that the incident 
beam is singly charged is immaterial, since the rapid 
exchange of electrons between beam and metal allows 
the appropriate characteristic equilibrium distribution 
of charge states to be reached after only a few atomic 
layers. The values obtained are very rough, especially 
when the effective charge per particle is nearly two. 
The quantity 2a represents the effective charge per 
particle collected. These results go over smoothly into 
the results of Snitzer?’ at lower energies. They generally 
lie somewhat below the early values found by Ruther- 
ford and co-workers for mica.! We wish to emphasize, 
however, that the accuracy of our absolute cross 
sections in no way depends upon our knowledge of the 
quantity p. 


APPENDIX III. PHASE-SHIFT ANALYZER 


We have already discussed the determination of 
the s-wave phase shift Ko at energies where it is the 


27 E. Snitzer, Phys. Rev. 89, 1237 (1953). 
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only one required to explain the observed angular 
distributions. Expression (A.1) is not too unwieldy, 
and can easily be computed for various values of Ko. 
However, at 2.5 Mev and 3.0 Mev, we were unable to 
reproduce the shape of the angular distributions by a 
single parameter Ko. In order to allow for two param- 
eters Ky and Ks, we built the vectorial nomograph 
shown in Fig. 9, which was inspired by the vector 
diagram depicted in Fig. 3(A) of Wheeler’s paper on 
a—a scattering analysis.* The nomograph permits the 
simple determination of a compromise solution for the 
(Ko, K2) pair, taking into account the scattering data 
at all angles, as well as the experimental uncertainties. 
The use of the nomograph is limited to the case of a 
fixed, phase-independent amplitude (Coulomb), plus 


Fic. 9. Mechanical nomograph for phase-shift analysis. Large 
disk on left represents the d-wave contribution used at a radius 
Az given by Eq. (A.10); at that point the Mott contribution 
Aw is added vectorically; the small disk to the right represents 
the s-wave contribution, added vectorially to Ay at a radius Ao 
given by Eq. (A.10). The actual scattering amplitude vectors 
As, Ay, and Ao are labeled in the diagram; their vector sum 
VR is shown as the caliper opening and represents the experi- 
mental information at a given scattering angle ©. The Lucite 
pointers on the two dials sweep out possible pairs of values of 
Ko and Kz, respectively, allowed by the fixed caliper separation 
VR. Loci of such (Ko,K»2) pairs are shown in Fig. 10, for various 
scattering angles. 


two phase-dependent scattering amplitudes. In our 
particular case, let us call Ay the Mott scattering 
amplitude [=1/om, see Eq. (1c) ], Ao the nuclear 
s-wave amplitude, and A: the nuclear d-wave amplitude. 
Writing Eq. (la) in the complex amplitude plane for 
the case including s- and d-wave contributions, we obtain 


I/R| =V (omRe) = | Aue'*™+iAo— Ave*|, (A.9) 


where 


Ay= A o(e?***—1), A,= A2(1—e?**2), (A.10) 


and 





csc?@ sina+sec?@ sing 
y= tar ), (A.11) 
csc?@ cosa+sec?@ cosB 


LOW ENERGIES 


(a) 


Fic. 10. Phase-shift analysis for a—a scattering when s- and 
d-wave nuclear interactions contribute in addition to the Coulomb 
interaction. (a) Analysis of 2.5-Mev data, the lowest energy 
requiring some d-wave admixture. (b) Analysis of 3.0-Mev data. 
A given curve represents the locus of possible pairs of Ko and Ke 
compatible with the experimentally found scattering cross section 
at a given angle and energy, and is obtained from the nomograph 
shown in Fig. 9 above. The bands of varying widths associated 
with each angle reflect the experimental uncertainties; the 
higher-lying limits of each band correspond to the lower bounds of 
the experimental “ratios to Mott.” The vertical bands at 
©=27°22’ correspond to the fact that there is no d-wave contribu- 
tion at this special angle. The unique solutions for Ko and K2 are 
obtained from the intersection of the bands; the small circles 
indicate the compromise values (with uncertainties) listed in 
Table II. 


and all other quantities have been defined previously. 
Referring now to the nomograph of Fig. 9, the large 
dial represents the d wave and is used at a radius 
A»o=10P:/n; the small dial represents the s wave and 
is used at a radius Ao=2/n; the ruler connecting them 
represents the Mott scattering amplitude Ay. The 
relative orientations of the three components are 
determined by the angles ®y, i, and —e‘®: for Ay, Ao, 
and A», respectively. The dials are marked off in units 
of 2Ko and 2K2; it is clear that the Lucite pointers 
will trace out the phase factors (e?‘*°—1), etc., and 
that the black arrows in the figure represent the nuclear 
s-wave and d-wave amplitudes, respectively. A given 
“diagram” such as the one illustrated in the figure 
refers to just one given scattering angle © and a given 
energy. The resultant \/R=/(couR:) represents the 
experimentally known quantity. The procedure is now 
to adjust a beam compass to the latter distance, and 
to connect the appropriate points on the two Lucite 
pointers (corresponding to radii Ao and Az as given 
above). A certain coupled motion of the two pointers 
will now be possible, and one reads corresponding pairs 
of values of Ko and K». Repeating this procedure with 
a beam compass opening changed by the experimental 
uncertainty, we can then plot a Kz vs Ko locus, which 
will be a band containing possible (Ko,K2) pairs 
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reproducing one point on an angular distribution curve. 
This procedure must now be repeated for different 
scattering angles, i.e. different “diagrams” for each of 
which we obtain a crresponding band. This process 
is illustrated in Fig. 10 for 2.5 and 3.0 Mev. The 
unique solutions for Ko and K: are of course to be found 
in the areas common to all bands. A special, vertical 
band obtains at @= 27°22’, where p2(cos2@) vanishes, 
so that only Ko is determined. 

The nomograph is particularly useful for recognizing 
configurations (scattering angles) of high (or low) 
sensitivity to experimental error, so that a judicious 
selection of experimental conditions, insuring minimum 
uncertainties in Ko and Ke, can be made. 


APPENDIX IV. GROUND STATE OF Be? 


We shall evaluate the effect of a narrow s-wave 
resonance on the scattering of a beam of alpha particles 
having an effective energy spread AE=E,—£,. Our 
observations, shown in Fig. 5, consist of measurements 
of the ratio of scattering yield at 9=45° to that at 
@=15°. We therefore need to average over AE the 
expression plotted in Fig. 6. For 9=45° and an incident 
energy of 160 kev, Eq. (A.1) becomes 


Ry (45°) =1—<a sin*Ko—b sin2Ko, (A.12) 


where a=0.419, b=0.133. For simplicity, we shall 
neglect (1) the variation of Ro(15°) with Ko, which has 
a negligible influence, (2) the variation of the “constant” 
coefficients of sin’Ko and sin2Ko with energy through 
their dependence on n [see Eqs. (1c) and (A.1)], over 
an energy interval of the order of AE, which is very 
small compared to the resonance energy E,. We require 
the average quantity 
1 ¢* 

R,(45°)=— Ry(45°)dE. 
AE 


Ei 


(A.13) 


Substituting the resonant energy dependence of Ko 
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from Eq. (4) into Eq. (A.11), we obtain after integration 


* aT 2 (E,- E)) 
Rss?) =1———| ta (=~) 
2AE r 


2(£:—E,) 
ver) 
r 


or (E,—E))?+ (1/2)? 

-— of | (A.14) 
2AE L(E.—E,)*?+(I'/2)? 

Let us assume first that the energy spread AE straddles 

the resonance energy E,, i.e., that E,—E,=E,—E, 


=AE/2. The last term of (A.13) then vanishes, and 
if we call 6 the departure from unity, we have 





aI AE rar 
5=— tar-'(—)=s— 
2AE 


(A.15) 


AE r 


since AE>I.. Another, but probably less realistic way 
of estimating the effect, is to let E,=£,, which will 
evidently maximize 5, as can be seen from Fig. 6. We 
then obtain from (A.13), since E,—£,=AE, 


wal OF /2AE 
s-—__+— in(—). 


~ (A.16) 
44E AE \PT 


Using the numerical values for a and 6, taking AE= 250 
ev, and requiring 6 and 6’ to be less than 0.02, i.e., 
assuming that we could have detected a 2% departure 
from the average trend shown in Fig. 5, we obtain 


T<7ev; I’<4ev. 


To be conservative, we shall use the larger value T 
as our absolute lower limit. The limit on the actual 
level width for Be® will then be 


To < 3.5 ev. 


Further inferences to be made from this limit are 
discussed in Sec. IV(b). 
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Excitation curves and angular distributions for the scattering of a particles from helium have been 
obtained for bombarding energies of 3 to 6 Mev, using a differentially pumped gas scattering chamber and 
a singly charged a-particle beam from the Rice Institute Van de Graaff accelerator. A phase shift analysis 
of the data, yielding phase shifts accurate to about 2°, reveals that only S- and D-wave scattering occurs 
and shows that the well-known excited state at 2.9 Mev in Be® is a D state. The scattering data taken at 
the Department of Terrestrial Magnetism and the Universities of Illinois and Indiana are compared to the 
Rice Institute data by using the dispersion theory and the Landau K-function formalism developed for 
proton-proton scattering. The dispersion theory, applied to the Rice data, allows a rough estimate of the 
D-state level parameters, while the K function, applied to the Rice and D.T.M. data, is used to deduce a 
ground state width for Be® of 4.5+3 ev (c.m.). For excitation energies below 12 Mev, the scattering data 
are consistent with a description of the Be*® nucleus as an interaction of two a-particles. Certain qualitative 
features of the potential of interaction of such a two-body configuration are discussed. 





INTRODUCTION 


N recent years interest in the a-particle model of 
nuclei has revived because of the agreement between 
the experimentally determined level structure of C” 
and O'* and the predictions of the model.’? Be® is 
crucial to this model because it is the simplest of the 
a-particle nuclei, and because it may be studied directly 
by the scattering of a particles from helium. In principle, 
if the model applies, a-a scattering determines a po- 
tential of interaction between two a particles, and from 
this potential some of the properties of the other 
a-particle nuclei can be computed. One limitation of 
the study of Be® by a-a scattering is that only states 
of even spin and parity can be investigated. However, 
recent experiments of Moak and Wiseman® indicate 
that only three states exist in Be* below ~14-Mev 
excitation; these are the same states that are evidenced 
by a-a scattering. 

The results of the early a-a experiments, which used 
natural a emitters as the source of energetic projectiles, 
were summarized by Wheeler‘ in 1941. In 1952, Cowie, 
Heydenburg, Temmer, and Little,’ using the singly 
ionized a-particle beam of the 1-Mev and the 3-Mev 
Van de Graaff accelerators at the Carnegie Institution 
of Washington, Department of Terrestrial Magnetism, 
measured a-a angular distributions at“energies between 
0.15 and 3 Mev. Cyclotron data are available for the 
region of 12 to 23 Mev. The two most complete cyclo- 
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tron experiments, done by Steigert and Sampson at the 
University of Indiana® and Nilson and Jentschke at the 
University of Illinois,’ are in serious disagreement 
between the energies and 12 and 18 Mev. The Indiana 
data indicate an S§ state in Be® at about 7.5-Mev 
excitation ; the Illinois data do not indicate such a state. 
Observations of the Li®(He’*,p)Be® reaction, reported 
by Moak and Wiseman, do not show a state in Be® at 
7.5 Mev; nor do neutron spectrometer studies of the 
Li’(d,n)Be® reaction reported by Trail and Johnson. 
The work reported in this paper covers a-particle 
bombarding energies of 2.96 to 5.9 Mev. 


DESCRIPTION OF THE EQUIPMENT 


In 1954, the provisions made for accelerating singly 
ionized a particles with the Rice Institute Van de 
Graaff accelerator allowed the extension of reliable a-a 
scattering data to 6 Mev. For this, and other experi- 
ments requiring gas targets, a large volume scattering 
chamber and a differentially pumped beam entrance 
tube were constructed.® The use of similar experimental 
equipment has been described elsewhere.’ 

As shown in Fig. 1, the scattering chamber was 30 
inches in diameter and 13 inches deep. The large size 
permitted the installation of two scintillation detectors 
and provided a great amount of freedom in equipment 
design. The beam was brought into the chamber through 
a differentially pumped tube, re-entrant in the chamber 
wall, while collimating slits in the tube defined the 
beam to +0.1°. The pressure of the scattering gas was 
measured with an oil manometer, backed by a diffusion 
pump, and read with a cathetometer calibrated to 0.05 
mm. The specific gravity of the manometer oil (butyl 
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Fic. 1. The scattering chamber used for a-a scattering. The aluminum cylindrical chamber walls E and top and 
bottom plates F and G, are supported on adjusting screws by the rigid structure J, Z, and are attached to the 
differential pumping tube and counter bearing assemblies by the sylphon bellows K and J. This technique prevents 
the deflection of the beam tube or counter axes by the large vacuum forces on the chamber. The rigid structure, 
I, L, resting on a table, is firmly attached to the differential pumping tube and the counter bearing housing and 
assures that right angle coincidence of these axes is maintained. One detector shaft, H, is shown supported in the 
taper bearings O that are loaded by nuts P. The counter angle may be read by means of the azimuth circle M 
and vernier V, while the necessary vacuum seal is made by an O-ring at Q. Not shown is the other detector bearing, 
which is inside those shown and coaxial with them, nor is there indicated the details of either scintillation counter, 
one of which is attached at R. The Faraday cup shown was replaced in some experiments with a re-entrant one. 


sebacate) was measured to be 0.932. After initially 
evacuating the chamber, the helium pressure was 
satisfactorily regulated with a mechanical leak in series 
with a standard reducing valve and a high pressure 
cylinder of helium gas. The pressures employed in the 
experiments were about 0.4 cm Hg and the maximum 
beam energy loss to the target volume was 35-6 kev. 
The grade A helium used in these experiments had a 
purity somewhat better than 99.9%. The temperature 
was measured with a mercury thermometer in thermal 
contact with the lid of the chamber. 

The target volume was defined by slit systems of 
+1/2° resolution mounted on each detector. The two 
scintillation detectors were mounted on concentric, 
rotatable shafts. Angles of observation were determined 
by the alignment procedure to better than +0.1°. The 
detector used for this experiment, a 3-mg/cm?* CsI(T]) 
scintillator,"® made possible the detection of low-energy 
a particles in the presence of an intense y ray and 


1% Schiffer, Kraus, and Phillips (unpublished). This technique 
need not be described here. 


neutron flux. A five-point integral bias curve was taken 
for every data point with a multichannel analyzer. 
The total number of detected a particles was chosen to 
be the point of inflection of the integral bias curve, 
marking the onset of low-level detector noise. Generally, 
this number was within 2% of the value obtained by 
straight line extrapolation of the flat portion of the 
bias curve to zero pulse height. 

The beam was collected in a Faraday cup, which in 
the early experiments was as shown in Fig. 1. In later 
experiments the cup was made re-entrant and placed 
only 5 inches from the center of the chamber. The 
Faraday cup vacuum was maintained by means of a 
diffusion pump and a liquid air trap, while the Faraday 
cup evacuated region was isolated from the target gas 
by means of an aluminum foil of about 1.2 mg/cm?. 
Electrons, produced by the beam in passing through 
the foil, were prevented from reaching the Faraday 
cup by means of a permanent magnet and an electro- 
static suppressing ring, held 200 volts below ground 
potential. The earlier a-a experiments employed only 





SCATTERING OF a@ PARTICLES FROM He 


TABLE I. Estimated cross-section uncertainties for the 
a-a scattering, in percent. 








Detection efficiency 
Geometry 
Target 
Purity 
Pressure 
Temperature 
Current integration 
Faraday cup geometry 
Switching uncertainty 
Condenser calibration 
Leakage 
Charge state uncertainty 
Energy (assuming the Mott relationship 2dE/E=da/c) 
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He 
Ww 
Sx 


Total rms uncertainties 








electrostatic suppression of secondary electrons in the 
Faraday cup region and were found to yield reproduc- 
ible, but incorrect, absolute cross sections that necessi- 
tated normalization by a-argon scattering. This diffi- 
culty was eliminated by the addition of the permanent 
magnet. Current integration was accomplished by dis- 
charging a calibrated condenser to zero voltage, as 
measured by a quartz fiber electrometer. The charge 
state of the integrated a particles was computed from 
the data summarized in the review article by Allison 
and Warshaw" by using the known energy loss of the 
a particles in passing through the Faraday cup foil. 

The energy of the incident a-particle beam was 
known to +20 kev below 5.5 Mev and to +50 kev 
above 5.5 Mev. Counting statistics varied widely be- 
cause a fixed amount of charge (~100 microcoulombs) 
was accumulated for each datum point. However, 
statistics were generally better than 1.5%. 

Neglecting counting statistics, the root-mean-square 
error in the cross section, using the equipment as 
described above, was about +3%. The estimated 
uncertainties are shown in Table I. 

In December, 1955, the scattering of a particles from 
argon was measured with the equipment described 
above at several angles and energies between 2.5 and 
4.5 Mev and, when corrected for the charge state of 
the @ particle, was found to follow the Rutherford 
relationship, with maximum random deviations of 3%. 
These a-argon scattering experiments, then, may be 
considered to have demonstrated the proper functioning 
of the apparatus; or they may be considered to have 
confirmed the charge state of the a particle reported 
by Allison and Warshaw in the energy region 2.1 to 5 
Mev to +3%. 

THE EXPERIMENT 


The a-a experiments were done at the Rice Institute 
three times. First, four a-a excitation functions were 
taken from 3.8 to 5.0 Mev at laboratory angles of 
15° 17.5’, 20°, 27° 22’, and 35° 3.5’. Angular distribu- 


1. K. Allison and S. D. Warshaw, Revs. Modern Phys. 25, 
779 (1953). 
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Fic. 2. a-a angular 
distributions at two 
bombarding energies. 
The absolute differential 
cross section in the c.m. (a) 
system is plotted versus 
the c.m. scattering angle. 
The smooth curves are 
for the S- and D-wave 
phase shifts indicated. 
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tions were taken at energies of 4.31 and 5.63 Mev. 
An a-argon scattering experiment over the same energy 
region indicated an error in current integration; al- 
though a csc‘(@/2) angular dependence was observed, 
the absolute value of the cross section was not the 
Rutherford value. These a-a data were therefore nor- 
malized with respect to the a-argon data to obtain 
absolute cross sections. Since the quantity of interest, 
theoretically, is the center-of-mass differential cross 
section, the data are tabulated in that form. The 
normalized angular distributions, of the first experi- 
ments, are shown in Fig. 2. 

Later, a-a excitation curves were taken at labora- 
tory angles of 20° and 27° 22’ from 3 to 5.5 Mev, and 
angular distributions were taken at 2.96, 3.96, and 
4.98 Mev. An a-argon experiment over the same energy 
region indicated that the error in charge integration 
remained, so that these data were also normalized to 
obtain absolute cross sections. In Fig. 3 are shown the 
normalized angular distributions taken in the second 
experiment. 
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Fic. 3. a-a angular 
distributions at three 
bombarding energies. 
The absolute differential 
cross section in the c.m. 
system is plotted versus 
thec.m. scattering angle. 
The smooth curves are 
for the S- and D-wave 
phase shifts indicated. 


With the equipment in its final form, as described in 
the previous section, the a-a experiment was repeated 
a third time. An a-argon experiment confirmed the 
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for a-a scattering were measured at angles of 20° and 
27° 22’ from 2.97 and 5.5 Mev. Figure 4 shows the 
final a-a angular distributions. All three sets of data, 
where comparable, were found to agree within their 
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estimated accuracies of +3%. The earlier measure- 
ments that were normalized by a-argon scattering were 
apparently as accurate as the ones where no normaliza- 
tion was required. 

In Fig. 5 are composite excitation functions where 
all the a-a excitation data have been plotted. The 
27° 22’ and 20° curves include overlapping data from 
all three experiments. 54°44’ center-of-mass angle 
(27° 22’ laboratory angle) corresponds to a zero of the 
second-order Legendre polynomial, P2(cos@). It is seen, 
in Fig. 5, that the 27° 22’ curve is a monotonic function 
of bombarding energy, while the other excitation func- 
tions show an anomalous variation near 6 Mev. These 
facts require a 2+ assignment for the 2.9-Mev state in 
Be’. 

PHASE-SHIFT ANALYSIS 


The formula for the center-of-mass differential cross 
section, as a function of the nuclear phase shifts, 5z, is” 


a (0) = | — (n/2k) csc?[0/2]] exp[in log, csc?(6/2) ] 
~ — (n/2k) esc (w—6)/2]] exp{in log. csc?[ (w—6)/2]} 


00 
+(2/k) > (2L+1) sind, P1(cosé) 
L409 4,005 
XexpLiaz +61 ]|*, 


where n= 4e?/hv, ap =2 > .21" tan“ (n/s), ao=0, and 6, 
is the nuclear phase shift for the partial wave of order 
L; kis the wave number, 1 is the velocity of the incident 
a-particles, and @ is the center-of-mass scattering angle. 

The analytical technique for deducing the phase 
shifts, 5,, for each angular distribution of the experi- 
ments reported here, was as follows. It was assumed 
that only two phases, 59 and 5, were required to fit the 
data in the energy region of 3 to 6 Mev. Equation (2) 
was solved explicitly for 59 in terms of the experimental 
cross section at 54° 44’(c.m.). Using the value of 8 
obtained in this way, the experimental cross section 
at 40°(c.m.) was solved for 5:. These trial phase shifts, 
(50,62), aS well as the trial values (69+1°, 6.) and 
(5, dg+1°), were converted to a family of angular 
distributions which, when compared with the data, 
made possible an accurate estimate of better phase 
shifts. These new estimated phase shifts were then 
converted to an angular distribution, and were generally 
found to be an acceptable fit to the data. The ability. 
to fit the data with only two phase shifts, 59 and 42, 
justified the original assumption. Since not all of the 
data were of the same dependability, it was decided 
not to make a least squares fit. The various final fits 
of the angular distributions are shown with the data 
in Figs. 2, 3, and 4. 

The phase shifts, obtained as described above, were 
plotted versus energy, and are shown in Fig. 6, The 


12N. F. Mott and H. S. W. Massey, The Theory of Atomic 
Collisions (Oxford University Press, New York, 1953). 
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Fic. 5, Excitation curves for a-a scattering in the energy region 
3 to 6 Mev, at four scattering angles. The differential cross section 
in the c.m. system is plotted versus the laboratory energy. The 
smooth curves are the cross sections calculated from the phase 
shifts shown in Fig. 6. 


branch of 69 near 7, at low energies, was chosen to 
conform to the established fact that the ground state 
of Be® is an S configuration.” These phase shift curves 
were converted to excitation curves at laboratory angles 
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Fic. 6. S- and D-wave phase shifts for a-a scattering in the 
energy region 0.3 to 6 Mev. Included are the phase shifts of 
reference 5. Arbitrary smooth curves have been drawn through 
the data points. 


13 P, B. Treacy, Proc. Phys. Soc. (London) A68, 204 (1955). 
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of 15° 17.5’, 20°, 27° 22’, and 35° 3.5’, and are shown 
with the data at those angles in Fig. 5. 

While fitting the angular distributions, it was found 
that the two data points at angles smaller than 20° in 
the laboratory were inconsistent with the rest of the 
angular distribution; i.e., a theoretical curve passing 
through about twenty data points at angles larger than 
20° would not pass through the two most forward data 
points. The deviation for these two angles was in the 
direction to be explained by the scattering into the 
detector of particles whose origin was other than the 
target volume. The discrepancy was about 10% in the 
worst cases. For these reasons, the phase shifts were 
chosen to fit the data at angles greater than 20°. Above 
5 Mev the effect disappeared, and a satisfactory fit to 
the data at all angles was obtained. The estimated 
error for S- and D-wave phase shifts is +1.5° from 3 
to 5.5 Mev and +2° from 5.5 to 5.9 Mev. 

The three sets of data on a-a scattering, obtained at 
the Department of Terrestrial Magnetism, the Rice 
Institute, and the University of Illinois, are apparently 
consistent in that phase shifts appear to be reasonably 
continuous. Figure 7 shows all three sets of data. 
However, the uninvestigated region, between 6- and 
12-Mev bombarding energy, allows the possibility that 
the higher energy S- and D-wave phase shifts are 
misplaced by an integer times 7. 

A comparison of the low-energy phase shifts to the 
Indiana data does not reveal as much continuity; 
indeed, it would appear necessary to postulate a D state 
in the region 3 to 6 Mev in Be® in order to join the 
highest Rice value to the lowest Indiana value. 


DISCUSSION OF THE LOW-ENERGY PHASE SHIFTS 


The first excited state of Be*, as indicated by the 
phase shift analysis of the scattering data shown in 
Fig. 7, is a D state. Approximate level parameters for 
this state may be obtained by fitting the experimental 
phase shifts in the region of the resonance with the one 
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Fic. 7. a-a scattering phase shifts below 24 Mev showing the 
D.T.M.,® the Rice Institute, and the Illinois data.” Arbitrary 
smooth curves have been drawn through the data points. 
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Fic. 8. An analysis of the 2.9-Mev D state in Be® using the 
dispersion theory. The experimental D-wave phase-shift data 
points are compared to a reasonable fit using the dispersion theory 
and the parameters indicated. Also shown is a similar comparison 
of the S-wave data to the prediction of the dispersion theory. 











level dispersion formula of Wigner and Eisenbud."* To 
obtain a fit, the value of the resonance energy Ep was 
assumed to be 6.0 Mev, and two data points then 
determined the hard sphere radius and the width 2. 
The comparison of the theory with the data is shown 
in Fig. 8. The level parameters obtained in this manner 
are shown in Table II along with those deduced by 
Nilson et al. for the G state. These widths are near the 
Wigner limit, and are therefore consistent with a 
two-body description of Be’. 

The width of the ground state of Be® appears to be 
too narrow to be directly measured by an a-a scattering 
experiment.'® However, the Landau K-function formal- 
ism, applied by Jackson and Blatt to proton-proton 
scattering,’” may be applied to low-energy a-a scattering 
as a technique for extrapolating the S-wave phase 
shift to zero energy. This formalism considers a function 
K defined by the relation 


K=r cotdo/(e™"—1)+h(n), 
where 
h(n) = Re[I” (—in)/T (—in) ]—logn, 


and assumes that K may be expanded as a power series 
in the energy, as K=D(—1/a+-4rok?— Prbkt+---). 
This expansion is equivalent to assuming that the 
de Broglie wavelength of the colliding particles is long, 
compared with the range of the potential of interaction 
of the particles. The region of applicability to proton- 
proton scattering is to about 20 Mev. Since an a 
particle has twice the momentum of a proton of the 


4 E. P. Wigner and L. Eisenbud, Phys. Rev. 72, 29 (1947). 

16 T, Teichmann and E. P. Wigner, Phys. Rev. 87, 123 (1952). 

16 P. B. Treacy, reference 13, placed a lower limit of 0.15 ev 
for the width, while unsuccessful attempts to observe the reso- 
nance by N. P. Heydenburg and G. M. Temmer (private com- 
munication); Phys. Rev. 104, 123 (1956), preceding paper, place 
an upper limit of about 3.5 ev on the width. 
pe | D. Jackson and J. M. Blatt, Revs. Modern Phys. 22, 77 





SCATTERING OF a PARTICLES FROM 


same energy, and since the range of the a-a potential 
of interaction is about four times the range of the 
proton-proton interaction, the expected energy region 
of applicability to a-a scattering is for bombarding 
energies below about 3 Mev. Since a value of 69 of zero 
or mm causes the function K to diverge, a consideration 
of possible poles of K is necessary to justify employing 
a power series in the energy to describe K. The S-wave 
phase shift apparently has no zeros or values of nm in 
the energy region above the ground state and below 
about 20 Mev. However, it is zero, or nw, near 20 Mev 
and may also vanish somewhere below the ground 
state. A singularity of K at 20 Mev would not materially 
effect the low-energy region. Since there is no evidence 
that the S-wave phase shift is ever negative below the 
resonance, it has been assumed that K is a proper 
function in that region. If 5) were negative below the 
ground state, it appears that this would imply a 
potential whose outer part is repulsive.’* Since argu- 
ments to be given later indicate that the potential is 
probably attractive at large distances, it seems likely 
that K is not singular at low energies and that the 
application of the K-function formalism is reasonable. 

The range expansion was applied to the Rice Institute 
and to the Department of Terrestrial Magnetism data, 
and the fit is shown in Fig. 9. It was found that only 
terms up to k* were required to fit the data below 3 Mev. 
In Fig. 9 are also shown the values of the “zero energy 
scattering length,” “effective range,” and shape pa- 
rameter P—all obtained by the fitting. The fact that P 
is not zero shows that there is more potential shape 
information to be derived from a-a scattering than from 
low-energy p-p scattering. The energy expansion begins 
to deviate from the experimental K function in the 
vicinity of 4 to 5 Mev. 

It is clear from the definition of K that when 69=2/2 
--nm (where n is an integer), then K=h(n). The energy 
expansion of K, then, must necessarily pass through 


TABLE II. The excited states of Be®, shown by a-a scattering 
below 12-Mev excitation energy. The properties of the G state 
are those of Nilson and Jentschke, while the properties of the 
ground state and first excited state are deduced (see text) from 
the low-energy S- and D-wave phase shifts measured at D.T.M. 
and Rice. 








Excitation 
energy 
(Mev) h) Te.m 


0 4.543 ev 
2.9 2.0 Mev 
11.6 6.7 Mev : 4.5 


72/3h?/ 


R(cm 
y?(Mev, c.m.) 1071) 2uR?)* 


0.15 5.7 0.15 
0.9 5.0 0.7 
1:5 0.95 











® The Wigner limit was calculated in each case for the radius shown, 
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Fic. 9, Application of the Landau K function to the determi- 
nation of the width of the S-wave ground state width of Be’. 
The function H (nm) and K(£) are shown in the lower part of the 
figure and plotted versus energy. An analytical fit to the data is 
given at the top of the figure. It also shows the intersection of K 
and h at the ground state of Be®, along with the derived values of 
the “zero energy scattering length” a, “effective range” ro, and 
shape parameter P. 


h(n) at 94.5+1.4 kev center-of-mass energy, where 
59=2/2." This fact permits a determination of the 
ground state width. The upper part of Fig. 9 is an 
enlarged view showing the intersection of K and h(n). 
The width of the ground state was computed by solving 
the expansion of K to determine the energy change 
required to change the S-wave phase shift from 45° to 
135° across the ground state. The width, then, in 
the c.m. system is given by the expression T= 
[ (e*"—1) (dh/dE—dK/dE) }". The width obtained was 
4.5+3 electron volts, center-of-mass energy. The error 
was assigned by assuming a +1.4 kev (c.m.) uncertainty 
for the ground state energy and a +10% uncertainty 
in the slope of K. This width is about 15% of the 
Wigner limit (assuming a radius of 5.7X10-" cm), 
and although small is consistent with a two-body 
description of Be®. Furthermore, the width derived in 
this way, overlaps the established limits.!* The pa- 
rameters of the ground state are also shown in Table II. 


19 Jones, Donahue, McEllistrem, Douglas, and Richards, Phys. 
Rev. 91, 879 (1953). 
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QUALITATIVE FEATURES OF THE a-a 
INTERACTION POTENTIAL 


If a two-body description of Be®, in terms of a single 
central potential for all partial waves, is a sufficient 
description of the ground state and the first two excited 
states, then certain qualitative arguments, based on the 
scattering data, may be made about the a-a potential 
of interaction. First, because the ground state is 
slightly unbound, the net attractive volume of the 
potential well (defined as the radial distance over which 
the potential is negative times the square root of the 
average depth of the potential in this region) must be 
of the order of }X10~ (Mev)?-cm. Second, if the S- 
wave phase shift is negative above 20 Mev, as is 
indicated by the Illinois scattering data, there must be 
some spatial region in which the potential of interaction 
is more repulsive (positive) than the Coulomb poten- 
tial..* Third, because the higher order partial waves, 
5. and 4,, first begin to deviate from zero in the positive 
direction, the outermost effect of the potential must be 
attractive (negative). Fourth, the D- and G-wave phase 
shifts begin to deviate from zero at energies which 
correspond to a maximum range of the potential of 
about 5X10-" cm, as determined by the hard sphere 
sizes required in the previously discussed dispersion 
theory calculations. These considerations present a 
qualitative picture of the a-a interaction potential as an 
attractive potential trough, of the order of 2X10-" cm 
wide and a few Mev deep, located at a radius of about 
5X 10-* cm and a potential core which must be more 
repulsive than the Coulomb potential. This qualitative 
information about the potential shape stimulates an 
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interest in the problems of the explicit construction of 
the potential from the phase-shift data. Such calcu- 
lations are being attempted. 

Of course, nothing may be inferred about the nature 
of the potential for distance less than about 2K10-" 
cm because of the large uncertainty of the energies at 
these distances and the finite binding energies of the 
individual nucleons inside the a particles. Also, the 
finite extent in energy of the phase shift information 
limits the definition of the potential for the smaller radii. 

It is interesting to note that the arguments given 
above, when applied to the data of Steigert and Samp- 
son, would indicate a soft core, or attractive, potential 
in order to obtain the 7.5-Mev S state that they report. 
Thus it appears that additional experimental a-a scat- 
tering work needs to be done in the energy region above 
6-Mev bombarding energy so that this serious disagree- 
ment may be resolved. 

A consideration of the a-a scattering data, then, 
appears to allow an interpretation of the Be® nucleus, 
for excitation energies less than 12 Mev, as a two-body 
interaction between a particles, and further, some 
qualitative information about the potential of inter- 
action may be obtained. 
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The elastic scattering of protons from carbon in the range of bombarding energies 1.5 to 5.5 Mev has 
been investigated, using protons from the Rice Institute Van de Graaff accelerator and a differentially 
pumped gas scattering chamber. Angular distributions and excitation curves at seven angles have allowed 
an explicit phase shift analysis of the data below 5 Mev. Only five nonzero phase shifts were necessary to fit 
the data to better than 10% at all energies and angles. The fourth and fifth excited states of N"™ are identified 
at 4.808- and 5.37-Mev bombarding energy, and their respective assignments are 5/2+ and 3/2*, while their 
laboratory widths are 12 kev and 125 kev. The 4.43-Mev inelastic scattering y radiation was studied by 
obtaining excitation curves and angular distributions which confirmed the 3/2* assignment for the 5.37-Mev 
resonance. The large ratio of inelastic to elastic reduced widths for this level suggests that it and, possibly, 
the fourth excited state of N" are due to an S-wave proton configuration about C” in its 2* first excited 


state. 





INTRODUCTION 


ERTAIN features of the properties and structure 

of nuclei have led to the hypothesis that nucleons 
are arranged into shells in the nucleus.! Most theories 
which attempt to describe the nature of these shells are 
based on the independent particle model of the nucleus 
with strong spin-orbit forces. It is particularly interest- 
ing to apply this model to the closed-shell-plus-one 
nuclei, since it should be most applicable to such cases. 
One method of investigating the properties of the 
energy levels of such nuclei is to observe the elastic 
scattering of neutrons and protons from a closed shell 
nucleus. An application of the dispersion theory for- 
malism?* allows, in principle, a determination of the 
resonant energies, reduced widths, spins, and parities of 
any states observed. As a method of analyzing the 
elastic scattering data, this formalism is of use primarily 
when the separation of levels of the same spin and 
parity is large compared with their widths. 

This condition is quite well fulfilled for the levels 
thus far known in N™. Jackson et al.‘ have investigated 
the elastic scattering of protons by carbon from 0.4 to 
4.4 Mev and have found the first three excited states 
of N'*. Martin et al.5 have investigated this reaction 
from 2.2 to 7 Mev and have reported the existence of 
levels in N* at proton energies of 3.2, 4.8, 5.37, and 
5.9 Mev. Jackson et al. definitely ruled out the existence 
of a state at 3.2 Mev, but were unable to attain the 
energies necessary to observe the other three reported 
states. Moreover, in their phase-shift analysis of the 


+ Supported in part by the U. S. Atomic Energy Commission. 

* Now at Phillips Petroleum Company, Atomic Energy Divi- 
sion, Idaho Falls, Idaho. 

t Now at General Electric Company, San Jose, California. 

1M. G. Mayer and J. H. D. Jensen, Elementary Theory of 
Nuclear Shell Siructure (John Wiley and Sons, Inc., New York, 
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2 E. P. Wigner and L. Eisenbud, Phys. Rev. 72, 29 (1947). 

3T. Teichmann and E. P. Wigner, Phys. Rev. 87, 123 (1952). 

4H. L. Jackson and A. I. Galonsky, Phys. Rev. 89, 370 (1953); 
Jackson, Galonsky, Eppling, Hill, Goldberg, and Cameron, Phys. 
Rev. 89, 365 (1953). 

5 Martin, Schneider, and Sempert, Helv. Phys. Acta 26, 595 
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elastic scattering data, they found it necessary to allow 
two of the phase shifts to depart from the values calcu- 
lated from the dispersion theory. One explanation of this 
(but not the only one, as they pointed out) was the 
existence of states in N™ above the energy range of 
their experiment. 

As would be expected on the basis of charge symmetry 
of nuclear forces, there is quite good agreement between 
the properties of the first three excited states of N and 
those of the corresponding states in C', Numerous 
studies of the properties of the fourth and higher excited 
states of C8, as observed in the elastic scattering of 
neutrons by C’*, have been reported.® A study of the 
properties of the corresponding states in N'™ would 
allow a further check of the charge symmetry hypothesis. 
Furthermore, from the energy difference of states with 
the same orbital quantum numbers, but with different 
total angular momenta, it is possible to obtain some 
idea of the magnitude of the spin orbit forces. For these 
reasons it was believed that an investigation of the 
elastic scattering of protons by carbon from 4 to 5.5 
Mev would prove to be of considerable value in pro- 
viding information pertinent to the current theories of 
nuclear structure and nuclear forces. 


APPARATUS 


In order for the results of a phase-shift analysis of 
elastic scattering data to be dependable, the absolute 
values of the differential cross section must be known to 
within a few percent. A gas target is ideally suited for 
such experiments, since the target thickness depends 
only on the dimensions of the detector slit system, the 
scattering angle, and the pressure and temperature of 
the gas. These quantities may be measured to a degree 
of precision higher than that necessary for an analysis 
of the scattering data. 

In order to perform elastic scattering experiments 
employing gas targets, a large-volume scattering cham- 
ber and differential pumping system were designed and 


(1988) Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
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Fic. 1. The C?(p,p)C# 
center-of-mass differential 
cross section (in barns/ 
steradian) vs bombarding 
energy at the seven angles 
observed. The data points 
are solid circles, while the 
solid line indicates the fit of 
the theory to these data. 
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The narrow anomaly at 
4.808 Mev is the fourth ex- 
cited state of N™, and its 
assignment is 5/2+. The 
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built at The Rice Institute. Since this apparatus and the 
associated equipment have been described in the pre- 
ceding paper,’ no description will be given here. The 
target gas employed in the scattering experiments was 
methane at pressures of the order of } cm Hg. At such 
pressures, the errors introduced by incomplete beam 
integration due to the small angle scattering of particles 
of the beam out of the Faraday cup were found to be 
negligible; the energy lost by the beam in traveling 


7 Russell, Phillips, and Reich, Phys. Rev. 104, 135 (1956), pre- 
ceding paper. 
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from the 90° analyzing magnet to the target volume 
was calculated to be 7 kev with an uncertainty of less 
than 3 kev. The scintillation crystals employed as 
detectors with the two photomultiplier counters were 
CsI(T1) crystals of 12 mil thickness which allowed the 
pulse-height separation of protons scattered from hydro- 
gen and carbon. 


EXPERIMENTAL RESULTS 


For convenience in the analysis, the differential cross 
section and the scattering angle are given in the center- 
of-mass system, while the proton energy is given in the 
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laboratory system. The differential cross section for the 
C?(p,p)C” reaction from 4.1 to 5.0 Mev at seven angles 
of scattering is given in Fig. 1. Figure 2 shows the 
C"(p,p)C differential cross section from 4.8 to 5.6 Mev 
at four angles of scattering. The presence of anomalies 
at 4.8 and 5.4 Mev is the predominant feature of these 
excitation functions. Angular distributions, taken at 
proton energies of 4.613, 4.964, and 5.574 Mev, are 
shown in Fig. 3. For reasons to be discussed later, 
excitation functions for the C!*(p,p)C'* reaction were 
taken at center-of-mass angles of 54° 44’ and 90° from 
1.5 to 5.5 Mev. These curves are shown in Fig. 4. 

The energy scale for these data was established by 
means of The Rice Institute annular magnet spectrom- 
eter. The peak of the 4.8-Mev anomaly, when ob- 
served at 180°, was found to be (4.806+0.005) Mev. 
The position of the peak is a function of the scattering 
angle, and in establishing the energy scale, the assump- 
tion was made that the energy of the peak in the 
149° 26.5’ cross section was 4.806 Mev. After a phase- 
shift analysis of the data in this energy region had been 
completed, it was found that this assumption introduced 
an error of about 0.2 kev into the energy scale. Since 
the energy lost by the beam in reaching the target 
volume could be calculated to better than 3 kev, the 
energy scale is believed good to +8 kev at 4.8 Mev or 
better than 0.2%. Table I lists the uncertainties in the 
various experimentally measured quantities. 


§ Gossett, Phillips, and Eisinger, Phys. Rev. 98, 724 (1955). 
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The methane gas used in the scattering experiments 
was supplied by the Phillips Petroleum Company of 
Bartlesville, Oklahoma, and had a claimed purity of 
better than 99%. No analysis was made to check the 
producer’s claim, but on the assumption that most of 
the impurities were present in the form of light hydro- 
carbons the error introduced would be negligible. 
Natural carbon contains about 1% C*. Since no values 
for the C'8(p,p)C™ differential cross section have been 
quoted above about 1.6 Mev at the present time, the 
error introduced through this isotopic contaminant 
cannot be estimated. In addition to the uncertainties 
listed, there is the statistical uncertainty in the yield 
of the elastically scattered protons. In general, this 
statistical uncertainty was less than 2%, although in 
the region of the dip in the 90° cross section near 4.8 
Mev this uncertainty was 4%. Comparisons with the 
University of Wisconsin data‘ were made at several 
angles and energies. The agreement between the two 
sets of data was always within the statistical accuracy 
of our data. 


ANALYSIS OF THE C'!*(p,p)C'? DATA BELOW 5 MEV 


Introduction and General Expressions 


If elastic scattering is the only process energetically 
possible, the partial wave expansion of the center of 
mass differential cross section for the elastic scattering 
of protons by spin-zero nuclei is 


o(0)=(1/k*)(| fe|?+| fi|*), (1) 
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where 


fo= — (n/2) csc*(6/2) expLin log. csc?(6/2) ] 


+5 exp ian) Pi(cos#)[ (+1) exp (i8y*) sindi* 
" +1 exp(i8;-) sind-], 
f=sind © exp (ion) Pi’ (cos) [exp (i8;*) sind ;+ 
es —exp(id;-) sind;-]. 


Here, k= X~'=y0/h, uw being the reduced mass of the 
system, and » the relative velocity, 


I 
n=ZZ'e?/hv, oi=2 > arc tan(n/s), 


s=l 


TABLE I. Estimated cross-section uncertainties 
for p-C™ scattering. 








Quantity Uncertainty 


Geometry 

Angular uncertainty 
Current integration 
Detection efficiency 
Gas purity 





Root-mean-square uncertainty 




















Fic. 3. The C"*(p,p)C™ center-of-mass differ- 
ential cross section (in barns/steradian) vs 
center-of-mass angle. The solid lines on the two 
lower energy angular distributions represent 
theoretical fits using the five phase shifts shown, 
while the solid line on the highest energy angular 
distribution merely connects the data points. 


with ao=0, 6 is the center-of-mass scattering angle, 
P;(cos@) is the /th order Legendre polynomial, P;'(cos@) 
= dP;(cos@)/d(cosé), and 6;* is the non-Coulomb phase 
shift of the partial wave of orbital angular momentum / 
and total angular momentum j=/+}. 

The expression f,, the coherent scattering amplitude, 
represents those protons whose spins do not change 
direction in the scattering process, while the expression 
fi, the incoherent scattering amplitude, represents those 
protons whose spins have been reversed during scat- 
tering. This expression has several mathematical proper- 
ties which made its application to a specific problem 
somewhat simpler than might be expected. Since these 
properties have been discussed in detail elsewhere,® 
they will be mentioned only briefly here. 

Each term in f, and f; is a complex number, and thus 
may be treated as a “vector” in the complex plane. For 
convenience, these terms will be called partial wave 
vectors, and spectroscopic notation will be used in 
referring to them. Thus, the partial wave vector in- 
volving 6;+(J=1, 7=1+3= 4) will be called the Ps. 
vector. f, and f; may be obtained by adding these 
various vectors graphically, and the resulting cross 
section may be calculated from (1). 

As a resonance of a given / and 7 is traversed, the 
corresponding phase shift, 5,+, changes by approxi- 

®R. A. Laubenstein and M. J. W. Laubenstein, Phys. Rev. 84, 
18 (1951). 
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Fic. 4. The C!2(p,p)C center-of-mass differential cross section vs bombarding energy at two forward angles. 
The solid line indicates the theoretical fit to the data. 


mately 180°, and the tip of the corresponding partial 
wave vector moves counterclockwise along the circum- 
ference of a circle. This circle has a diameter of 
(j+3)P:(cos6) and is tangent, at the point correspond- 
ing to 6,/=0, to a line making an angle a; with the real 
axis. This property enables one to obtain some idea of 
the spin and parity of a resonance. If cross-section data 
are available at an angle close to 180°, where f; is small, 
then 


kLo (8) max ]!—kLo (8) min }*™| fe | max | fo| min 
= (j+4)P1(cosé). 


Thus, the maximum and minimum cross sections at a 
backward angle give some indication of the spin and 
parity of a resonance. 

An analysis of the scattering data consists of extract- 
ing the phase shifts from these data. Once the phase 
shifts are known, it is desirable to relate them to 
parameters characteristic of the resonance levels in- 
volved. On the basis of the single-level approximation, 


6;,+=—tan! (Fi/Gi)rma 
+tan“[(4T))/(E,+4,—£)]=¢r+8*. (2) 

F, and G; are the regular and irregular Coulomb wave 

functions, respectively, as defined by Bloch et al.'°; 


¢: and 6;* are the “hard sphere” and resonant phase 
shifts. The relation between the experimental width, 


1 Bloch, Hill, Broyles, Bouricius, Freeman, and Breit, Revs. 
Modern Phys. 23, 147 (1951). 


T,, and the reduced width, 2, is 
T= 2ky7/A?’, Af~=F?+G/. 


The resonant energy, Ep, is defined as that energy for 
which E,+A,—E=0, where 


Ay= — (yn2/a) (d InA1/d Inp+1) ,ata. 


In order to obtain the reduced width y)?, and the 
characteristic energy, Ey, of a level, it is necessary to 
choose a value for the interaction radius a. The value 
used for this analysis was a= 4.77 X 10~* cm, which was 
the value used by the Wisconsin group‘ and was chosen 
in order that the results of the two analyses might be 
directly comparable. 


where 


Analysis of the 4.8-Mev Anomaly 


Several considerations allow one to eliminate certain / 
and j assignments for a given resonance. If the reso- 
nance shows a pronounced dip when observed at 90°, 
then it cannot, in general, have odd parity. This follows 
from Eq. (1), since at 90° the terms involving odd / 
occur only in f;. In general, f; is somewhat smaller 
than f, off-resonance; its effect on resonance, then, will 
be principally to increase the cross section, or at most 
to produce a slight dip. A preliminary experiment, 
using methane of unknown purity, contained data at 
an angle of 161.6° (c.m.). From the maximum and 
minimum cross sections of the resonance, when ob- 
served at this angle, it was decided that the resonance 
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Fic. 5. The C"(,p)C” center-of-mass differential cross section 
vs bombarding energy. The points represent the Wisconsin data 


and the solid lines represent the theoretical fit obtained by using 
the phase shifts of the present analysis. 


could be D32, Ds/2, or possibly G72. It is also possible 
to place an upper limit on the / values which form the 
state. The Wigner limit® on reduced widths requires 
that 7,?<$(h?/ua). For an a of 4.77X 10-8 cm, y)?< 14 
X10-'* Mev cm. At 4.8 Mev, a state with an observed 
width of 12 kev and an / of 5 requires y,?=I')A5?/2k 
=31X10-'* Mev-cm, which is more than a factor of 
two too large. Thus, the resonance at 4.8 Mev has even 
parity and is formed by protons having an /<4. 

In order to fit the data below 5 Mev, it was decided 
to fit the angular distribution at 4.613 Mev first. Conse- 
quently, phase shifts were calculated from Eq. (2), 
using the Wisconsin level parameters, and these phase 
shifts were then modified in the manner that they 
reported necessary.‘ Since the resulting fit was quite 
bad (e.g., ~80% high at 54° 44’), it was decided to 
extract the phase shifts explicitly from the data. The 
method adopted for this assumed two things: (1) the 
resonance was formed by D-wave protons, and (2) all 
phase shifts were zero for partial waves having />2. 
The following reasoning was then used: (1) at 54° 44’ 
and 125° 16’, P2(cos#)=0; At these angles, f, is essen- 
tially constant across the resonance. (2) at 90°, 
P;(cos@)=0. At this angle, f; is essentially constant 
across the resonance. (3) Using Eq. (1), one may obtain 
a relation of the form 


[ko (8) max— | fel? ]!—[k?o (0) min— | fo]?! 
> | fi| max | fil min sin6P»’ (cos@) 


at 54° 44’ and at 125° 16’. These two expressions may 
be used to calculate | f,| at the two angles. (4) Similarly, 
the (constant) value of | f;| at 90° may be determined 
from the 90° cross-section data. At this angle, 
fi=sin(6;+—6,-), since by assumption 6;,+=0 for />2. 
(5) The values of | f,| and | f;|, determined from (3) 
and (4), are values at 4.8 Mev. It was assumed that 
they had these same values at 4.613 Mev. (6) The 
expressions given in (3) and (4) provide three relations 
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between the three unknowns: do, 6:+, and 6;-. These 
relations were solved (graphically) to determine possible 
values of 59, 5:*, and 6;-. One set of possible values is 
5o=82°, 61:*=162.5°, and 6;>>=—32°. The striking 
thing about this set of phases is that 59 and 6; agree 
quite well with the values calculated from Eq. (2), 
using the Wisconsin level parameters. 5,;+, however, is 
about 18° higher than the calculated value. (7) From 
these values of 5o, 51+, and 6,-, the phase shifts 5,+ and 
63> were extracted explicitly from the cross-section 
data at 54° 44’ and 125° 16’. The resulting phase shifts 
fit the angular distribution at 4.613 Mev to within 10% 
at all angles. It was possible to improve the fit by 
calculating increments (Aé6,;+) to the corresponding 
phase shifts in the following manner. It was assumed 
that the experimental cross section at a given angle 
differed from the calculated one by a correction term 
which was linear in the Aé,*. That is, ¢(@)exp=o(O)cate 
+) 1 [00 (0)/065,* ]Ad,+. Such equations may be formed 
at five angles, and the five Aé;+ may be determined. It 
was found that adding 3 of the calculated increments 
to the corresponding phase shifts gave quite acceptable 
results. The resulting phase shifts, along with the 
angular distribution they predict, are included in 
Fig. 3. Once these phase shifts were obtained, it was 
not difficult to obtain a fit to the angular distribution 
at 4.964 Mev. Furthermore, an examination of the 
partial wave vectors at 4.613 Mev showed that the 
only partial wave vector which could reproduce the 
observed resonance shape at all the angles observed 
was the Ds. vector. This established the spin and 
parity of the 4.8-Mev resonance as 5/2*. 

The phase shifts in the region between the two 
angular distributions were extracted from the data, 
and from the observed energy variation of 6,*, the 
parameters 7,” and E, for this resonance were obtained. 
A two-level formula for the phase shift was used, since 
another Ds/2 resonance is known to exist in N'*.4 The 


TABLE II. Parameters of the first five excited states in N™. 
a=1.45(¥ 12+¥ 1)X 10-8 cm=4.77X10- cm. 








Level: Sia Psj2> Ds; Doe 





Er (Mev)* 0.461 1.698 1.748 4,808 5.37 
E (Mev) —1,076 1.704 4.816 

I (kev)* 34 60 12 125 
yy? X10718 (Mev cm)* 8.22e 0.477¢ 0.048¢ —0.18,° 2.98 
Er (Mev) 2.369 3.511 6.380 6.90 

E (Mev) 0.951 3.516 6.387 

r (kev) 31 55 11 115 

yy? X10- (Mev cm) 7.58 0.440 0.044 0.17," 2.7¢ 
yy2/ (3h2/2ua) 0.54 0.031 0.0031 0.012,° 0.2¢ 








® Energies in the laboratory system. All other energies are in the center- 
of-mass system with the ground state of N™ taken to be zero. 

> Taken from H. L. Jackson and A. I. Galonsky, Phys, Rev. 89, 365 
(1953). e 

¢ Refers to elastic scattering reduced width. — ] 

4 The parameters for the Dayz state are obtained from the estimates de- 
scribed in the text and are not of comparable accuracy to those for the 
other states. 4 ° A 

e Refers to inelastic scattering reduced width. 
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Fic. 6. The C!(p,p)C" center-of-mass differential cross section 
vs bombarding energy. The points represent the Wisconsin data 
and the solid lines represent the theoretical fit obtained by using 
the phase shifts of the present analysis. 
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resonant portion of this expression is 


k/A2? 
if d(InA») (na On’) TP 
pte gee 
d(Inp) Ey, —-E Exo—E 

where the subscripts 1 and 2 refer to the lower and 
upper levels, respectively. The parameters thus ob- 
tained for the 4.8-Mev resonance, along with those 
obtained by Jackson ef al.‘ for the first three excited 
states, are given in Table IT. 

In calculating the D3. phase shift from the param- 
eters given, the hard-sphere contribution was assumed 
to vary linearly with energy from a value of —3.6° at 
4.613 Mev to —4.4° at 4.964 Mev. The calculated hard- 


sphere values vary linearly with energy from a value of 
—8.7° at 4.613 Mev to —10.2° at 4.964 Mev. 





tanB,* = 


a 


COMPARISON WITH A PREVIOUS ANALYSIS 


The Wisconsin group found it necessary to increase 
59 by an amount which varied linearly with energy.‘ 
With such a correction, 59 would be expected to be 
about 93° at 4.613 Mev. Yet the extracted value, 84.5°, 
differs by less than 3° from the value calculated from 
(2), using the Wisconsin level parameters.‘ Further- 
more, 5;+ at 4.613 Mev is about 21° higher than the 
calculated value, and no anomalous behavior of 6,;+ was 
reported necessary to fit the data at 3.6 Mev, which 
was the highest energy covered by the Wisconsin 
analysis. No reasonable energy variation of 5,+ could 
make the values extracted in the region of 4.8 Mev 
consistent with those quoted in the region of 3.6 Mev. 
Some analysis of the region between 3.6 Mev and 4.6 
Mev was thus indicated. 

Since the Wisconsin data consist of excitation curves 
at angles greater than 90°, excitation curves at center- 
of-mass angles of 54° 44’ and 90° were taken at this 


149 


laboratory. These are shown in Fig. 4. Furthermore, 
through tiie cooperation of Professor H. T. Richards 
of the University of Wisconsin, a copy of the Wisconsin 
data and phase shifts was obtained. Upon applying the 
phase shifts to the 54° 44’ data, it was found that the 
agreement between the calculated cross section and the 
measured one was quite good in the region of the 1.7- 
Mev anomaly. At 2 Mev, however, there was a dis- 
agreement of about 15%, and at 3.6 Mev the calculated 
coherent scattering cross section alone was more than 
50% higher than the measured cross section. During 
the course of these calculations, the source of the dis- 
crepancy became apparent. At the backward angles the 
P32 vector was approximately perpendicular to the 
resultant f, vector, while at the forward angles the two 
were approximately parallel. Thus, if the P3;2 phase 
shifts were incorrectly chosen, the main effect at the 
backward angles would be to change the phase of f,, 
while at the forward angles the main effect would be 
to change its magnitude. Thus, an error in the P32 
phase shift would be difficult to detect at backward 
angles, but quite noticeable at forward angles. 

The data above 1.5 Mev were thus reanalyzed in the 
light of this information. The fits to the data at 54° 44’ 
and 90° are shown in Fig. 4. The fits to the Wisconsin 
data from 1.5 to 3.6 Mev are shown in Figs. 5 and 6. 


BEHAVIOR OF THE PHASE SHIFTS 
FROM 1.5 TO 5 MEV 


The variation with energy of the extracted phase 
shifts is shown in Fig. 7. The S-wave phase shift agrees 
with the values calculated using the Wisconsin level 
parameters up to about 4.6 Mev, where the difference 
in the two is approximately 3°. Similarly, the P12 phase 
shift agrees very well with the hard-sphere scattering 
value up to 4.6 Mev. Above this energy, the deviations 
from the calculated values become larger, being +5.6° 
for 59 and +2.3° for 6;- at 4.964 Mev. The deviation 
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Fic. 7. The phase shifts for the C*(p,p)C™ reaction extracted 
explicitly from the cross-section data. 
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of 53+ from the calculated values, using the two-level 
formula, varies linearly with energy from 0° at 2.4 Mev 
to +5.8° at 5 Mev. The variation of 6;- above 4 Mev 
indicates the presence of a Ds2 resonance in the region 
above 5 Mev. The variation of 6;*+ is quite different 
from the calculated values. Furthermore, since it in- 
creases with energy above 3.5 Mev, the indications are 
that this behavior is due to the presence of a Py level 
in the energy region above that of the present experi- 
ment. Since there is no difference between the extracted 
and calculated values of 6;+ below 1.8 Mev and only 
+2° at 2 Mev, it is believed that this difference is due 
to causes other than the Wisconsin choice of parameters 
for the P3;2 level. 


C!2(p,p)C'2 REACTION ABOVE 5 MEV 


The predominant feature of the excitation functions 
from 5 to 5.6 Mev is the presence of a rather broad 
anomaly in the region of 5.4-Mev proton energy. The 
parameters deduced for this state are also shown in 
Table II. The analysis of the data in this region is 
more complicated than that in the lower energy region 
for a number of reasons. The major complication arises 
because of the occurrence of inelastic scattering to the 
first excited state of C'*. This becomes energetically 
possible at a proton energy of 4.80 Mev, but does not 
show up appreciably below 5 Mev. Because of this 
additional decay mechanism, the partial wave expansion 
as used in the preceding analysis is no longer valid, 
since it is derived on the assumption that elastic 
scattering is by far the most probable process. Further- 
more, as will be shown later, an excitation function for 
the 4.43-Mev y radiation resulting from the inelastic 
scattering process indicates a relatively large cross 
section for this process and also a rather complicated 
level structure above 5.2 Mev. This excitation function 
consists of two fairly broad overlapping resonances 
below 6 Mev, superimposed on a fairly rapidly in- 
creasing off-resonance yield.® An additional factor is 
an enhanced probability of scattering for partial waves 
having />2. It is apparently not necessary to consider 
their effect in the energy region previously discussed, 
but in the higher energy regions their effects are perhaps 
enhanced. 

In order to attack the problem, it is necessary to 
modify the partial wave expansion to take into account 
the presence of reactions other than elastic scattering. 
This may be done most readily in terms of the scattering 
matrix. The scattering matrix involves, among other 
quantities, the various partial widths of a level.!! If one 
drops the requirement that the elastic scattering width 
be equal to the total width [in which case Eq. (1) 
follows | and allows it to be some fraction, ap, of the 
total width, this has the effect of replacing the quanti- 
ties exp(76;*) sind;* in (1) with the more involved ex- 


uJ. M. Blatt and L. C. Biedenharn, Revs. Modern Phys. 24, 
258 (1952). 
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pressions (1—4a,,*) exp(i@l) sing; +a ,+ exp(i6;*) sind,*, 
where the 6,* and ¢; are defined by (2). In this case a 
knowledge of the maximum and minimum cross sections 
of a resonance observed at an angle near 180° deter- 
mines the quantity a,;*(j+3)P.(cosé) rather than 
(j+4)Pi(cos@). Since the a,;* enter into the expression 
as unknowns, this quantity is not of much use in 
selecting a possible spin and parity assignment for the 
level. However, some significant information concerning 
the level may be obtained even without an explicit 
phase-shift analysis of the data. From the known phase 
shifts at 4.964 Mev, it is possible to show that only one 
resonating phase shift will yield the observed shape of 
the 5.4-Mev anomaly at all angles. This phase shift is 
53, the Ds;2 phase shift, as might be expected in view 
of its energy variation below 5 Mev. Due to the rather 
large width of the anomaly at 5.4 Mev, some effect on 
the phase shifts in the energy region, slightly below 
5 Mev, is to be expected. The only two phase shifts 
which show marked effects below 5 Mev are 6;* and 6,-. 
The possibility of the 5.37-Mev resonance being a P3/2 
state can be eliminated since a P3/2 resonance should 
show a rise before a dip in the 90° cross section, but 
this is not observed. 

Some information concerning the reduced widths for 
elastic and inelastic scattering of the level may be 
obtained. Since the state is a D state, the resonance 
effects at 54° 44’ and 125° 16’ are contained only in 
the expression f;. If it is assumed that f,, at these 
angles, remain essentially constant at the values they 
have at 4.964 Mev, it is possible to calculate the 
diameter the Ds,2 circle would have at these angles if 
@p2x Were constant across the resonance. This may be 
done, as described previously, by solving the expres- 
sion 


[k°o (6) max— | fe| * ]#— [ho (8) min— | fol ®}? 
= 3ay2- sin8 cosé. 


From this, the value of a,:~ is calculated to be 0.48 at 
54° 44’ and 0.39 at 125° 16’. It should be emphasized 
that these estimates are rather rough. The assumption 
that f, changes but little from their values at 4.964 Mev 
is questionable on the basis of the energy variation of 
the various phase shifts. Furthermore, the inelastic 
scattering width is a rapidly increasing function of the 
energy due to the increasing penetrability of the in- 
elastically scattered proton, and thus ap" is not strictly 
constant across the resonance. Some information can be 
obtained from this value of as, inaccurate though it 
may be. For an dp: of 0.45, the ratio of the elastic 
scattering width to the inelastic scattering width is 
0.82. From the relation between the observed width 
and the reduced width given previously, it follows that 
(yr?) elastic / (yr?) inelastic =0.061. Thus, the reduced width 
for inelastic scattering for this state is about 16 times 
as large as the reduced width for elastic scattering. 
From a study of,y rays produced by inelastic scattering 
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the width of the resonance was deduced to be approxi- 
mately 125 kev. Then, at 5.37 Mev (the peak of the 
y-ray excitation curve) the two partial widths satisfy 
the relation: TetastictTinelastic= 125 kev. It then 
follows that (7,2) elastic 20.18 10-"% Mev cm, and 
(yx?) inelastic £2.9X10-!® Mev cm. These values are 
considered to be rough estimates only, but even so, 
they allow one to draw some reasonable inferences 
concerning the nature of this state. 


GAMMA RADIATION FROM THE PROTON 
BOMBARDMENT OF CARBON 


A. C!*(p,y) Reaction 


The C!*(p,7) reaction has been studied in the region 
of the first three excited states of N'* by several investi- 
gators.!2-!4 These observations were performed either 
by observing the positrons from the decay of the N'° 
formed in the capture process or by observing the 
y radiation resulting from the positron annihilation. 
This method is not practical in the region of the 4.8- 
Mev anomaly, however. The threshold of the C!*(p,m) 
reaction is about 3.2 Mev. Natural carbon contains 
about 1% C'; and if the C!*(p,m) reaction has a cross 
section of 100 mb in the region of 4.8 Mev, the resultant 
N# positron activity could easily obscure that due to 
the C!*(p,7) process. Thus, it was decided to search for 
the capture y radiation directly. The target used was a 
0.36-mg/cm? carbon foil, and the detector was a 
NalI(Tl) crystal 1 inch in diameter by 1 inch thick 
mounted on a DuMont 6292 photomultiplier tube, 
placed at 90° with respect to the beam direction. The 
beam was allowed to pass through the target and stop 
in a 10-mil thickness of tantalum 24 inches from the 
target position. The pulses from the photomultiplier 
tube were amplified and fed into an Atomic Instrument 
Company 20-channel pulse analyzer, model 520. No 
y radiation above background was observed in any of 
the channels corresponding to possible y-ray energies. 
From these results, it was concluded that the differential 
cross section at 90° for the C!*(p,7) reaction at 4.8 Mev 
is less than 12 yub/steradian if the transition to the 
ground state involves any of the excited states of N¥ 
and is less than 1 wb/steradian for the direct ground- 
state transition. . 


B. C!?(p,p’y) Reaction 


The C!?(p,p’y) reaction has been studied above 
5 Mev.®:!® Martin e¢ al.® reported the existence of two 
strong 4.43-Mev y-ray resonances at proton energies 
of 5.37- and 5.9-Mev bombarding energy. In conjunc- 
tion with the C!?(p,y) work previously described, an 
excitation function for the C!?(p,p’y) reaction was taken 


2 Fowler, Lauritsen, and Lauritsen, Revs. Modern Phys. 20, 
236 (1948). 

18D), M. Van Patter, Phys. Rev. 76, 1264 (1949). 

4 J. D. Seagrave, Phys. Rev. 84, 1219 (1951). 

15 Maeder, Martin, Miiller, and Schneider, Helv. Phys. Acta 
27, 166 (1954). 
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at 90° up to a bombarding energy of 5.7 Mev. In addi- 
tion, angular distributions of the 4.43-Mev y radiation 
were taken at proton energies of 5.188, 5.297, and 
5.425 Mev. This excitation function and the angular 
distributions are shown in Fig. 8. 

The target chamber used in taking the angular dis- 
tributions was a thin-walled brass cylinder 8 inches 
tall and 2 inches in diameter, the inside of which was 
lined with a 5-mil thickness of tantalum. The target 
was a 0.15-mg/cm? carbon foil mounted on a 10-mil 
gold backing, which effectively stopped the beam at 
the target. The detector used in this experiment was 
the same detector used in the (p,y) work. It was 
mounted on a turntable, with the face of the crystal 13 
inches from the target. 

An absolute cross section was obtained in the follow- 
ing manner. After the completion of the angular distri- 
butions, the target assembly was removed from the 
chamber and a calibrated Po-Be source was inserted in 
its place. This enabled the product of the detector 
efficiency and solid angle to be determined. From the 
known target thickness and current integrator calibra- 
tion, it was possible to calculate the absolute cross 
section. The excitation function at these three energies 
was then normalized to these three values and the 
cross-section scale thus established. The rms uncer- 
tainty in the cross section is 25%, excluding statistical 
uncertainties in the yield data. These statistical un- 
certainties in the angular distribution data are of the 
order of 3% at 5.188 Mev and less than 2% at 5.297 and 
5.425 Mev. The peak cross section for the C!*(p,p’y) C” 
reaction at 5.37-Mev bombarding energy was estab- 
lished to be (15.8-++4.0) mb/steradian at 90°. This is to 
be compared with that of Maeder ef a/.,'° who obtain a 
peak cross section of (6.8+3.0) mb/steradian at 105°. 

If the angular distribution function, W(@), is ex- 
pressed as a series of Legendre polynomials (AoPo 
+AsP2+A,4P4), and the ratio A4/Ao is plotted against 
the ratio A»/Ao, the graph in Fig. 9 results. On such a 
plot an angular distribution of the form considered 
here is represented by a single point. Some theoretical 
angular distributions for various pure cases are also 
shown on the graph. It should be noted that the three 
experimental angular distributions fall on a straight 
line. Furthermore, this straight line passes through the 
point (2, $, 0, $), which corresponds to the angular 
distribution to be expected from a pure 3* state in N*, 
for an inelastically scattered proton emerging as an 
S wave. The energy at which the line connecting the 
three data points passes through this point is near the 
resonance energy of the 5.37-Mev state. This fact tends 
to confirm the assignment of D3;2, made previously from 
a consideration of the elastic scattering data. The 
three angular distributions may be fitted by assuming 
interference between a Dz» and a Ds state in N™. 
The theoretical angular distribution is made up of an 
arbitrary mixture of a D3/2 state, a Ds. state, and an 
interference term between the two. If the experi- 
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mental angular distributions are written in the form: 
W (6)/W (90°)=1+N2 cos*8+N, cos#, the correspond- 
ing theoretical expression computed, and coefficients of 
the corresponding powers of cos@ equated, it is found 
that the three relations thus obtained for the various 
mixtures of interfering states have no common solution 
unless 1—N2=N,. This condition holds for each of the 
angular distributions investigated. Since this relation- 
ship holds, however, the three relations are not inde- 
pendent, and it is not possible to obtain unique values 
for the mixtures of the states. 

Since the straight line through the data points tends, 
with increasing energy, toward the point representing 
the angular distribution from a pure Ds,2 state, one 
might be led to conclude that the Ds;2 state with which 
the Ds/2 state is interfering lies above the energy region 
investigated. Further experimental evidence, however, 
would be necessary before this conclusion can be 
definitely established ; in fact, the 4.806-Mev resonance 
may provide the interference. 


DISCUSSION 


An energy level diagram summarizing the known 
states in C!* and N*® up to 8 Mev is given in Fig. 10. 
The spins and parities of the first three excited states 
in C™ are those obtained by Shire ef a/.!* and Stanley” 
from an analysis of the angular distributions and 
(p,y) angular correlations of the y radiation from the 

16 Shire, Wormald, Lindsay-Jones, Lunden, and Stanley, Phil. 


Mag. 44, 1197 (1953). 
17 A. G. Stanley, Phil. Mag. 45, 430 (1954). 
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B”(a,p,y)C™ reaction. The possible spin and parity 
assignments of the level at 6.87 Mev in C" result from 
an analysis’ of the angular distribution of the neutrons 
elastically scattered by C™ in the region of this reso- 
nance. In the range of neutron energies from 2.6 to 
4.15 Mev, a phase-shift analysis of the angular distri- 
butions of the neutrons elastically scattered by C” 
indicates a Ds resonance at a neutron energy of 
2.95 Mev. The spins and parities of the first three 
levels in N™ are those obtained by Jackson and 
Galonsky* from a phase-shift analysis of the elastic 
scattering of protons by C'*. The corresponding quanti- 
ties for the fourth and fifth levels are those of the 
present analysis. Evidence for the state at 7.4 Mev in 
N™ comes from the resonance at 5.9-Mev proton energy 
in the excitation function of the 4.43-Mev y radiation 
which results from the inelastic scattering of the 
protons to the first excited state of C!*.® 

The similarity of the spins and parities of the corre- 
sponding levels is quite striking. Furthermore, recent 
experimental evidence” from the C!?(d,p) and C!?(d,n) 
reactions is consistent with the assumption that the 
reduced widths of the first three corresponding levels in 
C' and N® are nearly the same. Some comparison of 
the reduced widths of the fourth excited states can be 
made, since the fourth excited state of C!* is presumably 
a D state. From the observation that the laboratory 


18 R. Ricamo, Nuovo cimento 10, 1607 (1953). 
19 P, Huber and R. Budde, Helv. Phys. Acta 27, 512 (1954). 
2 Beneson, Jones, and McEllistrem, Phys. Rev. 101, 308 (1956). 
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Fic. 9. A4/Ao plotted vs A2/Ao, where o(0)=Ao+A2P2(cos#) 
+A,P;(cos@) is the 4.43-Mev y-ray cross section. The notation 
used in describing the various points is this: (/,J,l’,s’) where / is 
the relative orbital angular momentum of the input channel, J is 
the spin of the compound state, l’ is the orbital angular momentum 
of the outgoing proton, and s’ is the channel spin of the outgoing 
proton and excited C” nucleus. 


width of this state is <10 kev,”! the reduced width of 
this level is <0.095X50-* Mev cm, which is only a 
factor of two larger than the corresponding quantity 
for the 6.38-Mev level in N'*. Since the neutron beam 
used in that experiment had an energy spread of about 
10 kev, it is possible that the width of the level is less 
than 10 kev, in which case the agreement between the 
two values is perhaps even better. This similarity in 
the properties of corresponding levels in the mirror 
nuclei C!* and N™ lends support to the hypothesis of 
the charge symmetry of the nuclear forces. 

Other significant information may be obtained from 
the reduced width of a level. The ratio of a reduced 
width of a level to the Wigner limit is regarded as a 
measure of the degree to which that level may be con- 
sidered as a single particle state. This ratio for the first 
five excited states in N" is included in Table II. This 
ratio would tend to indicate that the fourth excited 
state of N' cannot be regarded as a single-particle 
state at all. In conjunction with the work on the 
5.37-Mev anomaly, however, one may make some 
interesting conjectures concerning the nature of the 
fourth and fifth excited states in N'*. From the esti- 
mates of the reduced widths for the two processes 
occurring at the 5.37-Mev anomaly, the ratio of the 


21 Bockelman, Miller, Adair, and Barschall, Phys. Rev. 84, 69 
(1951). 
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reduced width for inelastic scattering to the Wigner 
limit is about 0.2. 

It thus appears that this state prefers to exist, not as 
a state consisting of a D-wave proton outside a core of 
C in its ground state, but rather as a state consisting 
of an S-wave proton about a central core of C? excited 
to its 2+, first excited state. It then may be conjectured 
that a similar process could account for the observed 
narrowness of the 4.8-Mev state. This state could also 
be thought of as consisting primarily of an S-wave 
proton about a central core of C! in its 2+, first excited 
state. Because of the vanishingly small barrier penetra- 
tion of the S-wave proton, no inelastic scattering can 
occur from this state. Above about 5 Mev, however, 
such a reduced width might be expected to influence 
the inelastic scattering markedly. On this basis, it is 
possible that the Ds2 state at 4.808-Mev bombarding 
energy provides the interference noted in the 4.43-Mev 
y-ray measurements. Furthermore, if this model is 
valid, the fourth and fifth excited states of N' might 
be considered as members of a single level which has 
been split by the action of the spin-orbit (or possibly 
spin-spin) forces so that their reduced widths for both 
processes would be expected to be about the same. 
Table II shows that the elastic widths are approxi- 
mately the same. Finally, the energy difference of these 
two levels provides a measure of the strength of the 
splitting mechanism for the configuration. Since the 
splitting of this D-state doublet is probably only about 
one-tenth of that of the other D-state doublet (of which 
the third excited state is a member), the ratio of 
inelastic to elastic reduced widths of about sixteen 
seems very reasonable for the fifth excited state. 
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The positron decay of A** has been investigated with a magnetic lens beta-ray spectrometer and a NaI(T]) 
scintillation spectrometer. A maximum beta-ray energy of 4.96+-0.04 Mev was found, which is 0.5 Mev 
higher than the previous values determined by cloud-chamber measurements. The new value is in good 
agreement with the end point predicted from Coulomb energy considerations. Two weak gamma rays were 
found with energies of 1.19+0.04 and 1.73+0.04 Mev; both are in good agreement with reported levels 
in Cl*. Analysis of the complex beta spectrum shows that approximately 7% of the A®* decays to two 
excited states in Cl**. The /t value of the ground-state, mirror transition is 6200+400 seconds. From this ft 
value and the ft value of O", the | f@|? for this transition was estimated to be less than 0.13; the e-v angular 
correlation coefficients were calculated to be +0.962-0.04 and —0.93+0.09 for the V,T and S,T beta 
interactions, respectively. These coefficients are indistinguishable from those expected in the case of a pure 
Fermi transition, indicating that A* would be very suitable for identifying the Fermi invariant in the beta- 
decay interaction by an angular correlation experiment. 





INTRODUCTION 


HE monatomic gas, A**, has been considered 

suitable for electron-neutrino (e-v) angular corre- 
lation experiments! for the purpose of identifying the 
form of the Fermi invariant in the beta-decay inter- 
action.? Its maximum recoil energy is high, and the 
decay to the ground state is a 3-3 mirror transition for 
which the Fermi matrix element can be calculated. No 
investigation, however, of the shape of the beta spec- 
trum or search for gamma rays to determine whether 
the decay is simple or complex has been reported. 

The maximum beta energy has been previously 
measured by cloud-chamber techniques as 4.4 Mev.*4 
This value, together with the half-life of 1.88+0.04 
seconds,’ gives a comparative half-life of approximately 
3400 seconds. The beta end-point energy predicted by 
the semiempirical, Coulomb energy formula of Peaslee® 
is 0.5 Mev higher than the cloud chamber values. This 
disagreement is well outside of the errors assigned to 
either determination. The investigations of the com- 
parative half-life systematics for mirror image transi- 
tions by Trigg® and the B-x diagrams of Winther and 
Kofoed-Hansen’ both indicate that the comparative 
half-life of A** is too small. 

It was desirable for these reasons to investigate the 
decay scheme of A* and to redetermine the maximum 
beta energy with greater precision. The beta spectrum 
was measured with a magnetic thin-lens spectrometer, 


t Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1D. C. Peaslee, Phys. Rev. 89, 1148 (1953). 

? Electron-neutrino angular correlation experiments with Ne” 
by Maxon, Allen, and Jentschke [Phys. Rev. 97, 109 (1955) ] 
and W. P. Alford and D. R. Hamilton [Phys. Rev. 94, 779 (1954) ], 
and with the neutron by J. M. Robson [Phys. Rev. 100, 933 
(1955) ] indicate that the Fermi invariant is probably scalar. 

*D. R. Elliott and L. D. P. King, Phys. Rev. 59, 403 (1941). 

4M. G. White et al., Phys. Rev. 59, 63 (1941). 

5D. C. Peaslee, Phys. Rev. 95, 717 (1954). 

® George L. Trigg, Phys. Rev. 86, 506 (1952). 

7A. Winther and O. Kofoed-Hansen, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 27, No. 14 (1953). 


and the gamma spectrum was observed with a NaI(TI) 
scintillation spectrometer. With the new ft value ob- 
tained for the A®* mirror transition, an estimate was 
made of the upper limit of the Gamow-Teller matrix 
element, and the e-vy angular correlation coefficients 
were calculated for the V,J and S,T forms of the beta 
decay interaction. 


PRODUCTION OF A* 


The A** was produced for this experiment by the 
reaction Cl**(p,n)A**, Liquid carbon tetrachloride was 
bombarded with 10-Mev protons from the Brookhaven 
60-inch cyclotron. No significant competing reactions 
were expected at this energy. Because the half-life of A®® 
is relatively short, the gas had to be produced and 
delivered to the experimental apparatus continuously 
during the measurements. Figure 1 is a schematic 
diagram of the target chamber and gas delivery system. 
The external proton beam from the cyclotron, which 
had an average intensity of 60 microamperes, entered 
the brass target vessel through a 0.0015-inch, tempered 
Duralumin window. The escape of the radioactive gas 
from the carbon tetrachloride was aided by localized 
boiling resulting from the power dissipated by the 600- 
watt proton beam in the immediate vicinity of A™* 
production. The vapor from the liquid target swept the 
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Fic. 1. Schematic diagram of the A®* generating system. 
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A®> from the target chamber and through 50 feet of 
34-inch copper tubing leading from the cyclotron vault 
to the experimental area. The temperature of the target 
vessel and associated reflux condenser was maintained 
at —5°C to control the rate of evaporation of the carbon 
tetrachloride. 

Because a pure source of A*®® was desired at low 
pressure, the carbon tetrachloride vapor and other con- 
densable impurities were removed from the gas stream 
by a pair of liquid nitrogen traps. The remaining gas 
was compressed with an oil diffusion pump and passed 
through a smaller liquid nitrogen trap and a hot calcium 
trap for further purification before going to the source 
volume. The transit time of the gas through the entire 
system was approximately 3 to 4 seconds, or about two 
half-lives of the activity. 


HALF-LIFE 


The source volume,for the half-life and[gamma- 
spectrum measurements consisted of a cylindrical 15 cc 
plastic volume with 8-mg/cm? Duralumin end windows. 
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Fic. 2. Schematic diagram of the baffle system for 
the thin-lens spectrometer. 


The radioactive gas could be isolated in the volume by 
means of a pair of solenoid-actuated toggle valves. For 
the half-life determination the activity was detected 
with a plastifluor scintillation counter, and the output 
of the scaler was recorded with a fast pen oscillograph. 
The half-life obtained by averaging the results of 24 
decay curves is 1.83+0.03 seconds, which is in good 
agreement with the previously reported value.* The 
logarithmic decay curve is linear for at least five half- 
lives, showing no indication of other activities. 


BETA-RAY SPECTRUM 


A conventional thin-lens, iron-free, magnetic spec- 
trometer of the type described by Hornyak, Lauritsen, 
and Rasmussen,® was used to measure the beta spec- 
trum. The baffle system was revised so as to reduce low- 
energy scattering, and a gaseous source volume was 
constructed. Figure 2 shows a schematic diagram of the 
baffle system. Baffles A-E consisted of }-inch brass 
covered with }-inch polystyrene, as shown in the 
diagram. Baffles F-H were made of }-inch Lucite. The 
beam through the spectrometer was defined by the 


8 Hornyak, Lauritsen, and Rasmussen, Phys. Rev. 76, 731 
(1949). 
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Fic. 3. Gaseous source volume for the thin-lens spectrometer. 


entrance aperture A, and the ring focus slit, B. The 
edges of all other baffles were outside of the beam 
trajectory. Baffles D-G prevented electrons scattered 
at small angles from the brass walls of the spectrometer 
tube from entering the beam. The central shaft of the 
baffle system was made of aluminum tubing filled with 
lead at the source end. 

A scale drawing of the gaseous source volume for the 
spectrometer is shown in Fig. 3. Particular care was 
taken to minimize source scattering effects. The walls of 
the volume were constructed of polystyrene and tapered 
so that scattered electrons could not enter the spec- 
trometer beam, which is indicated in the figure by the 
broken lines. The exit window and rear surface con- 
sisted of 0.8-mg/cm? aluminized Mylar film. The exit 
aperture was made of brass which was thick enough to 
stop 5.5-Mev beta rays. A blind tube leading out of the 
volume provided a source for monitoring the gaseous 
activity in the volume. The known beta spectra of A‘, 
He®, and P** have been measured with this source 
volume and baffle arrangement, and the Kurie plots 
were linear down to less than 300 kev. The agreement of 
the end points of these beta emitters with the known 
values showed that the calibration of the spectrometer 
for gaseous sources is the same as for extended, thin, 
solid sources placed at the median plane of the source 
volume. 

The beta spectrum of A*® was measured with a resolu- 
tion of approximately 3%. The spectrometer was 
calibrated with 975.9-kev conversion electrons’ from 
an extended source of Bi®’ placed at the median plane 
of the source volume. The source, which was electro- 
plated onto a thin copper foil, was kindly prepared for 
us by D. Alburger. The Kurie plot of the beta spectrum 
is shown in Fig. 4. The deviation from linearity at about 
3.5 Mev indicates the presence of lower-energy groups. 


GAMMA-RAY SPECTRUM 


The gamma activity was measured with a 1- by 2- 
inch NaI(TI) crystal scintillation counter, and the 


*D. E. Alburger, Phys. Rev. 92, 1257 (1953). 
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Fic. 4. Kurie analysis of the complex positron spectrum of A*, 
Curve (a) is a weighted least-squares fit to the points in the 
region S. Curve (b) is the theoretical Kurie plot of a complex 
spectrum containing 2% and 5% of the 3.23-Mev and 3.77-Mev 
beta groups, respectively. 


pulse-height distribution was analyzed and recorded on 
a 20-channel pulse-height analyzer. The spectrometer 
was calibrated with the 1.277-Mev gamma ray from 
Na” and the 1.368- and 2.754-Mev gamma rays from 
Na”. Peaks were found in the gamma spectrum, shown 
in Fig. 5, at 1.19+0.04 and 1.73+0.04 Mev in addition 
to the 0.51-Mev annihilation peak and the 0.70-Mev 
annihilation pair coincidence peak. Two tests were 
made to establish that the two higher energy peaks 
were due to real gamma rays from A**, The spectrum 
was remeasured with lead absorbers placed between the 
source and detector. The resulting relative attenuation 
of the peaks agreed with that expected for the assigned 
energies showing that they were not due to coincidences 
between an annihilation quantum and a lower energy 
gamma ray. A time-delayed spectrum was taken by 
isolating the source volume and allowing the A® to 
decay for 10 seconds before counting was started. The 
spectrum obtained from several such runs did not show 
the presence of the above peaks, thereby eliminating 
the possibility that they were due to a long-lived con- 
taminant which escaped detection in the half-life curves. 
The peak at about 0.7 Mev is attributed to a coinci- 
dence between a pair of annihilation quanta, one 
entering the crystal directly and the other Compton- 
scattered through 180° by the shielding around the 
source volume. As was expected, this peak disappeared 
when lead absorbers were used. A similar peak was also 
observed in the gamma spectrum of positron active Cu™ 
when measured under similar geometric conditions. 
The 1.19-Mev gamma ray was estimated to be two 
to four times as intense as the 1.73-Mev gamma ray. 
More accurate measurements of the absolute gamma- 
ray intensities from the scintillation spectrum were not 
attempted because of the intense bremsstrahlung back- 
ground and the difficulty in duplicating the source 
geometry when calibrating the efficiency of the crystal. 
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DECAY SCHEME AND COMPARATIVE HALF-LIFE 


The energies of the gamma rays observed from the 
decay of A * are in agreement, within the experimental 
errors, with levels reported in Cl* at 1.22 and 1.76 Mev 
from inelastic proton scattering experiments." This 
indicates that both gamma rays represent transitions 
to the ground state and are not in cascade. The beta 
spectrum may therefore be expected to contain, in 
addition to the ground-state transition group, a 3.23- 
Mev group and a 3.77-Mev group. 

A weighted least-squares fit to the portion of the 
Kurie plot extending above 3.77 Mev over the region 
indicated in Fig. 3, gives an end point of 4.96+0.04 Mev 
for the ground state transition. After the subtraction of 
this group, the Kurie plot of the remaining spectrum 
fits a straight line which intersects the abscissa between 
the end points of the two possible lower groups pre- 
dicted by the gamma-ray energies, which indicates that 
both groups are probably present. This composite Kurie 
plot of the lower groups represents 742.5% of the 
total number of A** decays, where the error is a con- 
servative estimate based on the statistical errors in the 
background correction and the least-squares fit. The fit 
of the data is not very sensitive to the relative ratio of 
these two groups as long as the total percentage is kept 
constant. Consideration of the probabilities of the 
possible multipole transitions, consistent with the ratio 
of the gamma-ray intensities and the total percentage 
of the lower beta groups, shows that a 0.54-Mev gamma 
ray in cascade with the 1.19-Mev gamma ray could not 
account for a significant fraction of the observed relative 
intensity of the latter. The ratio of the intensities of the 
two lower beta groups are, therefore, given directly by 
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Fic. 5. Gamma spectrum of A®, 
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the observed ratio of the intensities of the gamma rays. 
The resulting intensities are 2+1% and 542% for the 
3.23-Mev and 3.77-Mev beta groups, respectively. 

The upward deviation below 0.9 Mev is larger than 
can be accounted for by additional transitions to higher 
levels reported in Cl** by Endt e¢ al.!! and is attributed 
to scattering processes occurring in the source and 
baffles. It should be noted that there may be a slight 
contribution from this low-energy scattering to the beta 
spectra of the lower groups which would favor the 
negative error in the above percentages. 

From these data, the ft value of the ground state 
transition is 6200+400 seconds. The log ft values of the 
3.23-Mev and 3.77-Mev beta groups are 4.7+0.3 and 
4.5+0.2, respectively, which are consistent with those 
found for unfavored allowed transitions. A proposed 
decay scheme for A* is shown in Fig. 6. 


DISCUSSION 


The observed end point of 4.96+0.04 Mev for A*® is 
in excellent agreement with the value, 5.02+0.17 Mev, 
predicted by Peaslee’s semiempirical Coulomb energy 
relation for light (4n+3) nuclei,’ where the error is the 
root-mean-square deviation of the experimental decay 
energies for other nuclei of this series. The ft value of 
6200 seconds calculated from this new end-point energy 
is nearly twice the previous value of 3400 seconds. 

An upper limit of the Gamow-Teller matrix element 
for the ground state transition of A*® can be calculated 
from its ft value, the ft value of the 0-0 transition of 
O*™ (3275475 seconds),!* and an upper limit for the 
ratio of the Fermi and Gamow-Teller coupling con- 
stants, Cr*/C@r’. The ft value for a given allowed beta 
transition, £, is related to the matrix elements and 
coupling constants by the expression 


const= (f)| Cr? fi +Cer’ fo } (1) 
é E 


The squares of the Fermi matrix element, | /1|*, are 2 
and 1 for the O" and A* transitions, respectively®’ ; 
the Gamow-Teller component, | fo|?, is zero for the 
O* transition. Solution of the two resulting equations 
yields 
2 ¢C;* 
f eo] =——(0.06-4.0***). (2) 
a® GT 


Recent evaluations of the ratio of the coupling con- 
stants indicate that its value is probably less than 
one.!?:8 With this as an upper limit, | fo|? for A* is 
less than 0.13. 

This upper limit of | fo|? for A* is considerably 
smaller than the theoretical values of 0.32 and 0.60 
predicted by the single-particle models for 77 and LS 


12 J. B. Gerhart, Phys. Rev. 95, 288 (1954). 
13 J. M. Blatt, Phys. Rev. 89, 83 (1953). 
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Fic. 6. Decay scheme of A**. The energies assigned to the levels 
in Cl are the more accurate values reported from inelastic proton 
scattering experiments. 


coupling, respectively." It is, however, consistent with 
the values®’ of 0.1 and 0.15 calculated from models 
where the odd particle shares its angular momentum 
to some extent with the rest of the nucleus, as deter- 
mined by the deviation of the magnetic moment from 
the Schmidt limits. 

The relatively small amount of Gamow-Teller com- 
ponent present in the decay of A*® will have very little 
effect on the results of an e-v angular correlation experi- 
ment for determining the Fermi invariant. The Gamow- 
Teller interaction has been shown to be predominantly 
tensor by e-v experiments on He®,!®:!6 On the assumption 
that there is no intermixing of the Fermi invariants,!” 
the angular correlation coefficient'® for a simple allowed 


transition is 
3 2 
(ace? fe FC Pr? fi ) 
2 tu.” 
(cr fo +C pr? fi ) 


where the minus and plus signs apply to the cases of 
scalar and polar-vector for the Fermi interaction, re- 
spectively. This coefficient can be evaluated for the 
A®® ground state transition in terms of the Fermi 
matrix elements and ft values for O" and A** by use of 





4M. Goeppert-Mayer, in Beta- and Gamma-Ray Spectroscopy, 
edited by Kai Siegbahn (Interscience Publishers, Inc., New York, 
1955), p. 450. 

18 B. M. Rustad and S. L. Ruby, Phys. Rev. 97, 991 (1955). 

16 JS. Allen and W. K. Jentschke, Phys. Rev. 89, 902 (1953). 

17 Pohm, Waddell, and Jensen, Phys. Rev. 101, 1315 (1956). 

18S. R. deGroot and H. A. Tolhoek, Physica 16, 456 (1950). 
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expression (1). The resulting values of \ for the S,T 
and V,7 admixtures are 


As, r= —0.9340.09, 
dy, r= +0.96-£0.04. 


These quantities are indistinguishable from the case of 
a pure Fermi transition, which would yield values of 
either —1 for the scalar invariant or +1 for the vector 
invariant. The A** mirror transition is, therefore, con- 
siderably more favorable for a recoil experiment than 
was previously indicated by the values, \5, r= —0.36 
and Ay, r=0.68, calculated from the old ft value of 
3400 seconds. An experimental measurement of \ for 
A**, however, would have to be corrected for the weak 


% This method of predicting the angular correlation coefficient 
was suggested by D. C. Peaslee. 
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lower beta groups before the results could be compared 
with the above predictions. 
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A theory is developed of the continuous radiation spectrum which accompanies nuclear capture of atomic 
electrons. It is shown that quantitative predictions of the spectrum intensities must take into account the 
influence of the electrostatic field of the nucleus on the radiation process. This is accomplished by evaluating 
and making use of a particularly simple form of the Green’s function for electron propagation in a Coulomb 
field. In a first approximation which treats the atomic electrons nonrelativistically, the spectra radiated 
by electrons captured from S-states are shown at all energies to have the form x(1—-x)*, where x= E/Emax. 
Radiative capture of electrons from P-states is shown to produce a spectrum which becomes extremely 
intense at low energies, where it merges continuously with the characteristic x-ray spectrum. Certain 
relativistic corrections to the S-state radiative capture probabilities are evaluated and shown to bring 
about an energy-dependent reduction of the intensities of the corresponding spectra. Functions are tabu- 
lated from which the spectra for allowed capture from various orbital states of any element may be deter- 
mined. The calculated spectra are found to be in satisfactory agreement with those observed experimentally. 
In particular, the unexpectedly high intensities found at low y-ray energies are explained by the radiatively 
induced capture of electrons from P states. 


1. INTRODUCTION 


LTHOUGH capture of orbital electrons is one of 

the more common forms of nuclear decay, the 
indirect nature of the methods by which it has been 
detected has limited its usefulness as a source of nuclear 
data. In particular the usual observation of the process 
by means of the subsequently emitted x-rays or Auger 
electrons has contributed only a knowledge of decay 
lifetimes. The efficient analysis of nuclear y radiation, 
which has recently become practicable, makes possible 
a much more direct means for studying orbital capture. 
This method takes advantage of the radiation which is 
emitted in a certain fraction of the decay processes as 
a result of sudden acceleration of charge and magnetic 
moment. Although such radiation is weak in intensity, 


* Present address: Institute for Theoretical Physics, Copen- 
hagen, Denmark. 


an emitted photon shares the large energy which is 
released by the capture, an energy which would other- 
wise be carried off entirely by the neutrino. The con- 
tinuous y-ray spectra which result bear an analogy to 
the electron spectra of 8 decay. They may be expected 
to furnish corresponding information on energy releases 
and changes of spin and parity. 

An early calculation of the radiation to be anticipated 
in K capture was made by Morrison and Schiff. They 
predicted that the intensity distribution would have 
the form x(1—x)*, where x is the ratio of the y-ray 
energy to the energy released in the reaction. The 
observed spectra show a considerably larger number of 
low-energy ¥ rays than this form predicts. In particular, 
in every element for which the spectrum is known down 
to energies approaching the characteristic x-ray region, 


1P. Morrison and L. I. Schiff, Phys. Rev. 58, 24 (1940). 
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there is an unanticipated rapid increase of intensity 
with decreasing photon energy. For certain of the 
heavier elements, e.g., Cs'', the steep rise of intensity 
dominates the spectrum shape entirely, obliterating the 
expected maximum at E=4$Emax. In a previous note? 
we have indicated that this behavior is caused by the 
radiative capture of electrons from states of unit orbital 
angular momentum. We have also outlined a mathe- 
matical technique with which the spectra may be 
accurately determined by simple analytic means. The 
present paper, and another that follows, will be devoted 
to explaining, by this means, the detailed shape of the 
spectrum for allowed transitions, and to furnishing 
quantitative predictions of its intensity. 

An allowed capture process accompanied by radiation 
may be pictured as taking place in two stages: an 
electron emits a photon during a virtual transition to a 
state from which it is subsequently captured by the 
nucleus. Since an electron may be captured from any 
S state, and since all intermediate S states lead to 
equivalent decay processes, the amplitudes for the 
transitions they define add coherently. The virtual 
transitions to S states already occupied in the atom are 
forbidden by the exclusion principle, but equal trans- 
ition amplitudes will be shown to arise from processes 
in which capture of the obstructing electron precedes 
the radiative transition. Consequently, the matrix 
element for radiative capture is a summation of ampli- 
tudes for transitions through all S states. 

If the compound process is one which leaves vacant 
an initially occupied S state, the radiation is emitted 
during a transition between two spherically symmetric 
states of the system. The radiation must therefore be 
caused by a reorientation of the electron spin. This is 
the process considered by Morrison and Schiff in the 
calculation of the spectrum noted earlier. They em- 
ployed free-particle wave functions for the intermediate 
states and neglected the momentum of the electron in 
its initial bound state. Because the process takes place 
in a region in which the Coulomb field is most intense, 
these assumptions prove quantitatively unreliable, 
except for very energetic 7 rays radiated in the fields of 
the lightest nuclei. By avoiding these assumptions, we 
shall, in the present work, provide a theory of much 
wider applicability. The possibility of a more accurate 
theory is afforded by the observation that the summa- 
tion over intermediate states in a Coulomb field, 
required to find the matrix element, may be expressed 
exactly in closed form. Performing the intermediate 
state summation will be shown equivalent to finding 
the amplitude that an electron which has emitted a 
virtual photon of a particular energy and at a given 
point succeed in reaching the nucleus. The latter 
amplitude, or Green’s function, satisfies a simple 
inhomogeneous form of the Schrédinger equation. The 


2R. J. Glauber and P. C. Martin, Phys. Rev. 95, 572 (1954). 
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‘y-ray spectrum may be obtained directly from this 
function. 

Electrons initially in P states may undergo radiative 
capture by making electric dipole transitions to the 
intermediate S states from which they are captured. 
Although these processes are overlooked when the 
initial electron momentum is neglected, simple con- 
siderations indicate that their contribution dominates 
the low-energy portion of the y-ray spectrum. In par- 
ticular, the process in which the capture of a 15 electron 
is followed by a radiative 2P to 1S transition differs 
from the usual course of K capture followed by the 
radiation of a characteristic K-series x ray only by 
relaxing the requirement of energy conservation in the 
intermediate state. The continuous photon spectrum 
becomes extremely intense in the neighborhood of the 
characteristic x-ray line and, indeed, in its immediate 
region represents no more than the wing of the line. 
On the other hand, the P-state intensity remains 
appreciable for photon energies considerably greater 
than the characteristic x-ray energy. At these latter 
energies, as we shall see, no single type of virtual 
transition contributes a dominant portion of the 
intensity. 

The sections which follow are devoted to formulation 
of the transition probability for radiative capture, to a 
discussion of the Green’s function, and to calculation 
of the spectra radiated in electron capture from various 
orbital states. To simplify the discussion, nonrelativistic 
bound-state wave functions will be used, in most of 
this paper. In Sec. 9, however, the treatment of 
relativistic corrections to the S-state spectrum is begun 
by showing the influence of spin-orbit coupling. To 
remove the approximations made in the present paper, 
which may be inaccurate for the heavy elements, a 
fully relativistic treatment of the S-state spectrum will 
be given in a subsequent paper. That treatment is 
separated from the present one since a major part of 
the problem encountered is the more general one of 
developing simplified techniques for performing calcu- 
lations with the solutions of the Dirac equation in a 
Coulomb field. The influence of the screening field 
generated by the atomic electrons will also be discussed 
in that paper in keeping with the desire for greater 
accuracy. 


2. TRANSITION AMPLITUDE FOR 
RADIATIVE CAPTURE 


Since the problem of radiative capture involves 
electrons in bound states, it is convenient to employ a 
representation in which the electron field operator y(«) 
satisfies a Dirac equation*® containing the nuclear 


3 We employ units in which c=1, h=1. Points of space-time 
are represented by x,=(r,it). The anticommuting matrices yy 
have normalization v2=—1 and we define y=y¥*vo where yo 
= — 7 
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Coulomb field‘ A,‘ = (0,0,0,iZe/r), 


1 
[1(-—+es 9) +mly(a)= 0. 
1 OX, 


Our interest in the interaction of the electron field with 
the radiation field A,(x) is limited to processes in which 
a single photon is emitted. Hence we need only employ 
the part of the interaction Hamiitonian, 


H® (x) =ef (x) Ay (x)¥(x), 


where A,‘* is the portion of the field operator which 
describes photon creation. Likewise our concern with 
the coupling of the electron field to the nucleon and 
neutrino fields is limited to processes in which an 
electron is captured. Hence we need only employ the 
corresponding terms of the general 8-decay interaction, 


HO) =¥ Gla) TG (2) RAITOWA)). 23) 


(2.1) 


(2.2) 


This expression, an arbitrary linear combination with 
coefficients c“) of the 6-coupling operators, T)‘*), allows 
for all possible interaction mixtures. The functions 
$n, ¢p, and x are operators for the neutron, proton, 
and neutrino fields, respectively. 

The probabilities of processes involving both photon 
emission and electron capture may be found from the 
second-order term of the scattering matrix,® 


s.=-f ates f d*x2(H™ (2), (x2))4. (2.4) 


Here (_ ), denotes a time-ordered product which places 
the operator evaluated at the earlier time on the right. 
On introducing the function ¢(t)=¢/|t|, the product 
may be written as 


(H™ (x1),H© (x2))4 
=3{H® (x,)H© (x2) +H© (x.)H™ (x1)} 
+3[H™ (x1),H© (2) Je(ti—te). (2.5) 
This expression, substituted in (2.4), effects the sepa- 
ration of processes whose intermediate states are 
respectively real and virtual. For the terms in curly 
brackets, the time integrations indicated in (2.4) may 
be factored and separately performed. This procedure 
imposes separate conditions of energy conservation on 
both the capture and radiative steps of the processes 
described. For an atom initially in its ground state, 
the terms in curly brackets describe the electron capture 
processes which are followed by radiation of the char- 
acteristic x-rays. The continuous spectrum of photons 
accompanying electron capture, however, comes from 
processes in which the intermediate state cannot, in 


“See, for example, W. H. Furry, Phys. Rev. 81, 115 (1951). 
The screening effects of the electrons are neglected for the present. 
* F. J. Dyson, Phys. Rev. 75, 486 (1949). 
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general, conserve energy. Such process are represesented 
by the commutator term of (2.5), and we define a part 
of the transition matrix, S,’, which describes these 
alone: 


S,’= -3f ate, f dxf H‘®) (x1), H© (a2) ] 


Xx €(t;—te). (2.6) 


To show explicitly the influence of the exclusion 
principle when more than one electron is present, we 
express the electron field ¥(x) and its conjugate p(x) 
as sums of the various stationary state wave functions 
of Eq. (2.1) multiplied by the annihilation and creation 
operators for these states. 


v (x) = Le AWa (r) exp[ — iE4t |, 
v (x) or Le at Wa (r) exp[iEat }. 


The explicit separation of the time dependence will aid 
in the evaluation of S,’. 

For a process in which a photon of propagation 
vector k is emitted, the operator H‘®) may be written 
in the form® 


(2.7) 


| famcoae] =>> H® sa(k)at saa 
a,B 
: Xexpli(Es—Eath)]. (2.8) 


This operator allows a wide variety of electronic 
transitions to accompany photon emission. An analo- 
gous operator may be introduced for the process in 
which a neutrino of momentum p is emitted’ and an 
electron captured. Assuming the nucleus simultaneously 
undergoes a transition from its initial state i to its final 
state f, changing its energy by an amount AE, we may 
write 


[furore] 


This form permits electron capture from any occupied 
state. 

With the use of these expressions, the corresponding 
matrix element of S2/ becomes 


(So). p.8=— DL Hea (kK) Hy (p)[atgaa,ay]9, (2.10) 
apy 


where 


=> Ay (p)ay 
> 


Xexp[i(p—E,+AE)¢]. 


P, fi 
(2.9) 


§=} r f expli(Ep—Ea+#)hs] 


Xexp[i(p— E,+AE)te Je(ti—te)dtidte. 


The time integrations may be performed immediately® 


(2.11) 


§ Spin and polarization indices will later be indicated explicitly. 

™ The neutrino mass is assumed to vanish. 

8 Making the usual assumptions of adiabatic decoupling as 
toto, 
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to yield 


§=2nid(p+k+AE—E, 
+Es— E.) (Es— Eat k), 


the first factor of which represents over-all energy 
conservation. 

The expression (2.10) involving the electron creation 
and annihilation operators may be reduced, in view of 
the anticommutation properties of these operators, in 
the following manner: 


(2.12) 


[at da,dy =a" s¢ay— 00" sda 
= — (atpa,+40"s) aa 


aa 5pyGa. (2.13) 


This condition, that the state y from which capture 
takes place be the same as the final state 6 of the radi- 
ative transition, is a direct consequence of the restriction 
to virtual intermediate states. 

Substituting (2.12) and (2.13) in the expression for 
the transition operator, we obtain 


(So’), p, si= 2i Do 6(p+k+AE—E,) 
af 
Hea‘® (k) Hs (p) 
Es—Eatk 


Gq. (2.14) 





This operator accounts for radiative capture of an 
electron from any occupied state. It is especially to be 
noted that the summation over states 6 is unrestricted 
by the possible occupation of these states by other 
electrons. Although certain radiative transitions which 
would be followed by capture are indeed forbidden when 
the intermediate state is occupied, the absence of these 
terms in the summation is precisely compensated for 
by the occurrence of processes in which the capture of 
the obstructing electron precedes the radiative transi- 
tion. The matrix element for radiative capture from 
any state may thus be computed as if all other states 
were unoccupied. 

We begin the evaluation of the matrix elements 
describing radiative capture from occupied electron 
states by explicitly exhibiting the quantities Hgq‘* (k) 
and H,(p), which occur in (2.14). The first of these is 


Hy (h)=0(2n/B)f YaOerrse*bele)de, (215) 


where e, is the polarization vector of the emitted 
photon. In considering allowed transitions the capture 
matrix element is given by® 


He (p) =X © (Tx) (Xp) Tr“ Ys (0)), 


where (7); is the matrix element of the operator 
T, taken between the initial and final nuclear states, 
and X,(0) is the neutrino wave function evaluated at 


(2.16) 


® This form assumes the use of nonrelativistic representations 
of the electron bound state wave functions. 
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the origin. It is convenient, until the final stages of 
calculation, to abbreviate the summation over the 
different forms of coupling of the spinor fields. This is 
done by introducing the symbol NV y;, 


Npx= sis c® (Ty) T., (2.17) 
8,r 


for the weighted sum of Dirac matrices occurring in the 
expression (2.16). We designate a matrix element of 
the transition operator (2.14) for radiative capture of 
an electron from the state a by 


(S2’) x, p, si,a= 2015 (p+k+AE—Eq)Ma(k,p), (2.18) 
where the amplitude M.(k,p) is given by 
Ma(k,p) =e(2x/k)! 


(<9(0).N jab9(0)) f Jaltvevrse™-a(t)dt 





XL . (2.19) 


8 Es—Eatk 


The summation over intermediate electron states in 
(2.19) extends over the bound states of the Coulomb 
field and those of the continuum as well. The evaluation 
of the individual radiation matrix elements followed by 
the summation indicated would present a task of formi- 
dable proportions. An alternative procedure proves far 
simpler. We first carry out the summation over inter- 
mediate states and then perform the spatial integration. 
This is possible because the summation 


¥a(r)We(r’) 


? 


. ak 


(2.20) 


which is the Green’s function Gz(r,r’) for the wave 
equation of the electron in a Coulomb field, occurs in a 
particularly simple form in Eq. (2.19). 
The equations satisfied by Gz(r,r’) are 
(A—£)Ge(t,r’)yo= 5(r—-r’), (2.21) 
and its adjoint 
Ge(t,r’)yo(H—E)=5(r—r), 


where H is the Dirac Hamiltonian of an electron in a 
Coulomb field. Written more explicitly, these equations 
become 


[—iy-V—vyo(E+eA 0) +m ]Ge(r,r’)=85(r—r’), (2.23) 
Ge(r,r’) iy: V'—yo(E+eA 0) +m ]=8(r—r’), (2.24) 


(2.22) 


where in the second relation V’ is understood to operate 
on the function Gz(r,r’) which precedes it. The property 
which renders the use of the Green’s function particu- 
larly convenient is the simple form it assumes when one 
of its arguments, as in (2.19), is the center of the 
spherically symmetric electric field. The occurrence of 
this symmetrical form of the Coulomb Green’s function 
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of course reflects the fact that electron capture takes 
place only at the position of the nucleus. 

The matrix element for radiative capture written in 
terms of the Green’s function reduces to 


Ma(k,p)=e(2x/k)! f (%p(0)N -Gra-r(0,2) 


Xevyue*Walr))dr. (2.25) 
If the electron initially in the state ¥a(r) is pictured as 
emitting the photon while at the point r, it is evident 
that the Green’s function Gzai(0,r) represents the 
amplitude for its subsequent arrival at the nucleus. 
According to this picture the electron moves with an 
energy E,—k during the brief interval between the 
radiation and capture processes. For y-ray energies 
which are less than’® ~2m, a restriction imposed by the 
energy releases of most K-capture reactions, the energy 
E.—k will lie between the limits m and —m. The 
Green’s function consequently cannot represent a 
freely propagating wave. Instead, as we shall see, it is 
a rapidly decreasing function of the distance from the 
nucleus with a range that depends on the energy of the 
emitted photon. 

For purposes of calculation, it is convenient to express 
the Green’s function Gp(r,r’) in terms of an analogous 
Green’s function for the second-order form of the Dirac 
equation. The latter function, which we shall refer to 
as the second-order Green’s function Gz(r,r’), is defined 
to satisfy the equation 


[—iy-V—yo(E+eAo)+m]Liy-V 
+yo(E+eAo) +m ]Ge(r,r’)=8(r—-r’), 


or! 


[V?+ (E+eA o)*—m?—iea-VAo ]Ge(r,2’) 
=—6(r—r’), (2.26) 


together with its adjoint 


Ge(r,r’)[V?+ (E+eA o)?—m?—iea: V'Ag | 

=—6(r—r’), (2.27) 
in which V” operates to the left. The function Gz(r,r’) 
which satisfies (2.23) and (2.24) may now be written 
in terms of the second order Green’s function as 


Gp(r,r’) => [iy: V+y0(E+eA ©?) +m ]Se(r,r’) (2.28) 
= Gr(rr’)[—iy-V’+y0(E+eA0)+m]. (2.29) 


The matrix element for radiative capture (2.25) may 
be expressed in terms of the second-order Green’s 
function by substituting in it the expression (2.29) for 


” More exactly, the condition is that & be less than 2m minus 
the binding energy of the electron in the state a. The availability 
of larger energies implies that real positron emission competes 
with XK capture. 

The Dirac matrices a; (j=1,2,3) and 8 are expressed in 
terms of the y, by the relation aj=~yoy;, 8B=~o. 
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Gz(r,r’). Upon performing an integration by parts, we 
then obtain 


M.(k,p) =e(2x/b)! f (p(O)N Gre-e(0,0)Léy-V 


+yo(Ea—k+eA 0) +m Jewype** Wa(r))dr. 


Because yWa(r) satisfies the stationary state wave 
equation this expression reduces to” 


Malkyp)=e(2n/B)* f (RON Geos One" 


X[—2ie-V+iesouk, Wa(r))dr. (2.30) 
The two operators e-V and e,o,,k, are, respectively, of 
odd and even parity under spatial inversion and so play 
their principal roles in basically different types of 
transitions. 

Our attention in the sections that follow will be 
devoted chiefly to methods of evaluating the matrix 
element (2.30). For the present we merely note the 
way in which a knowledge of the matrix element as a 
function of the photon and neutrino momenta deter- 
mines the photon spectrum. In particular, the total 
probability per unit time w, for radiative capture of an 
electron from the state a may be found in the familiar 
way by summing the squared absolute values of the 
appropriate matrix elements (2.30) of the transition 
operator. We thereby obtain 


Wa= (2)-5 z, P M. (k,p) | . 


X5(p+k+AE—E,)dpdk, (2.31) 
where the summation is over the spin variable s, of the 
emergent neutrino, the polarization e of the photon, 
and the magnetic quantum numbers of the final nuclear 
states, labelled by f. This expression should, of course, 
be averaged over the orientations of the initial nuclear 
states 1, an operation which is assumed implicitly 
hereafter. 

The integration over the momentum directions of the 
emitted quanta in (2.31) is simplified by the fact that 
we are in general interested in summing all of the 
transition probabilities for the electrons which fill an 
atomic subshell, that is, all of the electrons with a given 
principal quantum number and a given orbital angular 
momentum. Since completed subshells are spherically 
symmetric, the only angular dependence of the resulting 
photon-neutrino emission probability is on the angle 
between k and p. Labeling the subshells explicitly 
with the indices » and / and the states within them 
with their orbital and spin magnetic quantum numbers 
m and s, we may write the transition rate for a full 


® The relativistic spin operator is defined as oyy= 44 y,;Yr]- 
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subshell as 


Wal= 9 Wnlms 


= (29) OY FC | Mate (kp) \p 


sye@ ms 


Xb (ptk—Rmax)pdpk dk. (2.32) 
Here the symbol Rinax = Zn1— AE has been introduced for 
the maximum photon energy available, along with the 
brackets { ), indicating a function of the neutrino 
momentum averaged over the directions of p with 
p= |p| fixed. Performing the integration over the 
magnitude of the neutrino momentum in (2.32), we 
have 


Wnl= (2x°)- be p 3 (| M nims(k,p) lines —k 


sye msf 

XR (Rmax—k)*dk, (2.33) 
an expression whose integrand represents the energy 
spectrum of the radiated photons. 


3. APPROXIMATIONS 


The atomic system in which radiative capture occurs 
furnishes a natural scale for the energies of the emitted 
y rays. It will be convenient for later purposes to 
distinguish between three energy regions which may be 
expressed, using the fine-structure constant a=é 
= 1/137, as 

k<}(Za)’m, (I) 
3(Za)’m<k<Zam, (II) 
Zam <k. (IIT) 


The first, or low-energy, region is one in which the 
photon energy is less than the binding energy of a 
K-shell electron. The second region extends from this 
level to the energy at which the momentum of the 
emitted photon equals the average momentum of a 
K electron, and the third includes all higher energies. 
The behavior of the spectrum, it will later be shown, 
may be approximated by somewhat different means in 
all three regions. 

In the present paper we shall carry the analysis of 
the internal bremsstrahlung spectrum as far as possible 
using nonrelativistic approximations to the atomic 
electron wave functions. This procedure, we shall show, 
yields the spectral intensity distributions in general to 
a relative accuracy of order Za. Slightly more detailed 
representations of the wave functions, however, prove 
necessary to correct for certain relativistic effects in 
the low-energy portions of the S-state spectra, and these 
are introduced in Sec. 9. Since corrections of order Za 
and higher may be noticeable in the heavier elements, 
the problem has been examined further by methods 
based on the exact relativistic wave functions. These 
rather more elaborate calculations will be presented in 
a subsequent paper. 
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While, for the present, we shall make certain non- 
relativistic approximations in treating the atomic elec- 
trons, it must be emphasized that the appearance of a 
neutrino in the capture process limits the extent of the 
consequent simplifications. Since the neutrino is pre- 
sumed massless, the four components of its spinor wave 
function are in general of the same magnitude. We 
must, therefore, preserve the four-component spinor 
form of the wave functions and be careful only to 
discard terms of order Za. To this accuracy, the space 
and spin dependence of the initial electron wave 
functions may be factorized by writing 


Wa(T)=Uaga(r), (3.1) 


where the gq are the usual nonrelativistic atomic 
orbital functions and w is a normalized spinor eigen- 
function of the operator 8 corresponding to the positive 
eigenvalue unity, Bu=u. 

Corresponding to the above reduction of the wave 
functions, a considerable simplification may be made 
in the form of the Green’s function. The relativistic 
Green’s functions defined earlier must be expressed, in 
general, as four-by-four matrix functions of position 
coordinates. A particular advantage of using the second 
order form of the Green’s function is that if the term 
a: VAo in the differential Eqs. (2.26) and (2.27) may 
be neglected, the function may be approximated as a 
unit matrix in its spin-energy dependence. The terms 
containing a: VA 9 in these equations are responsible 
along with the (edo)? terms, for the effects of fine 
structure in atomic systems. Since effects of this order 
have already been neglected in the wave functions, it 
will be consistent to drop these terms. At a later point 
where somewhat higher accuracy is desired (Sec. IX) 
the effect of retaining them will be estimated by means 
of a simple transformation applied to the approximate 
Green’s function. 

On neglecting the fine-structure terms in the differ- 
ential equations defining it, the second-order Green’s 
function may be written in the form 


i , , 

Ge(t,r )= Gz (rr Mf, 
where J is the unit matrix and Gz’(r,r’) is a scalar 
Green’s function. The particular function Gz’ (0,r’) 
required for the evaluation of the matrix element (2.30) 


is seen to satisfy a reduced form of Eq. (2.27), 


(V?+ E?—m?+ 2eEA 9 (r’)) Ge’ (0,r')= —(8’). (3.2) 


The approximations noted simplify the calculation 
of the transition probability by allowing the factor- 
ization of the quantities to be summed over spin states 
and to be integrated spatially. Before discussing the 
Green’s function further, it will be useful to illustrate 
the spin summation. For this purpose we begin by 
considering radiative capture from S$ states. 





ee 


4. S-“STATE SPECTRA, PRELIMINARY 
CALCULATIONS 

In a nonrelativistic approximation, all orbital wave 
functions except those of S states vanish at the nucleus. 
This implies that electron capture takes place only from 
intermediate S states. An equivalent statement is that 
the Green’s function Gz’(0,r) is spherically symmetric 
and hence expressible as a superposition of S-state 
wave functions. 

In discussing the radiative capture of electrons which 
are initially in S states, it becomes possible to simplify 
considerably the form of the matrix element (2.30). In 
particular, since the radiative transition takes place 
between spherically symmetric states, the matrix ele- 
ment of exp[ —ik-r ]Je-V is found to vanish, a fact which 
expresses the forbiddenness of electric radiation in 
zero-to-zero transitions. The operator e,o,,k,, on the 
other hand, contributes magnetic transitions which are 
clearly permitted. With the neutrino wave function at 
the nucleus designated by 


Xp(0)= 2p, (4.1) 


where v, is a normalized spinor, and with the approxi- 
mate forms introduced for the wave functions and 
Green’s function, the matrix element for radiative 
capture of an mS electron may be written in the form 


M,s(k,p) =ie(2x/k)*(5,N :€uoukstns)J(k), (4.2) 


where j(k) represents the integral 


J(k)= J Sems0.ne**ens(tdr (4.3) 


The squared absolute values of these matrix elements 
must be summed rather than averaged over the initial 
electron spins since both spin states of the S shell are 
occupied. They must further be summed over the spin 
states of the emitted neutrino. These calculations are 
performed in the familiar way by introducing the 
positive energy projection operators 3(1+8) and 
(2p)"(p+a-p) for the electron and neutrino respec- 
tively, and extending the summations over all states. 
When averaged over directions of the neutrino mo- 
mentum, the result is 


X (| Mns(k,p)|*)» 
= (we? /2k) Tr{epoprky*N1 iN seyourk(1+8)} ¥, 


which, with use of the relation eyoy»k»=7(eyyp) (yrks) 
and its adjoint, reduces to 


D (| Mns(K,p) |*)p= re? Tr{ NTN pi(k+a-k)} &. 


&y,8 


(4.4) 


The matrix product Nt;;N,;, when averaged over the 
initial nuclear magnetic quantum numbers and summed 
over the final ones, becomes invariant under the unitary 
transformations expressing rotation. Since the trace as 
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a whole is invariant, the contribution of the a-k term 
must vanish. By making use of (2.33), and noting that 
the photon polarization sum introduces a factor of two, 
we may write the total transition rate for radiative 
capture from the S shell as 


e 
weed TeV Nr) f SOE Gar W)b. (4.5) 
f 


For purposes of comparison, the rate of ordinary 
electron capture without radiation from the 1S shell 
may be computed by the same methods. The result is 


1 
wx=——E Tr(NtyNyc(1+8)} ¢15*(0) Rmax)is%, (46) 


where ¢:s(0) is the central value of the 1S wave 
function. The matrix 8 occurring in the trace in (4.6) 
gives rise to interference terms when the factors Ny; are 
written as the linear combinations of coupling matrices 
(2.17) which they represent. These are the familiar 
Fierz terms which would yield interference between the 
scalar and vector couplings, and between the tensor 
and axial vector forms, if both members of either pair 
occurred in the beta-decay interaction. Searches for the 
effects of these terms on the shapes of 8-decay spectra™ 
and on ratios of electron capture to positron emission“ 
have furnished uniformly negative results. Any 7-A 
interference has been shown to represent an effect of 
less than 2%, while S-V interference is less than ~10%. 
If we assume the interference terms to vanish, the trace 
occurring in (4.6) becomes the same as that in (4.5). 
The ratio of the transition rate for radiative capture 
from the mS shell to that of ordinary K capture may 
then be written as 


Wns 4e? 


wx m¢is’(0)(Rmax) is” 





[POG on Wdk (4 


5. S-“STATE SPECTRA, HIGH-ENERGY FORMS 


Before undertaking the more general solution of the 
problem it is instructive to perform a simple approxi- 
mate calculation of the S-state spectrum shape at high 
energies. This may be done by means of the assumptions 
introduced by Morrison and Schiff. These authors 
simplified the problem by neglecting the initial mo- 
mentum of the captured electron and neglecting the 
influence of the Coulomb field on the electron in the 
intermediate states. Only when the recoil momentum 
of the electron after photon emission greatly exceeds 
its initial momentum, will the first of these assumptions 
be valid. The second may be characterized as a Born 
approximation treatment of the intermediate states, 
which requires for its validity Za/v<1, where » is the 
approximate recoil velocity of the electron following 


18 J. P. Davidson and D. C. Peaslee, Phys. Rev. 91, 1232 (1953). 
“4 R. Sherr and R. H. Miller, Phys. Rev. 93, 1076 (1954). 
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photon emission. It is evident that both conditions 
restrict the treatment to photons in the high-energy 
region, k>>Zam. 

Ignoring the Coulomb field in the intermediate states 
amounts to setting Ao‘ =0 and using the free-particle 
Green’s function solution to (2.27) or (3.2). The 
second-order free-particle Green’s function may be 
written in the familiar scalar form 


G2 (0,1) = (5.1) 


1 eat 
ta 
(2r)3/ ?—E*+m? 


=e" /4er, (5.2) 
where p= (m?—E’)!. The initial momentum of the 
electron is neglected by approximating its wave function 
as a constant. Since capture takes place from the 
immediate neighborhood of the nucleus the constant is 
chosen as the value of the wave function at the center. 
These replacements greatly simplify evaluation of the 
integral J(k) given by (4.3). With the electron energy 
E,,s approximated by m, we find 


I= f Su1® Oe dr en5(0) 


= 9,5(0)/2mk. (5.3) 
Substitution of this result in (4.7) indicates immediately 
an intensity distribution of the form «(1—x)*, where 
x= h/ Rex. 

An important consequence of ignoring the initial 
electron momentum is to forbid the radiative capture 
of electrons from states of nonvanishing angular mo- 
mentum. This is immediately seen on re-examining the 
general expression for the matrix element (2.30). 
Electric radiations proceed via the operator —ie-V 
=e-p, which is assumed negligible when applied to the 
initial state. Magnetic contributions are not present 
either since the wave functions for /#0 vanish at the 
origin. 

While these arguments show that states of non- 
vanishing orbital angular momentum cannot con- 
tribute appreciably to the y-ray intensity for k>Zam, 
the spectra observed experimentally show strong devi- 
ations from the form «(1—x)* at lower energies. To 
account at all for the possibility of capture from other 
states as a means of explaining these deviations, it is 
necessary to remove the approximation of neglecting 
the initial electron momentum. This is quite easy to 
do and furnishes, together with our later results, sepa- 
rate measures of the accuracy of the two approximations 
underlying (5.3). The integration of J(k) remains 
elementary when the full expression for an S-state wave 
function is substituted along with the free-particle 
Green’s function. Neglecting terms of order (Za)? and 


higher, we find for the 1S state, for example, 


¢is(0) 


=, (5.4) 
2mk+2Zamp 


5(R) 


where u=[m?— (m—k)* ]}!. Accounting correctly for the 
initial electron momentum therefore reduces the 15- 
state spectral intensity by a factor [1+Za(u/k) ?. This 
expression is a decreasing function of energy, taking on 
the values ~[1+(2Za)?}? for k=Zam, (1+2Za)* for 
k=™m, and unity for k= 2m. For Fe®*, for example, the 
1S state intensity is reduced by a factor 2.6 at 100 kev 
and, even at the upper limit of the spectrum (220 kev), 
by a factor of 1.7. The effects of the initial electron 
momentum are hardly negligible for any save the most 
energetic capture processes. We shall show nevertheless 
that the result (5.3) obtained by neglecting these 
effects along with those of the Coulomb field is essenti- 
ally correct. 

The intensity reduction brought about by accounting 
for the initial electron momentum is easily explained. 
The Green’s function (5.2) entering the matrix element 
has a range u~'=[m?—(m—k)*}-! so that electrons 
which emit virtual photons within this distance from 
the nucleus may undergo capture. The 1S wave function 
decreases exponentially and may be considerably over- 
estimated, within this range, by its value at the nucleus. 
While removing this approximation reduces the S-state 
intensities, taking proper account of the Coulomb field 
in the intermediate states may be seen to have the 
opposite effect. The probability amplitude for an elec- 
tron reaching the nucleus following emission of a photon 
is enhanced by the electrostatic field. That is to say, 
the Green’s function evaluated in a Coulomb field will 
be found to exceed the free-particle function (5.2). It 
will be proved presently that this effect largely counter- 
balances the reduction due to the initial momentum. 
To show this, we first solve for the Green’s function in 
a Coulomb field. 


6. COULOMB GREEN’S FUNCTION 


We seek the spherically symmetric solution to Eq. 
(3.2), which, with the Coulomb field inserted, becomes 


[V?—m?+ E+ 2E(Ze/r) |Gz'(0,r)=—6(r). (6.1) 
On introducing the parameters 
n= (m?—E*)', =ZEE/u=ZaE/u, 


together with the dimensionless variable 


(6.2) 


(6.3) 


x= 2ur, 
the homogeneous form of the differential equation 
(6.1), obtained by omitting the delta function on the 
right, may be written as 


[= s % 
en ee. Bai 6.4 
dé 4 "|ss0'( =) sales 
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In the energy interval | E£|<m, to which our interest 
will be principally confined, this homogeneous form of 
the equation is analogous to the radial wave equation 
for bound states in a Coulomb field. Since, however, 
the energy is a fixed parameter, not equal in general to 
any of the bound state energies, it follows that the 
solutions for Gr’ must be irregular either at infinity, 
at the origin, or both. The only solution of (6.4) which 
remains regular at infinity is the Whittaker function” 
xGz'~W,,;, which decreases exponentially with in- 
creasing x. Since W,,; remains finite at the origin, 


W,3=1/T(1—n), 


Ge’ will be singular there as 1/x, or r~. With this 
solution of the homogeneous equation, solving the 
inhomogeneous equation (6.1) becomes simply a matter 
of adjusting the normalization. By integrating both 
sides of (6.1) over the volume of an infinitesimal sphere 
described about the origin, the condition that the 
solution satisfy the inhomogeneous equation may be 
stated as the boundary condition, 


(6.5) 


d 
lim4ar?—G zr’ (0,r) = —1. (6.6) 
Ula 


The properly normalized solution is therefore 
Ge’ (0,7) =T'(1—n)W,, y(2ur)/4arr. 


It may be seen from the behavior of the gamma 
function in (6.7) that the Green’s function becomes 
infinite for positive integer values of the parameter 7. 
This occurs at the energies E,,= m[1+ (Za/n)* }-! where 
n=1, 2, 3, ---, that is, apart from fine structure 
corrections which have been partially omitted, just at 
the energies of the bound S states. That this is the 
behavior required of the Green’s function may be seen 
by noting that for E near m the wave Eq. (6.1) is 
nonrelativistic in form. The Green’s function which 
solves it may then be written as the familiar expansion 
in orbital eigenfunctions,'® 


¢ns(0) ¢ns(r) 


_ 


Ens— 


(6.7) 


1 
Ge’ (0,r)=— , (m—E)<m, (6.8) 
2m n 
which has poles at the bound state energies noted. 

It is convenient for computational purposes to intro- 
duce an integral representation of the Whittaker 
function. This may be done by means of the contour 


integral'® 


77/2 (0+) t+x\1 
(=n) .4(2)=-—— f «(—) dt, (6.9) 
erin 1. t 


18 E. T. Whittaker and G. N. Watson, A Course of Modern 
Analysis (The Macmillan Company, New York, 1943), p. 337. 

1¢ Similar eigenfunction expansions of the Green’s function 
may be made at all energies, but since the wave Eq. (6.1) is still 
partially relativistic in form the eigenfunctions used must corre- 
spond to an effective charge Z’=(E/m)Z. In particular for E=0, 
a case which arises with photons of energy near k=m, the Green’s 
function assumes the free-particle form. 
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where the path of integration encloses a cut extending 
from 0 to ~ and encircles the origin in the positive 
sense. In the work that follows we shall be chiefly 
interested in values of the parameter 7 lying between 
zero and one. In particular for 7<1 the contour integral 
may be reduced to the real integral 


(1a a(a) =e? f t-"(t+x)"e~'dt, (6.10) 
0 


with the aid of which the Green’s function may be 
written as 


"ioe es 2ur\ 7 
Ge’ (0,r)= f (1+) e-‘dt. (6.11) 
0 t 


4rr 


The latter expression shows explicitly that the Green’s 
function in a Coulomb field, Ge’ (0,r), exceeds the free- 
particle function (5.2) for 720. By changing the 
variable of integration in (6.11) to s=t/2ur, we secure 
the form 


Ge’ (0,r) = (u/2m)e-#" { e*urss—"(1-+5)"ds, (6.12) 
0 


which is a convenient one where further integration 
with respect to r is required. 


7. S-STATE SPECTRA, GENERAL METHODS 


The most important step, as we have noted, in finding 
the spectra radiated by electrons captured from S-states 
is the evaluation of the integral 


J(k)= J Sema’ O,)e* ons (te. (7.1) 


We shall now show that for these particular states this 
may be done to an accuracy of order Za simply by 
making use of certain general properties of the Green’s 
function. The arguments we employ are different in 
each of the three regions of photon energy noted earlier. 

For photon energies k< Zam, that is, in both the 
low-energy and intermediate regions, the Green’s func- 
tion may be represented as the eigenfunction expansion 
(6.8) so that J(k) becomes 


1 ¢n’s(0) 
I=—DL — | ¢n’s(r) 
2m n’ Ews—Enstk 


Xe*-to,5(r)dr. (7.2) 
Photons in the low-energy region k<}(Za)’m have 
wavelengths at least (Za)~ times larger than the atomic 
system. For these we may therefore drop the retardation 
factor expl—ik-r]. The integrals then all vanish for 
n’n, showing that the radiative process is a simple 
spin flip, and we find 


J(k) = ¢ns(0)/2mk. (7.3) 
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In the intermediate energy region, }(Za)’m<k< Zam, 
retardation is not negligible and many terms of the 
summation (7.2) may be expected to contribute. Here 
insight may be gained by considering the overall form 
(6.11) for the Green’s function Gzns—x’(0,r). In partic- 
ular it is to be noted that the function decreases rapidly 
with a range 


wt=[mt— (Ens— 8) 
=~ [2mk—k?+ (Za/n)?m(m—k) 14, 


(7.4) 
(7.5) 


which is of the order of atomic dimensions for k~ (Za)?m 
and roughly (2Za)~4m for k= Zam. Throughout this 
interval the range of the Green’s function remains 
much smaller than the photon wavelength so that the 
retardation factor may again be omitted. Since the 
wave function and Green’s function are spherically 
symmetric, the error thereby incurred is of the order of 
k?/u? which does not exceed Za for k~ Zam. Once the 
omission of the retardation factor is justified, it is 
convenient to return to the summation (7.2) for g(k), 
in which we again find that the only contribution comes 
from the term n’=n. The value of the integral is once 
again J(k)= ¢ns(0)/2mk. It is interesting to note that 
the foregoing argument traces an almost circular path. 
The summation (7.2) consists of many terms in which 
retardation is by no means negligible, but in the 
summation as a whole we have shown that retardation 
is negligible. When the retardation factor is dropped, 
the summation reduces to a single term. The many 
orbital transitions possible interfere to produce the 
same radiation as a simple spin-flip with no change of 
orbital state. 

For still higher photon energies, k~m, retardation 
must be taken into account. But the Coulomb Green’s 
function may be adequately approximated by the free- 
particle Green’s function. The latter, as we have noted, 
is accurate to order Za/v (where 2 is the electron recoil 
velocity), and this is of order Za for k~m. Since the 
error of neglecting the initial electron momentum in 
this region is again of order Za, we may use the calcu- 
lation of Sec. 5 which led to the result (5.3), the same 
expression we have found in the two regions of lower 
energy. 

Since the result (7.3) for J(k) is now established to 
order Za over the entire energy range, the total transi- 
tion rate for radiative capture from the nS shell may 
be written, using (4.5) as 


Wrs= (e/2rm)*¢,s°(0)>- Tr{ Nis Vy} 
f 
Xf Ebna HU (7.6) 


If the Fierz interference terms in the K-capture proba- 
bility (4.6) are neglected, the ratio of radiative to 


ordinary K capture is then 





Wns a ¢ns(0) 2 
oy ( ‘ ) J # bmw Hah (7.7 
Wk 1m? (Rmax) is” Vis (0) 


aR max ( RinaxOns(0) ) 
% 127m? (Rmax) 18 18 (0) 





(7.8) 


where kmax, of course, varies slightly with the binding 
energy of the state. That this more accurate spectrum 
preserves at all energies the high-energy form derived 
in Sec. 5 shows explicitly the compensation of the two 
approximations discussed there. 

It may be noted that the role played by positrons in 
radiative capture process is included implicitly in the 
foregoing calculation. One of the paths by which the 
reaction takes place is the virtual emission of a positron 
followed by single-quantum annihilation with an orbital 
electron. It is the possibility of positron emission which 
explains the behavior of the range of the Green’s 
function with increasing photon energy. This parameter, 
as we have seen, represents the distance from the 
nucleus at which virtual photon emission may occur if 
it is to be associated with a capture process. From (7.5), 
the range may be seen to correspond to the atomic 
radius for low-energy photons, the electron Compton 
wavelength for k~m, and to increase without limit as 
the photon energy approaches the threshold for real 
positron emission k= m+E,,s. 

That electron-positron annihilation accounts for part 
of the result (7.6) may be seen by resolving the operator 
e,0,,k, contained in the matrix element (4.2) as follows: 


e€.0,k, =o: (eXk)+i(e-a)k. (7.9) 


The term o-(eXk) leads to the usual positive energy 
magnetic transitions, while the term i(e-a)k, being an 
odd Dirac matrix, leads to annihilation. Since the four 
components of the spinor wave function of the emitted 
neutrino are in general of equal magnitude, the effect 
of annihilation is equal to that of the positive-energy 
transitions. Intermediate states containing positrons 
contribute half of the intensity (7.6). It is remarkable 
that positrons play a part even in the emission of low- 
energy photons, and some interest attaches to following 
the effect in closer detail. This is done in Sec. 9 where 
more detailed representations of the wave functions 
and Green’s function are introduced, and the consequent 
corrections to the S-state intensities at low energies 
are discussed. 


8. P-STATE SPECTRA 


The present section will be devoted to calculating the 
y-ray spectra radiated by electrons captured from 
P states. Such spectra will be shown to make up a 
large part of the observed intensity. This is in marked 
contrast to the result based on the approximations of 
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Morrison and Schiff! (Sec. 5) which showed a vanishing 
contribution from P states. The latter result, as we 
shall see, correctly indicates that the P-state intensity 
is weak at high energies. At low and intermediate 
energies, however, (k<Zam) the P-state spectra are 
characteristically quite intense. In a large part of this 
range they dominate the S-state spectra completely. 

The matrix element for radiative capture from the 
nP state is given by Eq. (2.30) with substitution of the 
appropriate wave function and energy. It is seen to 
contain as a factor the integral 


J Ser One *{— Zie-V+ievoyky |onp(r)dr. (8.1) 


Since the Green’s function is spherically symmetric, 
the orbital angular momentum of the electron changes 
by one unit in a radiative transition from a P state. 
The amplitude furnished by the e,c,,k, term would 
vanish by orthogonality were it not for the retardation 
factor. As a consequence, for photon energies which are 
not too high, the P-state intensity is furnished almost 
entirely by the e-V term. An order-of-magnitude esti- 
mate using the range of the Green’s function, yu, and 
the general form of the P-state wave functions shows 
that the contribution of the e,o,,k, term is smaller than 
that of e-V by a factor k?/u?~k/2m, and may conse- 
quently be neglected for k<Zam. At higher energies 
these terms may become comparable in magnitude, 
but both are insignificantly small. 

Since almost all of the P-state radiation lies in the 
range 0<k<Zam, we may restrict our consideration 
to this region and retain only the e-V term of (8.1). 
We may furthermore neglect the retardation factor in 
the integrand since the error in so doing is again of 
order k*/u?, which is less than Za. The matrix element 


then becomes 


Mp(k,p) = 2ie(2x/k)* (ON su) 


x f Genr-s'Oxde-Vonr(edr. (8.2) 


To illustrate the further calculations it becomes 
convenient to specialize to the case of the 2P states. 
An orthonormal set of 2P wave functions may be 
written as the three components of the vector 
(32ra*)—tr exp[ —r/2a], where a= (Zam)~ is the Bohr 
radius divided by Z. If, for a given photon polarization 
e, one of the states is taken to be the component 


gap(r) = (32ra*)4(e-r) exp[—1/2a], 


it is immediately clear that the remaining two orthog- 
onal states yield vanishing matrix elements. The inte- 
gral required for the wave function (8.3) may be 


(8.3) 
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written as 
J Sesr1’O,e-Verr(t)de= (2n0)-Qrr(h), (84) 
where Q2p(k) is the dimensionless integral 
Oar()=— f Gries OPNL1~ (7/60) “Pa. (8.5) 


An analogous integral Q,, p(k) may be defined for capture 
from each of the higher P states by using the appro- 
priate wave functions in (8.4). 

To find the total probability of radiative capture the 
matrix elements are again substituted in the expression 
(2.33). The required summations over initial and final 
spins are carried out as in Sec. 4. The expression 
which results for the transition rate from the nP state is 


e 
Wap=— > Tr{NtiN 7:(1+8)} 
wa f 


X f Qn2*(8) (bax BY (8.6) 


The trace occurring here is the same as that in the rate 
of ordinary K capture (4.6) since the radiation interac- 
tion employed for P states involves no Dirac matrices.!” 
The ratio of nP-state radiative capture to ordinary 
capture is therefore 


Wap 4 





f Onr*(k)R(Rmax—K)%dk, (8.7) 


WK rZ?am (Ress) 18° 


where the value (za*)-!= (Zam)*/x has been substituted 
for ¢1s"(0). 

To evaluate the integral Q2p(k), explicit use must be 
made of the representations of the Green’s function 
developed in Sec. 6. The energy parameter of the 
required Green’s function is E= E,p—k, in which the 
bound state energy E,p may be written, neglecting 
fine structure, as m—(Za)’m. Since consideration is 
being restricted to the region k< Zam, the parameters 
» and » defined by (6.2) may be approximated as 


w=[2mk+3(Za)*m*}}, (8.8) 


and 
n=Zam/u=1/ya. (8.9) 
The inverse range parameter » assumes the value 
1/2a for k=0 and is an increasing function of k. The 
parameter 7 thus decreases from the value 2 at k=O, 
and tends toward zero for large k. As we have noted 
in Sec. 6, the Green’s function has a pole, and the 


17Tt is of some interest to note that the P-state intensities 
contain the same Fierz interference terms as the K-capture 
probability, while these are absent from the S-state intensity 
(4.5). Failure of these terms to vanish would cause a relative 
readjustment of the S and P state intensities. 
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integral Q2p(k) therefore becomes infinite, at the energy 
corresponding to 7»=1. This behavior is seen more di- 
rectly by using the representation (6.8) of the Green’s 
function as a superposition of S-state wave functions. 
With the energy E given by E:p—k the denominator of 
the term contributed by the 1S state has a pole at the 
photon energy k= E,p—E,s~$(Za)’m, which corre- 
sponds to n=1. The energy at which this resonant 
behavior occurs is that of the characteristic K-series 
x-ray which ordinarily follows capture from the K shell. 
The inner bremsstrahlung which takes place in capture 
from P states is, as we shall presently show, very closely 
related to the characteristic x-radiation, and, in fact, 
inseparable from it although extending to much higher 
energies. 

All experimental measurements of the photon spec- 
trum are made at energies above the characteristic 
x-ray region and hence correspond to » in the interval 
0<n<1. The integral representation (6.11) may thus 
be used for the Green’s function in evaluating Q2p(k) 
as given by (8.5). The spatial integrations required to 
find Q2p(k) then become simply those of powers of r 
multiplying a decreasing exponential and may be carried 
out directly, so that we are left the parametric integral 


ae ee 
rm 0 s (1+2s+3n)" 


With the substitutions 
v=s/(1+5s), 


the integral becomes 


(8.10) 


A= (2—n)/(2+n), 


n° 


f (1 mitt 
(143m). (te) 





Qop(k)= (8.11) 


The integrand of this expression may be expanded in 
partial fractions and each of the resulting integrals 
expressed in terms of the function 


1 x77 
K(p)=p f dx 
o 1+px 


es il 
=f dy 
o 1+y 


and its derivatives by means of the identities 


(1)? @ 


(8.12) 


(8.13) 


1 yo? 


1 ” 
f ich ——dy = ——_ — ———~ Gp 
0 (1 +)v)!+? p! df?. 0 ¢+Av f=1 
(-1)? @ 
- —K(a/f) 


In this way, after algebraic reduction we find 


Qop(k) = a 7a 
- 4(1—49°) 
X([1+3n— (7/12)9?+ (4/3)9?K (A) ]. 


The integral K(A) defined by (8.12) cannot be 
evaluated in closed form, but may be represented by 
rapidly converging series expansions. Performing the 
integration of (8.12) by parts, we obtain 


(8.15) 


1 
K(\)=log(t-+9)-+n f x-™ log(1+Ax)dx. (8.16) 
0 


Substitution of the power series expansion of log(1++-Ax) 


provides the series for K (A), 
— )i 


2 ) 
K (A) =log(1+-A)— > ———,, 


(8.17) 
i=l j(j—n) 


which is seen to converge as j~*. It is possible, by 
performing a second integration by parts before ex- 
panding, to obtain an alternating series which converges 
as j~*. Since \ is small, however, the convergence of 
(8.17) is already conveniently rapid. Numerical values 
of Q2p(k) for several photon energies, expressed in 
units of the 15S-state binding energy }(Za)?m, are 
given in Table I. 

The calculations for radiative capture from the 
3P states proceed in an entirely analogous way. Once 
again only one of the three oriented substates can 
radiate photons of a given polarization. The integral 
Qsp(k) which corresponds to Q2p(k) is defined by 


J Seie-1’Os)e-Verr(e)ar= (2ma)*Osp(k). (8.18) 


With the substitution of the appropriate wave function, 
Q3p(k) assumes the form 


Oro()= (2/8104) [ Geap-s'Oy)L6—2(0/0) 
+$(r/a)*]e"*dr. (8.19) 
The inverse range parameter of the Green’s function is 


p=[2mk+}(Za)*m?}}, (8.20) 
TABLE I. The integral Qsp(k), defined by (8.4), with corre- 


sponding values of the parameter 7. The photon energy & is given 
in units of $(Za)*m, the 1S-state binding energy. 








k Q2p(k) 


1.79 0.340 
2.53 0.192 
3.75 0.109 
4.92 0.0769 
6.00 0.0594 
8.75 0.0378 
0.0248 
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TABLE II. The integral Q;p(k) and the parameter 7 for several 
values of the photon energy &, measured in units of $(Za)2m. 








Osp(k) 


0.246 
0.0992 
0.0648 
0.038 
0.022 
0.010 











and n= (ua) lies in the interval 0<4<3. The Green’s 
function consequently has two poles ai finite photon 
energies corresponding to n=2 and 1. These are at the 
frequencies of the 3P—2S and 3P—1S characteristic 
x-rays, respectively. At energies above the latter of 
these, the integral representation (6.12) may again be 
used for the Green’s function, and the same succession 
of integrations and transformations carried out as for 
the 2P case. In this way we find 


4 n° 
p(k) =— ———{ (1-49) [1-+n—2(4n)?—8(4n)! 
Qsp(k) a rare n)[1+-n—2($n)?—8(3n)*] 


+(4/3)n°(1—39°)K(v)}, (8.21) 


v= (3—n)/(3+n), 


and the function K is given by (8.12) or (8.17). Values 
of Q;p(k) are given in Table II. A rough comparison 
of the intensities of 3P and 2P radiation may be made 
from the high-energy behavior of Q3p and Qop. For 
small values of » we find the intensity ratio (O3p/Qep)? 
= (16/27)?=0.35, a figure which will be subject to 
considerable reduction when the effects of screening 
are accounted for. 

The foregoing calculations establish the intensities 
of the P-state spectra for photon energies lying above 
the characteristic x-ray resonances. For energies lying 
between or below these resonances, the integrals Q(k) 
may be evaluated by employing the more general 
contour integral representation (6.9) for the Green’s 
function. The detailed intensity distributions are, how- 
ever, of little experimental interest in this region, so we 
confine the discussion to some qualitative properties of 
the spectra at low energies. To find the form of Q,,p(k) 
as k approaches zero, it is convenient to use the sum- 
mation (6.8) to represent the Green’s function, so that 
we have 

¢n’s(0) 


1 
(2ra)10,,.p(k) =— 2 —— 
e ; 2m n’ Ew s—Enptk 


where 


x f exs(t)e- Venn (rar. (8.22) 


The gradient operator may be written as V=ip 
=m[r,H], where H is the electron Hamiltonian. On 
inserting this expression and taking the limit of Q as 
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k—-0, we find 
(2xa)*QOnp(0)=—3 D’ J evs(ens(ee-tean( hae 


n’ 


The primed summation indicates that the term n’=n 
is to be omitted from the sum, as a consequence of the 
degeneracy of the nS and mP states. The sum may then 
be written as 


(2na)-*0,p(0)=—} f 8(t)e-reap(s)de 


+3 #ns(0) f eas(te ‘Tenp(8)dr, 


where the first term on the right clearly vanishes, so 
that we have 


Qnr(0)=4(2xa)4p,5(0) f ew te 


In particular we find Q2p(0)=—%. Since Q,p(0) is 
finite, the P-state spectra may be seen from (8.7) to 
rise linearly at first. Their initial slope greatly exceeds 
that of the S-state spectra. 

The calculated forms of the P-state spectra are 
shown in Fig. 1 for »sFe®® which has a maximum photon 
energy of 220 kev. Since this energy is considerably 
greater than that of the characteristic x-rays (7 kev 
for the unscreened atom), the scale does not permit 
showing detail in the x-ray region. In particular the 
two peaks of the 3P spectrum remain unseparated. 

Some qualitative interpretations of the form of the 
P-state spectra will be presented in Sec. 10. 


9. S-STATE SPECTRA, RELATIVISTIC CORRECTIONS 


The calculations of the preceding sections have 
neglected, as a relativistic effect, the interaction of the 
magnetic moment of the electron with the Coulomb 
field surrounding the nucleus. In the present section 
we shall show that this interaction, although a weak 
one, significantly affects the low-energy behavior of 
the S-state spectra. 

When spin-orbit coupling is accounted for, the orbital 
angular momentum of an electron is no longer constant. 
A state originally of angular momentum / has added 
to it an admixture of wave functions corresponding to 
l—1 or 1]+1. This has the important consequence of 
allowing capture to take place directly from the 
“P states” of total angular momentum J=}3, since 
they contain a certain amount of S-state wave function 
which does not vanish at the nucleus. Since this rela- 
tivistic admixture is an effect of order Za the corrections 
it introduces are in general no larger than others which 
have already been neglected. An exception, however, 
is found to occur in the low-energy parts of the S-state 
spectra, where the factor of Za may be partially 
compensated by an increased probability of radiation. 
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In the previous work, in which spin-orbit coupling 
was neglected, it was noted that radiative capture of 
an electron from an S state requires emission of a 
photon in a transition between spherically symmetric 
states. It followed that the radiation takes place 
through a reorientation of the electron spin. The matrix 
element for this is proportional to the frequency of the 
emitted photon, a fact responsible for the weakness of 
the S-state spectra at low energies. When spin-orbit 
coupling is taken into account, the radiative transition 
is no longer between spherically symmetric states. An 
electron initially in an S; state may make a radiative 
transition to a P; state by means of the electric dipole 
operator e- V, and subsequently undergo direct capture. 
In the low-energy region k<}(Za)’m, the electric dipole 
matrix element is larger than that for magnetic dipole 
transitions by a factor sufficient to overcome the 
admixture parameter Za noted earlier. As a result, in 
the binding energy region, where the S-state intensities 
are quite weak, the spectrum forms will be shown to 
deviate from those given by (7.7). While the percentage 
corrections due to this coupling decrease with increasing 
photon energy, their effect remains noticeable at higher 
energies where the S-state intensities are much stronger. 

In the preceding sections, the second-order Green’s 
function Gz(r’,r), which is in general a four-by-four 
matrix function of r’ and r, was approximated as a 
scalar function multiplying the unit matrix. The 
approximation which permitted this was the neglect of 
the term a-VAo* in the differential equations (2.26) 
and (2.27). It is this term which destroys the constancy 
of the orbital angular momentum and leads to the 
effect we wish to calculate. A convenient means of 
representing the second order Green’s function more 
correctly is to express it in terms of a similarity transfor- 
mation performed upon another function Gz’(r’,r) by 
writing 


Gu (tr) =exp(a-p'/2E)Gx'(r’,r) exp(—a-p/2E). (9.1) 


The function Gz’ (r’,r) so defined satisfies transformed 
differential equations in which the coupling a-VAo‘? 
=ia- pA, is eliminated to first order. These equations, 
apart from the terms of order (Za)? and higher, assume 
the same form as those used to define the scalar Green’s 
function discussed earlier. To this accuracy, which is 
ample for the present, the function Gz’ may be identified 
with the Green’s function of Secs. 3 to 8. In partic- 
ular, Gx’ (0,r) satisfies (3.2) and (6.1). To corresponding 
accuracy, the electron wave functions can be repre- 
sented as'® 


Wni(r)=exp(—Ba- p/2m)ugni(r), 


where the spinor u and the orbital function ¢,, are those 
defined in (3.1). 

Finding the matrix element for radiative capture 
(2.30) requires evaluating a spatial integral which may 


18, Foldy and S. Wouthuysen, Phys. Rev. 78, 29 (1950). 


(9.2) 
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Fic. 1. Gamma-ray spectra for radiative capture from various 
electron shells of Fe®®. The dashed curves for the 1S and 2S 
spectra are the nonrelativistic forms (7.7). The solid curves 
beneath them are the 1S and 2S spectra with the relativistic 
modifications of Sec. 9. The characteristic x-ray region lies to 
the left of «1s, the K-shell ionization energy. 


be expressed as the limit as r’ approaches zero of 


Lilt’) fad J seuse’de*C- 2e-V 


Heyouky Warlr)dr. (9.3) 
Since the intensity corrections sought are larger than 
Za, it will suffice to preserve a relative accuracy of 
order Za in evaluating this expression. The corrections 
occur principally at low energies k< Zam, for which it 
is permissible, according to the arguments of Sec. 3, 
to drop the retardation factor in the integrand of (9.3). 
To this order we may also write E,,—k=m in the 
correction terms, and by means of (9.1) and (9.2) 
reduce Ly:(r’) to the form 


Lai(e’)=[1—i(2m)t0-V"] f Sian itil 


X[—2e-V+eyouk, lugni(r)dr. (9.4) 


The occurrence of the term a-V’ operating on the 
Green’s function in this expression requires that the 
dependence of the Green’s function on the angle 
between r and r’ be taken into account even in the 
limit r—0. While in the preceding sections it was 
sufficient to use the spherically symmetric form the 
Green’s function assumes in the limit r’—0, we must 
now carry out an expansion for small r’. This expansion 
may be written in the form 


Ge’ (tn) =Ge' Or) + (0-1) Ge (Or)+---. (9.5) 


The function Gz which is thereby defined represents 
the P-wave part of the Green’s function. The differ- 
ential equation it satisfies may be found by separating 
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the equation for the Green’s function, 


[V?+ BE —m?+2E(Ze/r) Ge’ (r’,x)=—S(r—r’), (9.6) 


into its partial wave components. The homogeneous 
form of the radial equation for Gr (0,7) is then 


a 2nu «2 
[—-#4+—"-s 920 (0,r)=0 
dr’ r? 


(9.7) 


where the parameters 7 and yu are the ones defined by 
(6.2). The solution of this equation which remains 
regular at infinity is once again a Whittaker function, 
PCr (0,7)~W,,,(2ur). The function Ge“ (0,r) must 
become singular at the origin, and from (9.7) it may be 
seen to do so as r~*. The simplest method of normalizing 
the solution for Gz“ (0,r) so that it satisfies a suitable 
inhomogeneous equation is to note that the Green’s 
function must become singular as 1/4r|r—r’|, when r 
approaches r’. That is, when r becomes small, but 
remains larger than r’, the series (9.5) must assume 
the form 

x)= 1 aie r is 

™ 4nr 4nr® 


(9.8) 


The normalized function Gz“ (0,7) is given by 
Ge” (0,7) =u (2—9)W 4g (2ur)/4arr’. 


As in (6.12), an integral representation’® may be 
introduced for the Whittaker function which yields 


(9.9) 


Ge” (0,r) = w/e f etre si—a(] +5)+1ds, (9.10) 


a form valid for 7< 2. 

To evaluate the matrix element for capture from 
S states we substitute the expansion (9.5) in (9.4) and 
take the limit of L,s(r’) as r'0: 


Las(0) = extn, { Sane’ (0,r) ns (r)dr 


tim f Gror1 (Oy) a1 (e-V)gns(r)dr. (9.11) 


The first of the integrals occurring in this expression is 
given by (7.3). The integrand of the second is easily 
averaged over angles, with the result that 


¢ns(0) 
Las(0) = eo yk, 
2mk 


i d 
+ (a-e)— f Grass Op)r—pns(rh, (9.12) 
3m dr 


The sum e,¢,,k, may be separated into two terms, as 
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shown in (7.9), and the expression for L,,s5(0) written as 


Lns(0)=[e- (eXk) 
+i(e-a)kBas(k) ]¢ns(0)/2mk, 


where the factor B,s(k) is defined by 


(9.13) 


Bas(k)= 7 
3 ¢ns( (0) 


== f Ges D0, Arenal (9. 14) 


The form (9.13) for L,s(0) facilitates the comparison 
of the present calculation of the S-state spectrum with 
the previous one. In particular, when B,s(k)=1 the 
matrix element and the spectrum which follows from 
it become the same as those of Sec. 7. Since the 
range of the Green’s function decreases with increasing 
photon energy, the expression (9.14) for B,s(k) may 
be seen to approach unity for large &. More generally, 
for B,,s~1, the spin summations of the squared matrix 
element are easily performed and yield a ratio of 
nS-radiative capture to ordinary K capture which may 


expressed as 
(222) fase 


WK  7m*(Rmex) iN ¢is(0) 


Was a 





Xk(Rmax—k)*dk. (9.15) 
The relativistic correction factor for the energy spec- 
trum R,,s5(k) is given by 


Rus(k)=3{1+ Bas’(k)].- 


In addition to the expression (9.14) for B,s another 
useful one may be derived by using in (9.4) the identity 
e-V=ie-p=m(e-r, H |. After some reduction, we then 
find 


(9.16) 


Bas(k)= 
ce 3¢ns(0) 


a form which simplifies the discussion of low-energy 
behavior. The Green’s function SG“ remains finite in 
the limit k--0 when its energy variable E,5 is that of 
the lowest S state, E,s. Since B,s then vanishes as 
k—0, the 1S spectrum according to (9.16), is only half 
as intense, at this limit, as the form predicted earlier. 
For the higher S states, n> 2, the existence of P states 
which are degenerate with these causes the function 
GS” to become mec as k in the limit k-0. The 
values B,s(0) for n>2 therefore do not vanish. They 
are most easily found by means of the technique used 
to evaluate Q,p(0) in ra. (8.22)—(8.23). This yields, 
in particular, Bzs(0)=— 4, so that the 2S spectrum 
is slightly enhanced at its low-energy extreme. 

To evaluate either of the integral forms (9.14) or 
(9.17) for B,s(k), it is convenient to express the 
Green’s function Gz (0,r) in terms of the S-state 
Green’s function Gz’(0,r) discussed in the earlier 


=f Cene1 (Op) pas(r)dr, (9.17) 
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TABLE III. The quantity B,s(k) defined by (9.14), and the 
relativistic correction factor Ris(k) for the intensity of the 1S 
spectrum. [Photon energy & in units of $(Za)*m, the 15S-state 
binding energy. ] 








k Bis(k) 


0.000 
0.280 
0.462 
0.557 
0.622 
0.678 
0.728 
0.761 


Ris(k) 


0.500 
0.539 
0.607 
0.655 
0.693 
0.730 
0.765 
0.790 











sections. For this purpose, we note a connection between 
the integral representations (6.12) and (9.10) which 
may be stated as 


1/@ 
-(—-) Gr’ (0,r) = Ge (0,7) 


(9.18) 
2\dr* 


for r>0. Using the differential equation (6.4) for Gz’, 
we then find 


fig 
rga0n)=—(-+—) 209), (9.19) 


where a= (Zam). Substitution of this expression in 
(9.14), followed by integration by parts and use of the 
Schrédinger equation for gps yields 


Bas(k) 1 
2 
=1-—_fSrme'(00)[— pee a 
3a¢ns(0) r na 


= 1+ (3n?ma*k) 


2 aq 2 
-—— f Sem-1'0)|—+= Jonas (9.20) 
3a¢ns(0) dr r 


where ‘the integration of one of the terms has been 
carried out by using the representation (6.8) for the 
Green’s function. 

The integral remaining in (9.20) is quite similar in 
structure to the integral Q,,p(k) which occurred in the 
calculations of the P-state intensities. It may be 
evaluated by the same sequence of steps as was used 
in deriving (8.10)-(8.17). Hence only the results for 
the different states need be given. 

For the 1S state, the parameter 7 is given by 


n=[1+ (2k/Z%a?m) J. 


The quantity Bis(k), expressed in terms of », is found 
to be 


Bys(k)= 


(9.21) 


eo 


1+ R(t} (9.22) 


where 


§=(1—n)/(1+n), 
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TABLE IV. Bzs(k) and the relativistic correction factor Res(k) 
for the intensity of the 2S spectrum. [& is given in units of 
4(Za)*m. ] 








R2s(k) 


1.63 
0.51 
0.51 
0.58 
0.63 
0.67 
0.71 
0.77 











and the function K(é) is given by (8.12) and (8.17). 
A convenience in tabulating B,s() is the slow variation 
of K(é) in the interval 0<y<1. In particular for 
n<0.7 the function K(£) is approximated to accuracy 
better than 1% by the first two terms of its power 
series expansion, 


K (§)=log2—[1— (x*/12) jn. 


Numerical values of B:s(k) for several photon energies 
expressed in units of the 1S state binding energy are 
given in Table III. Although the increase of B,s from 
the value zero for k=0 is fairly rapid for energies not 
greatly exceeding the binding energy, its approach to 
the value unity at high energies is seen to be quite 
slow. As a result, the correction factor for the intensity 
distribution, R:s(k), remains noticeably less than one 
at energies relatively far above the characteristic x-ray 
region. 
For the 2S state, the parameter 7 is given by 


n= [i+ (2k/ZtePm)}), 


The expression for Bys(k) in terms of n, for n<1, is 
found to be 


(9.23) 


(9.24) 


- 


— rate) 


— [*a-aK0)- 3- ~r-7 (9.25) 


—} n’)L3 
where 


A= (2—n)/(2+n), 


and K(A) is again the function discussed in Sec. 8. 
Numerical values of Bzs(k) at several photon energies 
are given in Table IV along with corresponding values 
of the relativistic correction factor R2s(k). For energies 
above the characteristic x-ray region, Reg is slightly 
smaller than Ris and increases toward the value one in 
a similarly slow manner. 

The effect of the relativistic corrections on the S-state 
spectra of Fe® is shown in Fig. 1, where both the 
uncorrected and the corrected forms are plotted. Since 
the variation of Ris(k) and Res(k) over the energy 
range of the spectrum is not large, these factors do not 
appreciably alter the spectrum shapes. For capture 
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processes whose energy releases are larger in comparison 
to their 1S-state binding energies, the total variation 
of the correction factors would be larger and the 
consequent changes of spectrum shapes more noticeable. 
For the more energetic processes, however, it must be 
emphasized that the neglect of retardation which 
underlies the calculation of the present effect is correct 
only for energies less than or comparable with Zam. 
In the spectrum of Fe®, this is no limitation since kmax 
is roughly 2Zam. The decay of A*’, by contrast, has an 
energy release of 816 kev which corresponds to 12Zam, 
so that it is only in the lower portion of its spectrum 
that the present corrections apply. 

Estimates of the relativistic corrections to the P-state 
spectra show that these do not exceed the order Za, 
which is the level of accuracy maintained thus far. 
This accuracy will be improved and the S-state cor- 
rection factors evaluated at all energies in a forthcoming 
paper based on a fully relativistic treatment of the 
problem. 


10. RESULTS AND DISCUSSION 


The preceding sections have been devoted to detailed 
calculations of the spectra emitted in the radiative 
capture of electrons from S and P states. For the states 
of higher orbital angular momentum, the radiative 
capture probabilities are decreased because of the 
smaller probabilities that the electrons are in the 
immediate neighborhood of the nucleus and the higher 
multipole orders of the radiation processes. The D-state 
spectra, for example, are much weaker than those 
considered here and negligible for present purposes. 

The results of Secs. 7 to 9 may be summarized in 
a single formula for the spectrum intensities which takes 
account of the influence of the binding energies of the 
different states on the maximum energies of their 
spectra. If the photon energy & is measured in units of 
the 1S state binding energy for a pure Coulomb field, 
3(Za)*m=Z?X 13.6 ev, the ratio of radiative capture 
from the state nl to ordinary K capture becomes 


Wnt Ziad kmax 
phe, Pe Pl Ob = 


WK 4a 0 


k+€ni—€18 


|a. (10.1) 


max/)1S8 


The constants €,; are the ionization potentials (€,:>0) 
of the various atomic states measured in the same units 
as k. For the S-state spectra the function J,:(k) assumes 
the form 


Tns(k) = RRus(k)L ¢ns(0)/¢15(0) P, 


where the relativistic correction factor R,s(k) is defined 
by (9.16) and given numerically for n=1 and 2 in 
Tables III and IV. When screening is neglected, the 
required electron density ratio at the nucleus is } for 
n=2, and decreases as n~*. The effects of screening 
cause it to decrease more rapidly still. The relativistic 
corrections of Sec. 9 do not substantially alter the 


(10.2) 
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simple shape of the S-state spectra, but they bring 
about noticeable reductions of the absolute intensities. 

For the P-state spectra, the function J,p(k) assumes 
the form 


Tnp(k) = (2/Za)*kQnr*(k), (10.3) 


where the function Q,,p(k) is defined by (8.4) and given 
numerically for n=2 and 3 in Tables I and II. The 
P-state intensities are found to be quite weak at high 
photon energies but to rise rapidly as the energy 
decreases, reaching precipitous heights near the char- 
acteristic x-ray region. 

The singularities of the P-state spectra which occur 
at the characteristic x-ray frequencies show that the 
two types of radiation are, in fact, inseparable. This 
may be seen directly by noting that among the processes 
summed over in determining the rates of decay are 
those in which capture of an electron from a low-lying 
S state precedes the radiative transition of a P electron 
which refills the state. These processes, which give rise 
to a continuous spectrum, differ from the vastly more 
probabie course of ordinary K or L capture, followed 
by the emission of characteristic x-rays, only in that 
the intermediate states do not conserve energy. When 
the photon energy is close to a characteristic x-ray 
frequency, however, energy is nearly conserved in the 
appropriate intermediate state and the processes be- 
come indistinguishable. 

In the immediate neighborhoods of the x-ray fre- 
quencies, the continuous P-state spectra may be 
thought of as representing the wings of the character- 
istic lines. The expression (8.22) for 0,.p(k), 


(2a)? Pn’'S (0) 
m  Ens—Enpt+k 





Onp(k)= J eose-Voundr, 


illustrates this behavior. When k takes on a value for 
which one of the denominators is particularly small, the 
function Q,,p?(k) assumes the form of a line shape seen 
at a distance from its center much larger than its 
intrinsic width. While the singularities of the P spectra 
represent the x-ray lines, it should be noted that their 
intensities are only given correctly by the one-level 
resonance formula within small intervals (of the order 
of an electron binding energy) about the line centers. 
The general rise of the P spectra which begins at 
energies far above the x-ray region represents the 
constructive interference of a large variety of transition 
amplitudes. 

Certain limitations should be noted on the accuracy 
of the foregoing calculations. In particular, no explicit 
consideration has thus far been given to the influence 
of atomic screening. While screening causes little change 


19 The radiative damping corrections which would remove the 
singularities of the P-state spectra have no numerical effect at 
distances from the line centers measurable by counter spec- 
troscopy. 





RADIATIVE CAPTURE OF ORBITAL ELECTRONS 


in the lowest S state, it will decrease the electron 
densities near the nucleus for states of higher / and n. 
Its principal effect then, will be to reduce the 2P and, 
more especially, the 3P intensities in comparison with 
the S-state spectrum. Secondly, the relativistic cor- 
rections, whose effect on the spectrum shape partly 
compensates that of screening by reducing the S$ 
intensities preferentially, have only been evaluated 
completely for energies up to k~ Zam. These omissions 
are justified in the present work because the effect of 
screening and the relativistic corrections at high energies 
are numerically comparable, in general, with terms of 
order Za which have been consistently neglected in 
order to simplify the calculations. Attention will be 
given to all of these in the more exact treatment of the 
paper to follow. 

The observations by Madansky and Rasetti® of the 
-Tay spectrum emitted in the decay of Fe®® were the 
first in which the intensity distribution was measured 
over a wide enough energy range to provide a sub- 
stantial test of the theory. These measurements showed 
an unexpected and steep rise of the intensity with 
decreasing y-ray energy which has since been found?!-™ 
in a number of other elements including A®’, V“, Ge”, 
and Cs'*!, The intensity distribution in each of these 
cases is found to be of just the type which follows from 
summing the spectra contributed by the various states, 
as given by (10.1). The relative contributions of the S 
and P states vary greatly in form and magnitude among 
these elements. Thus for A*’, with Rmax~800 kev, the 
rise of the P spectrum takes place at energies much 
lower than the maximum of the S spectrum, leaving 
the features of the two spectra separately distinguish- 
able." For Cs'*!, on the other hand, the large nuclear 
charge and low-energy release (350 kev) cause the P 
spectra to overwhelm the S-state contributions, and 
only a steeply sloping intensity curve is seen.™ In both 
these cases, as well as in the others, the predicted 


2. Madansky and F. Rasetti, Phys. Rev. 94, 407 (1954). 
2T. Lindqvist and C. S. Wu, Phys. Rev. 100, 145 (1955). 

2 R. W. Hayward and D. D. Hoppes, Phys. Rev. 99, 659 (1955). 
% B. Saraf, Phys. Rev. 95, 97 (1954). 

*B. Saraf, Phys. Rev. 94, 642 (1954). 
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shapes are in general accord with those observed 
experimentally. 

More detailed comparisons of the theoretical and 
experimental intensities would be difficult in the present 
context since the experimental spectra have been 
reported directly as curves of counting rates versus 
energy. These subject the actual intensity distributions 
to substantial changes due to the resolution and sensi- 
tivity of the counters used. The comparison is best 
carried out at present by reducing the theoretical 
spectrum to the form which might be detected by a 
particular spectrometer. The nonrelativistic forms of 
the spectra predicted here have already been compared 
with experiment in this way by Lindqvist and Wu,” 
using their own measurements for A*®” and those of 
Madansky and Rasetti for Fe*®. The fit is found to be 
excellent at high energies and the sudden rise at low 
energies occurs where predicted. The intensity discrep- 
ancies of ~20% which arise in the intermediate region 
would be removed by a slight readjustment of the 
relative normalizations of the S and P spectra, which is 
quite consistent with the level of accuracy noted earlier. 
Indeed, for the case of A*’, further calculation has 
shown that the discrepancies are removed by using a 
more fully relativistic treatment of the process and 
taking screening into account. The slightly altered 
theoretical spectrum which results has been shown in a 
recent letter”> to agree quite well with the experimental 
measurements. 

An interesting experimental check of the theory 
presented would be provided by the detection of photons 
of the continuous spectrum in coincidence with the 
characteristic x-rays. This would make it possible to 
separate the 1S spectrum from the others which overlap 
it, since the x-rays which follow radiative capture from 
the higher states are very much softer than those which 
follow K capture. Intensity calibrations of the photon 
spectrum relative to the rate of ordinary capture are 
also of interest. The present theory predicts a depend- 
ence of this ratio on the nuclear charge which should 
be observable even at high energies. 


26 Glauber, Martin, Lindqvist, and Wu, Phys. Rev. 101, 905 
(1956). 
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The polarization of protons from the stripping of 4-Mev deuterons in carbon at 30° has been measured 
by scattering in helium. The value of P= —58%+13% is larger than, but the sign is in agreement with, 
predictions based on a simple stripping-plus-potential scattering picture. 





1, INTRODUCTION 


SUCCESSFUL theory of low-energy stripping 

reactions has been produced by Butler’ and 
others.? The theory has made possible the assignment 
of a large number of nuclear energy level parameters 
by analysis of angular distributions of the outgoing 
nucleons from (d,p) and (d,n) reactions, and has shed 
new light on the structure of nuclei, particularly with 
respect to the shell model. 

Refinements of Butler’s theory*> have taken into 
account the interaction of the outgoing particles with 
the stripping nuclei, and have predicted that these 
particles should be polarized. A measurement of this 
polarization would help to resolve ambiguities in the 
assignment of some level spin values, and would provide 
a further test of the model used in the stripping theory. 

In the present experiment, the polarization of protons 
emerging at 30° from natural carbon bombarded by 
4.05-Mev deuterons has been measured, using helium 
as an analyzer and nuclear emulsions as detectors. Only 
protons corresponding to the ground states of C™ and 
C™ had enough energy to be detected. The contribution 
from the latter is less than 1%,* and is neglected. 


2. METHOD 


Experiments on the scattering of protons by helium 
in the energy region 1-10 Mev’ have shown that the 
collision is highly polarizing. A calculation of the 
polarization as a function of energy for center-of-mass 
scattering angles 110°-138° has been published by 
Brinkworth and Rose.*® 

If the asymmetry in the scattering of a beam of 
particles with polarization P; is defined as e=(L—R)/ 
(L+R), where L and R are the scattered intensities at 
equal angles to the left and right in the plane perpen- 
dicular to P;, then P;=e/P2, where P» is the polar- 


* Now on leave of absence at University of the Witwatersrand, 
Johannesburg, South Africa, where this work was completed. 

1S. T. Butler, Proc. Roy. Soc. (London) A208, 559 (1951). 

2 See, for instance, W. Tobocman and M. H. Kalos, Phys. Rev. 
97, 132 (1955). 

3H. C. Newns, Proc. Phys. Soc. (London) A401, 477 (1953). 

4 J. Horowitz and A. M. L. Messiah, J. phys. radium 14, 731 
(1953). 

5 W. B. Cheston, Phys. Rev. 96, 1590 (1954), 

¢R. E. Benenson, Phys. Rev. 90, 420 (1953). 

7 See, for instance, Kreger, Jentschke, and Kruger, Phys. Rev. 
93, 837 (1954). 

8 M. J. Brinkworth and B. Rose, Nuovo cimento 3, 195 (1956). 


ization produced in the scattering of an unpolarized 
beam. 

In the present experiment, the stripped protons were 
scattered in helium at equal angles to the left and right 
in the plane of the (d,p) reaction. P2 was calculated 
for the angles and energies involved from the curves of 
Brinkworth and Rose. P;, the polarization of the 
protons, was then just the corrected experimental 
asymmetry divided by P2. The sign convention for the 
polarizations was that the positive direction is that of 
kXk’, where k and k’ are the propagation vectors of 
the incident and scattered waves, respectively. 


3. EXPERIMENTAL PROCEDURE 


The nuclear plate camera was designed by Brink- 
worth and Rose.® It allowed protons scattered in the 
helium gas filling of the chamber at angles greater than 
120° in the center-of-mass system to enter nuclear 
emulsions placed to the right and left of the beam. No 
protons scattered only once by the metal parts could 
enter the plates. 

The experimental arrangement is shown schemati- 
cally in Fig. 1. Deuterons of 4.05 Mev from the Harwell 
Van de Graaff accelerator hit a gold target coated with 
0.53 mg/cm? of carbon, placed at 15° to the deuteron 
beam. Protons emerging at 30° to the incident beam 
passed through a 15-mg/cm? aluminium window into 
the scattering camera, which was filled with purified 
helium to a total pressure of 2} atmospheres. The 
scattered protons were then recorded in 50 u Ilford C2 
plates. 

A background exposure was also performed, by 
placing a nickel foil sufficiently thick to stop the 
protons immediately in front of the scattering volume 
of the camera. The integrated deuteron beam current 
was 68 microampere-hours for the main exposure, and 
36 for the background. 

A preliminary exposure revealed a heavy background 
of tracks from stray neutron recoils, as well as bad 
gamma fogging. A shield of four inches of lead and four 
inches of paraffin wax surrounding the vacuum tube 
between the carbon target and the chamber reduced 
both to a tolerable level. 

The Q of the C"(d,p)C™ (ground state) reaction is 
+2.72 Mev. Emergent protons lost about half their 
energy in the helium collision, and also lost energy in 
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the entrance foil and gas of the camera. The protons 
were therefore expected to have ranges of 35-55 yw in 
the emulsions, corresponding to energies of 1.8-2.5 
Mev. Elastically scattered 4-Mev deuterons would be 
stopped in the gas before entering the plates. Tracks 
with ranges of 30-59 u were accepted, and showed a 
satisfactory peaking near 40 yu. The tracks were required 
to enter the surface of the emulsion, and to have a dip 
angle in- the unshrunk emulsion of less than 14°. They 
were required to travel in a direction within +15° of 
the azimuthal angle of the scanned area with respect 
to the center of the beam, and in fact peaked sharply 
within these limits. Tracks whose ionization density 
was too low or definitely increased towards the surface 
of the emulsion, indicating that the particle was 
involved in a nuclear interaction or was traveling out 
of the emulsion, were discarded. 

As a general check on the method, tracks entering 
the emulsion fowards the scattering volume, but with 
otherwise similar criteria, were also recorded. Neither 
these tracks nor the background tracks showed any 
peaking in range or in azimuthal angle. 


4. RESULTS 


For tracks traveling away from the scattering vol- 
ume, the results were as follows. Main exposure: 180 
tracks in the right plate, 78 in the left; background: 
12 right, 18 left. After correction for the ratio of the 
integrated exposures, this gives 


R=157415, L=44412, and e=—56%+10%. 


The corresponding figures for tracks entering the 
emulsion towards the scattering volume were 28 and 19, 
with backgrounds 18 and 15, which are considered 
satisfactory. These tracks turned out to be almost 
entirely ones for which the direction of travel could not 
be determined from the ionization density; so that they 
were probably largely tracks of particles emerging from 
the surface of the emulsion. This was also true of most 
of the background tracks. 

A correction to the experimental asymmetry arises 
from the nonuniform illumination of the helium scat- 
tering volume by the stripped protons. The proton 
cross section from deuteron bombardment of carbon 
falls off with increasing angle (i.e., towards the left 
plate) by about 3% per degree near 30°,° so that the 
proton flux falls by about 12% across the scattering 
volume. This affects the scattered intensity towards 
the plates, because the geometry is larger, and the 
helium scattering angle smaller (since the incident 
beam is slightly divergent), for scattering into the right 
plate from the right side of the beam than from the left. 

The contribution of acceptable tracks to any point 
in the plates per unit cross-sectional area of the beam 
varies about inversely as the distance to that portion 


® Holmgren, Blair, Simmons, Stratton, and Stuart, Phys. Rev. 
95, 1544 (1954). 
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Fic. 1. Schematic diagram of the apparatus. 


of the beam. The geometry effect is therefore estimated 
to make the observed asymmetry about 1% too high. 
The helium scattering cross section increases by about 
14% per degree near 130°,” making the asymmetry 
too low by 0.1%, which is negligible. 

An experimental error could also stem from any 
misalignment of the axis of the scattering camera with 
respect to the collimated proton beam. This is estimated 
at less than a degree. Together with the variation in the 
proton-helium scattering cross section, this leads to an 
error of +143% in the asymmetry. 

Because of the fairly heavy track background in the 
plates, there could have been some personal bias in 
plate-scanning efficiency. This was eliminated as far as 
possible by frequent interchange of plates being scanned, 
and by orienting the plates so that the apparent 
direction of the tracks was always the same. 

The calculated average value of P», the helium 
polarization, was +94%+3% for the energies and 
angles involved. The final corrected value of the proton 
polarization is then P,(30°)= —58%+13%. 


5. DISCUSSION 


The value of the polarization is higher than that 
predicted by any stripping theory to date, but it is 
consistent with the high values found in some other 
nuclear reactions at low energies.’® The sign is the same 
as, but the value larger than that obtained by Juveland 
and Jentschke" in a similar experiment with 11.9-Mev 
deuterons. 

If the ground state of C" is (3, —),” the experimental 
sign of the polarization is opposite to that predicted by 
the simple Newns theory, which assumes the nucleus 
to be perfectly absorbent to the proton. Horowitz and 
Messiah predict the same sign as Newns, using a re- 
pulsive hard-sphere potential for the proton-nuclear 
interaction. However, assuming that the proton after 
stripping scatters in an attractive complex central plus 
spin-orbit well (“cloudy crystal ball”) with parameters 


0 See, for instance, Adair, Darden, and Fields, Phys. Rev. 96, 
503 (1954). 

1 A. C. Juveland and W. Jentschke, Bull. Am. Phys. Soc. Ser. 
IT, 1, 193 (1956). 

955) Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
(1955). 
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satisfying other low-energy scattering data, Cheston 
obtains for the polarization the experimental sign, 
though only about a third of the experimental magni- 
tude. He suggests" that the inclusion of the spin-spin 
and tensor interactions would enhance the predicted 
polarization. 


18 W. B. Cheston (private communication). 
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Cross sections for emission of photoneutrons produced by Li’(p,7) gamma rays in thirteen middle-weight 
and heavy nuclei have been measured. Neutrons were detected by BF; counters embedded in paraffin, and 
the gamma-ray intensity was measured with a Nal scintillation detector. Measurements made with two 
groups of neutron counters whose efficiencies depended differently on neutron energy indicated that the 
energy distributions of the emitted neutrons are evaporation-like in shape. The present cross section values 
are about 20% higher than previous measurements of McDaniel, Walker, and Stearns, but the difference is 
within the combined errors. The measurements provide an independent check on the accuracy of the cross- 
section curves obtained with bremsstrahlung beams; agreement is obtained with University of Pennsylvania 
betatron data but not with some other betatron results. 


INTRODUCTION 


LARGE number of measurements of photonuclear 
reaction cross sections have been made in the last 
few years, especially in the region of the giant absorp- 
tion resonance near 15 Mev, with a view to obtaining a 
better understanding of the photon absorption process.! 
Most of these measurements have been made with 
bremsstrahlung beams from electron accelerators. The 
magnitudes and shapes of cross-section curves obtained 
in this way are subject to several uncertainties. Because 
of the continuous nature of the photon spectrum, the 
observed excitation curves must be analyzed by a 
“photon difference” method? to obtain the cross section 
as a function of photon energy. This procedure exagger- 
ates considerably any errors present in the original data. 
In addition, the results are rendered somewhat uncer- 
tain by a lack of exact knowledge of the bremsstrahlung 
spectrum shape, and by the x-ray intensity monitoring 
methods commonly used. 
Measurements of photonuclear cross sections using 
monoenergetic gamma rays, while restricted to a few 
energies, avoid the above difficulties and provide an 


* Supported in part by a grant from the National Science 
Foundation. 

t Now at Westinghouse Atomic Power Division, Pittsburgh, 
Pennsylvania. 


1 For reviews of this field see K. Strauch, Annual Review of 


Nuclear Science (Annual Reviews, Inc., Stanford, 1953), Vol. 2, 
p. 105; J. S. Levinger, Annual Review of Nuclear Science (Annual 
Reviews, Inc., Stanford, 1954), Vol. 4, p. 13. 

* See, for example, L. Katz and A. G. W. Cameron, Can. J. Phys. 
29, 518 (1951). 


important check on the accuracy of the cross section 
data obtained with x-rays. This paper presents measure- 
ments of cross sections for photoneutron emission by the 
Li’(p,y) gamma rays for thirteen middle-weight and 
heavy nuclei. Direct neutron detection is employed. 
These measurements represent an extension, with some 
improvements, of the work of McDaniel et al.’ Those 
authors obtained cross-section values somewhat lower 
than the betatron data, and it was thus of interest to 
obtain independent values for these numbers. 

One interest in accurate measurements is to make a 
comparison of experimental values for the integrated 
cross section for photon absorption by nuclei with the 
theoretical predictions of the sum rules.‘:> In the case of 
heavy nuclei, the absorption of gamma rays results 
predominantly in the ejection of neutrons, and conse- 
quently these photoneutron cross sections are a good 
measure of the cross section for absorption. 


EXPERIMENT 


The lithium proton-capture gamma rays consist of a 
narrow line at 17.6 Mev and a broad line at 14.8 Mev. In 
the present experiment these gamma rays were produced 
by bombarding a thick lithium metal target with a 
magnetically analyzed beam of 480-kev protons from 
the Pennsylvania electrostatic generator. Under these 
conditions nearly all the gamma rays are associated 

3 McDaniel, Walker, and Stearns, Phys. Rev. 80, 807 (1950). 

‘J. S. Levinger and H. A. Bethe, Phys. Rev. 78, 115 (1950). 
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with the 441-kev resonance; the relative intensity of the 
17.6- and 14.8-Mev components is about 1.7:1.6 « - 

The experimental arrangement is shown in Fig. 1, 
High-purity powder samples of thirteen elements (of 
atomic numbers ranging from 26 to 83) were irradiated 
in thin aluminum cylindrical containers which fit over 
the proton beam tube and thus subtend almost the total 
solid angle at the lithium target. Several sizes of con- 
tainers were used so that the gamma-ray attenuation in 
the different samples (~}) would be roughly similar. 
The target was situated at the center of a large moder- 
ating paraffin cylinder in which were embedded eight 
enriched boron trifluoride counters (1-in. diameter by 
43-in. active length). One group of four counters 
(Group A) consisted of two counters above and two 
below the sample. The other four (Group B) formed a 
square array about the sample at 90° to the proton 
beam. The counters in Group B were positioned con- 
siderably closer to the source than those in Group A. As 
discussed below, this resulted in a detection efficiency 
which was higher but which depended more strongly on 
neutron energy. Output pulses from the two counter 
groups were separately amplified, discriminated, and 
counted. 

A 1.5-in. by 1.5-in. cylindrical NaI(T1) crystal was 
used to monitor the gamma ray intensity. The crystal 
was sealed in an aluminum container with magnesium 
oxide reflector and mounted on a DuMont 6292 photo- 
multiplier tube. The energy response of the detector was 
calibrated with the Cs'*? and Co® photopeaks as well as 
with the F(p,vy) and Li’(p,7) gamma rays. The pulse 
discrimination level was set at 8 Mev during the 
experiment. 

Before and after the irradiation of each sample, a run 
was made with an identical empty aluminum container 
to give a measure of the background as well as to check 
the gamma-ray attenuation in the sample. Each set of 
runs was repeated several times. 


6 M. B. Stearns and B. D. McDaniel, Phys. Rev. 82, 450 (1951). 
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NEUTRON COUNTER EFFICIENCY 


The absolute efficiency of the neutron counters was 
measured for neutrons of several different energies. 
Sources of Ra-Be neutrons (heterogenous energies with 
a mean ~4 Mev) and Sb-Be neutrons (25 kev), and 
neutrons from the N'4(d,n) reaction (5 Mev) and from 
the H#(d,n) reaction (14 Mev) were used for this 
calibration. The Ra-Be source was calibrated by the 
National Bureau of Standards and its absolute strength 
was known to 5%. Source strengths for each of the other 
three neutron sources used were determined by meas- 
uring the counting rate of a flat response long counter’ 
at a distance of 220 cm from all four sources. The 
efficiency of the long counter for these sources was 
obtained by using its measured efficiency for the neu- 
trons from the calibrated Ra-Be source together with 
the published data’** on the dependence of long-counter 
efficiency on neutron energy. The data thus obtained 
with a large empty sample container in position are 
shown in Fig. 2. It was found that the Group A effi- 
ciency was very nearly independent of container size 
and of the particular sample present, but that the 
efficiency for Group B depended somewhat on these 
factors. The Group A efficiency also seems to be 
essentially energy independent over the expected range 
of photoneutron energies. Therefore we believe the data 
obtained with this group to be more reliable than that 
obtained with Group B. 

Since the Group B efficiency varies significantly with 
neutron energy, the energy distribution of the observed 
photoneutrons must be known in order to obtain the 
number of emitted photoneutrons from the Group B 
data. Available information," although quite incom- 
plete, indicates that at these excitation energies the 
photoneutron spectra are evaporation-like in shape, 


7A. O. Hanson and J. L. McKibben, Phys. Rev. 72, 673 (1947). 
8 Nobles, Day, Henkel, Jarvis, Kutarnia, McKibben, Perry, and 
Smith, Rev. Sci. Instr. 25, 334 (1954). 

® Barschall, Rosen, Taschek, and Williams, Revs. Modern Phys. 
24, 1 (1952). 

1 P. R. Byerly, Jr., and W. E. Stephens, Phys. Rev. 83, 54 
(1951). 
1G, A. Price, Phys. Rev. 93, 1279 (1954). 
2 W. E. Stephens (unpublished data). 
13 W. R. Dixon, Can. J. Phys. 33, 785 (1955). 
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peaking in the vicinity of 1 Mev. Calculated evaporation 
neutron spectra with a 10% high-energy tail added to 
conform to experimental indications were therefore used 
in obtaining average efficiencies for each element. Since 
the Group B data are sensitive to this assumption about 
the photoneutron energy spectrum while the Group A 
data are not, the ratio of the cross-section values as 
obtained from the A and B groups for a given element in 
principle yields information on the magnitude of the 
deviation of the actual energy distribution from the 
assumed one. 


GAMMA-RAY MONITOR EFFICIENCY 


The efficiency of the Nal crystal for the detection of 
the 14.8- and 17.6-Mev gamma rays was determined in 
several ways. The most direct method involved calcula- 
tion of the total number of electron-producing events in 
the crystal per gamma ray emitted from the target, 
using the calculated total absorption coefficient in 
sodium iodide for these gamma rays.’® This number 
should correspond to the number of counts at zero 
discriminator bias, provided that the effect of scattered 
photons, photons from inelastic neutron scattering, etc., 
is negligible. The relation between the number of counts 
as actually obtained at the 8-Mev bias level and the 
number at zero bias was found experimentally with the 
large paraffin cylinder removed. A slight correction had 
to be made because the pulse-height distributions with 
and without the paraffin cylinder present were slightly 
different even above 8 Mev. The sensitivity as obtained 
in this way was (3.8+0.5)X10~ gamma-ray counts 
with the 8-Mev bias per photon emitted from the target. 

As a check on this result, an attempt was made to 
actually calculate the number of events in the crystal 
giving pulses over 8 Mev. An exact calculation is diffi- 
cult to perform because of the sizeable effects on the 
pulse-height distribution due to escape from the crystal 
of electrons and secondary photons.'® The result ob- 
tained was (4.2+0.6)X 10~ gamma counts per photon. 
Both of the above values include a small correction for 
the slight angular anisotropy of the lithium gamma 
rays.!? 

A third method of calibration involved measuring the 
integrated proton current incident on the lithium target. 
Use of the published values of the thick target yield of 
the lithium gamma rays'® gives a value of (4.20.5) 
<10~* gamma counts per photon for the sensitivity. 

These three values all agree within their errors. Their 


4 Feld, Feshbach, Goldberger, Goldstein, and Weisskopf, 
Atomic Energy Commission Report NYO-636, 1951 (unpub- 
lished). 

5G. R. White, National Bureau of Standards Report 1003, 
1952 (unpublished). 

16 See, for example, J. G. Campbell and A. J. F. Boyle, Aus- 
tralian J. Phys. 6, 171 (1953). 

17S. Devons and M. G. N. Hine, Proc. Roy. Soc. (London) 
A199, 56 (1949). 

18 W, A. Fowler and C. C. Lauritsen, Phys. Rev. 76, 314 (1949). 
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weighted average is (4.10.3) 10~* gamma counts per 
photon. 


BACKGROUND 


The neutron counter background was measured by 
running with each sample replaced by an empty alumi- 
num container. For several of the lighter elements the 
counting rate with the empty container was as much as 
40% of the counting rate with sample in. In these cases 
it is important to know the origin of the background. 
The size of any gamma-ray associated background is 
decreased significantly by insertion of the sample, while 
that due to neutrons produced in the lithium target is 
much less dependent on the sample presence. We esti- 
mate that about 35% of the observed background is due 
to photoneutrons produced in the walls of the neutron 
counters themselves. This estimate is based on measure- 
ments of counter efficiency for various neutron source 
positions on the walls of the same and adjacent counters, 
as well as on background measurements using alter- 
nately brass and aluminum wall counters. The only 
other appreciable contribution to the background ap- 
pears to be from neutrons produced in the lithium target 
by the reaction Li’(p,a) followed by Li’(a,n). An esti- 
mate of the magnitude of this effect indicates that it is 
of the correct order of magnitude to account for the rest 
of the background. We have therefore corrected only 
35% of the observed background for gamma-ray attenu- 
ation in the sample. 


RESULTS AND DISCUSSION 


The cross section for photoneutron production is 
given by 
a= Ye,/(Nten), 


where Y is the observed number of neutron counts per 
gamma-ray count corrected for background and effect of 
gamma-ray attenuation in the sample on the gamma 
monitor counting rate, and ¢, and e, are the sensitivi- 
ties of the gamma-ray monitor and neutron counters, 
respectively. V is the number of nuclei per unit volume 
and ¢ is an effective sample thickness given by 


1 
t=—— | (1—e-**)dQ, 
4a 4nr 


where yu is the linear photon absorption coefficient for 
the lithium gamma rays in the sample. 

The cross-section values obtained from the data are 
given in Table I. These values represent averages over 
the energies of the two lithium gamma rays. We esti- 
mate the uncertainty in absolute value of each cross 
section obtained with the Group A neutron counters to 
be 15%, determined chiefly by the uncertainties in the 
neutron and photon detector efficiencies. Because the 
detector efficiencies are effectively the same from sample 
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TABLE I. Cross sections for photoneutron emission induced by the lithium gamma rays. The results are compared with previous data, 








Present cross- 
section data 
Counter Counter 
Group A Group B 


Data of 
McDaniel 


et al.* apy 


Pennsylvania 


Betatron data 
Saskatchewan 


714.8 ous 


717.6 oAy” 





365 
330 
365 
310 


305 250 


320° 
2704 


0.5 
40« 
95! 
90f 


1.3 


1.7 


1.6 440! 2.5 
2.6 550! 2.4 








® See reference 3 


> Average of 14.8- and 17.6-Mev cross sections weighted with relative intensities of the lithium gamma-ray lines. 


¢ See reference 24. 


4R. Nathans, Ph.D. thesis, University of Pennsylvania, 1954 (unpublished). 


¢ J. Halpern (private communication). 
f See reference 23. 
® See reference 32. 


» Separate cross sections at 14.8 and 17.6 Mev as obtained from Group A data and 14,8/17.6 betatron cross-section ratios. 
i Obtained using 14.8/17.6 cross-section ratio from Pennsylvania betatron data. 
i Obtained using 14.8/17.6 cross-section ratio from Saskatchewan betatron data. 


to sample, the relative cross-section values for the 
different elements are known to better than 10%. 
Since the results for Group B depend on the assump- 
tions made about the photoneutron energy spectra, we 
believe the Group A values to be more accurate than 
those obtained with Group B. The results for the two 
groups agree, however, to better than 10% in nearly 
every case. This approximate agreement can thus be 
construed as evidence that the assumed energy spectra 
are roughly correct and that the photoneutron spectra 
are indeed all evaporation-like in shape. The results are 
however rather insensitive to the detailed shapes of the 
assumed spectra. For instance, if the effective tempera- 
ture were increased by } Mev the cross-section data for 
Group B would be increased by about 10%; if the high- 
energy tail were increased by 10% of the total, the B 
results would be increased by about 5%. Any fluctuation 
of the energy spectrum shape from element to element 
should result in a variation in the ratio of the A to B 
cross-section values. There are however no strong 
fluctuations of this ratio. The tantalum ratio is some- 
what lower than those for the other heavy elements, 
implying perhaps lower energy neutrons from tantalum. 
Also tabulated in Table I are the results of McDaniel 
et al. for the elements we investigated and the weighted 
average of the results at 14.8 and 17.6 Mev of the 
Pennsylvania and Saskatchewan betatron groups as 
taken from theircross-section curves.{ Our results are, on 


t Note added in proof —A similar set of bremsstrahlung measure- 
ments was recently reported at Amsterdam [B. I. Gavrilov and 
L. E. Lazareva, Proceedings of the International Conference on 
Nuclear Reactions, Amsterdam, 1956 (to be published) ]. The 
weighted averages of their results at 14.8 and 17.6 Mev are 100, 


the average, about 20% higher than those of McDaniel 
et al., but the differences, except perhaps for silver and 
tantalum, are within the errors. We also agree with the 
Pennsylvania betatron data to better than 10%. Such 
agreement can be regarded as an indication that no 
sizeable errors are present in the betatron work. Further, 
in the heavy elements 17.6 Mev is on the high-energy 
side of the giant resonance and this is the region of the 
cross-section curve most open to doubt in the betatron 
work. Thus the present data provide some assurance as 
to the approximate correctness of the cross-section 
shapes above the resonance maximum. 

The agreement with the Saskatchewan data is less 
good, their results being, on the average, about 50% 
higher than ours. The shapes of their curves are ap- 
proximately similar to those of the Pennsylvania group 
for the cases measured by both, implying that the 
difficulty here is primarily one of absolute magnitudes. 
The Saskatchewan data are all normalized to the 
Cu®(y,m) cross-section curve, for which they obtained 
(by activity counting) an integrated cross section to 22 
Mev of 650 Mev mb.” Recent work on the Cu™(y,n) 
reaction using extracted electron beams”! indicates 
that the integrated cross section to 22 Mev has a value 
of the order of only 470 Mev mb, implying that the 
Saskatchewan results are all high by perhaps as much as 


65, 350, 390, and 300 mb for Cu, Zn, Ta, Au, and Bi, respectively. 
Except for copper, these values are in reasonable agreement with 
the present results. 
19 L. Katz and A. G. W. Cameron, Can. J. Phys. 29, 518 (1951). 
2” A. I. Berman and K. L. Brown, Phys. Rev. 96, 83 (1954). 
21 Scott, Hanson, and Kerst, Phys. Rev. 100, 209 (1955). 





182 


40%. This would account for the major part of the 
discrepancy with the present measurements.§ 

In Table I are listed the ratios of the cross sections at 
14.8 and 17.6 Mev as obtained from the betatron data. 
We have used these ratios to obtain separate cross- 
section values at 14.8 and 17.6 Mev from our Group A 
data. These values are tabulated in the last two 
columns of Table I. 

The general increase of photoneutron cross sections 
with increasing atomic weight, as indicated by the data, 
has been noted by many workers. The interruption to 
this trend at nickel is probably due to increased (y,p) 
competition in this case.” The apparent slow decrease in 
the cross section values with increasing atomic weight 
for the heavy elements is likely due at least in part to 
the fact that the giant absorption resonance is below 15 
Mev for these elements and is shifting to lower photon 
energies with increasing atomic weight.”*.4 

Recent measurements”®”* indicate structure in the 
giant resonance in light elements. Even though the 17.6- 
Mev line is only about 12 kev wide,'* any such structure 
in the elements investigated here would be expected to 
have a spacing smaller than this, and the measured 
cross sections should then be averages over any such 
possible structure. 

The cross sections reported here are for photoneutron 
emission. In the middle-weight elements the (y,n) 
reaction is the predominant neutron-emitting process at 
14.8 and 17.6 Mev. For the heavy elements, however, 
the (y,2n) and (y,pm) reactions are energetically pos- 
sible at 17.6 Mev. The (y,pm) process will be much less 
important than the (y,2m) since proton emission is 
strongly inhibited in the heavy elements by the large 
Coulomb barrier.2” Since two neutrons are emitted in 
each (y,2m) process, the measured photoneutron cross 
sections in these cases are effectively the sum of the 
(y,n) and twice the (y,2m) cross sections. Most of the 
(y,2n) thresholds for the heavy elements investigated 
are in the range between 133 and 153 Mev?**; the 
magnitude of the (y,2m) cross section at 17.6 Mev 
should depend rather strongly on this threshold energy. 
For tantalum, whose (7,2m) threshold is near 14 Mev, 
the (y,2m) cross section has been shown to be somewhat 

§ Note added in proof.—Professor L. Katz has pointed out to us 
that the Saskatchewan cross-section values should be reduced by 
10% because of calibration corrections. 

2 J. Heidmann and H. Bethe, Phys. Rev. 84, 274 (1951). 

*3 Montalbetti, Katz, and Goldemberg, Phys. Rev. 91, 659 
OE Nathans and J. Halpern, Phys. Rev. 93, 437 (1954). 

*6 Katz, Haslam, Horsley, Cameron, and Montalbetti, Phys. 
Rev. 95, 464 (1954). 

26 A. S. Penfold and B. M. Spicer, Phys. Rev. 100, 1377 (1955). 

27 FE. V. Weinstock and J. Halpern, Phys. Rev. 94, 1651 (1954). 


28 A. H. Wapstra, Physica 21, 385 (1955). 
*® J. R. Huizenga, Physica 21, 410 (1955). 
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larger than that for (y,z) at 17.6 Mev.®-* Lacking 
detailed information on the other elements, we cannot 
break up the measured photoneutron emission cross 
sections into their (y,n) and (y,2m) components. 

In heavy elements the cross section for neutron emis- 
sion should be the major part of the absorption cross 
section, and experiments indeed suggest that in these 
cases the integrated cross section for emission of 
photoneutrons is roughly comparable to the integrated 
absorption cross section predicted by the sum rules.?*.4 
The sum rule given by Gell-Mann ef al.® relates to 
absorption of all multipolarities over the range of 
energies up to the meson production threshold. Even 
though the present data provide an independent check 
of the experimental cross-section curves, detailed com- 
parison with this sum rule is still not warranted. The 
neutron emission experiments in heavy elements over- 
estimate the integrated cross section by perhaps 10 to 
25% because they weight the (y,2”) reaction by a 
factor of two with respect to the (y,) process; at the 
same time the absorption cross section is underestimated 
since the (v,7’) process* and the high-energy tail above 
the giant resonance are neglected. Rather little is known 
about the tails, although there are indications that their 
contribution may be very sizeable. According to Jones 
and Terwilliger, who made neutron emission measure- 
ments in this energy region, the tail contributes of the 
order of 30% of the total integrated absorption cross 
section up to the meson threshold in the heavy elements. 
However there are large uncertainties both in their 
experimental measurements and their neutron multi- 
plicity estimates. There also exists an assortment of 
radioactivity yield data*® on various multiple-particle 
photoreactions in middle-weight elements. These data 
indicate that the tails are indeed nonzero but do not yet 
give quantitative information on their actual size and 
shape. 
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The x-radiation and the continuous electromagnetic radiation accompanying orbital electron capture in 
vanadium-49 have been studied by means of an argon-methane proportional counter and a well-type sodium 
iodide scintillation spectrometer. The observed pulse-height distribution was corrected for background, 
energy resolution, escape of degraded radiation from the crystal, gamma-ray detection and geometrical 
efficiency of the crystal, and absorption of the radiation between the source and detector. The transition 
energy of the V® decay is 616+10 kev, giving a total disintegration energy of 62110 kev. The half-life is 
measured as 327+20 days, giving a logft=6.2, which is consistent with other allowed spectra with initial 


and final states in the /7/2 shell. 





HE assignment of a 600-day orbital electron cap- 

ture activity to the mass-49 isotope of vanadium 
was made by Walke, Williams, and Evans! by means of 
a (d,n) reaction on titanium. No positrons or gamma 
rays were reported to accompany this activity. Subse- 
quent assignment of a 635-day activity to this mass 
number was made by Hollander, Seaborg, and Perlman? 
based on an observation of an induced activity by 
Cork, Keller, and Stoddard,’ who irradiated natural 
vanadium with neutrons. Gamma rays of 81- and 119- 
kev energy were observed to accompany this activity. 
This latter assignment is open to suspicion, for it 
assumed an (m,2) reaction on the 0.25% abundant 
isotope V®. Since no chemical identification of the 
activity was made, there is a likelihood that it may 
have resulted from a reaction with an impurity in the 
vanadium. The present work was undertaken to ex- 
amine further the nature of the decay of V® and to 
gain additional information about the energy system- 
atics in this region of mass number. 

A target of titanium metal was bombarded with 
fifteen-Mev deuterons from the sixty-inch cyclotron of 
the Department of Terrestrial Magnetism, Carnegie 
Institution of Washington. The V“ was formed by a 
(d,n) reaction on Ti, the most abundant isotope of 
titanium. The target was allowed to stand for a period 
of four months to allow the 16-day V** to decay. The 
vanadium was chemically separated from the titanium 
target as lead vanadate, the lead precipitated with H.S, 
and finally a vanadium source prepared as V20s. 

The gamma-ray activity of the vanadium source was 
observed with a sodium iodide scintillation spectrom- 
eter at one-month intervals. The principal activity 
observed for approximately ten months after the bom- 
bardment was that due to the V*. 

A small portion of the source material was then 
mounted between one-mil Saran films and placed inside 
an argon-methane proportional counter spectrometer. 
Titanium x-rays were observed by taking a pulse- 


1 Walke, Williams, and Evans, Proc. Roy. Soc. (London) A171, 
360 (1939). 

? Hollander, Perlman, and Seaborg, Revs. Modern Phys. 25, 
1469 (1953). 

3 Cork, Keller, and Stoddard, Phys. Rev. 76, 575 (1949). 


height spectrum using a linear pulse amplifier and a 
single-channel differential discriminator. By using the 
same counter, the decay of these x-rays was followed 
over a period of 160 days. The observed half-life was 
327+ 20 days. This value is in essential agreement with 
a value of 33420 days by Lyon,' whose results were 
published while this work was in progress. 

The remainder of the vanadium was placed in a thin 
celluloid tube and placed inside the well of a sodium 
iodide scintillation spectrometer. This spectrometer con- 
sisted of a three- by three-inch cylincrical sodium iodide 
crystal with a three-quarter-inch well two inches deep 
along the axis of the crystal. The crystal was viewed by 
a three-inch photomultiplier tube followed by a linear 
pulse amplifier and a single-channel differential dis- 
criminator. The pulse-height spectrum of the weak con- 
tinuous radiation accompanying orbital electron capture 
was obtained and corrected for background. 

A number of other corrections to the observed spec- 


. trum were required in order to obtain the true spectrum. 


For the purpose of making these corrections, a number 
of characteristics of the complete sodium iodide scintilla- 
tion spectrometer were measured. The pulse-height 
spectra of monoenergetic gamma-ray lines ranging from 
73 to 1330 kev were measured. The resolution of the 
spectrometer in terms of full width at half-maximum 
for each line was determined and this information was 
used to correct the observed spectrum for the distortion 
due to the finite resolution of the detector. The correc- 
tion method outlined by Owen and Primakoff® is valid 
for a spectrum of this type since the correction terms 
are very small. 

These same spectra were used to determine the dis- 
tribution of pulses resulting from a photon of any given 
energy. Since more detailed information was needed 
here, the experimental data were supplemented by the 
results of Monte Carlo calculations by Berger and Dog- 
get® on the response of sodium iodide crystals to vari- 
ous energy photons. Their results were used to inter- 
polate between the experimental points. One use of this 


4W. S. Lyon, Phys. Rev. 97, 121 (1955). 

5G. E. Owen and H. Primakoff, Phys. Rev. 74, 1406 (1948). 

6M. J. Berger and J. Dogget, J. Research Natl. Bur. Stand- 
ards 56, 355 (1956). 
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Fic. 1. “Fermi” plot of corrected experimental data in terms 
of the spectrum of Morrison and Schiff. 


information is to remove the contribution to the pulse- 
height distribution at lower energies due to the partial 
escape of energy from the crystal when a photon of 
higher energy has interacted with the crystal. This 
correction is made by dividing the observed pulse- 
height spectrum into equal pulse-height increments and 
then, starting with the highest pulse-height increment, 
determining the effect on the intensity in each lower 
increment. 

A second correction uses the information to determine 
the fraction of the total pulse-height distribution that 
appears at the region of full pulse height. The observed 
pulse-height spectrum is divided point by point by this 
experimentally determined fraction. These corrections 
are similar to the ones employed by Lidén and Starfelt? 
except that the experimental pulse-height distributions 
are used numerically rather than analytically. The well- 
type crystal greatly reduces the contributions to the 
pulse-height spectrum in the region of the Compton 
edge and likewise nearly eliminates the effects due to K 
x-ray escape and backscattering. 

The geometrical and detection efficiencies of the 
crystal were obtained by numerical integration using 
the mass absorption coefficients for photons in sodium 
iodide compiled by White.’ The absorption of the 
primary radiation between the source and detector by 
the celluloid container and the aluminum wall sur- 
rounding the crystal was similarly computed. The 
excessive wall thickness of 30 mils of aluminum was 
undesirable since the corrections became quite appreci- 
able below 15 kev. However, this thickness attenuated 
the x-radiation from the source by a very large factor 
and prevented its piling up with the time-coincident 
continuous spectrum. 

Assuming that the higher energy portion of the spec- 
trum may be reasonably well represented by the Morri- 
son-Schiff? spectrum, i.e. V=constE(1—E/Emax)*, one 


7K. Lidén and N. Starfelt, Arkiv Fysik 7, 427 (1954). 

8G. R. White, National Bureau of Standards Report 1003 
(unpublished). 

® P. Morrison and L. I. Schiff, Phys. Rev. 58, 24 (1940). 





> 


RELATIVE INTENSITY 
n 
~~ 











ENERGY in kev 


Fic. 2. Comparison of corrected experimental data with 
theoretical spectrum of Glauber and Martin. 


can make a “Fermi” analysis of the data by plotting 
(N/E)! vs E. Such an analysis is shown in Fig. 1. The 
upper energy limit of the spectrum is 616+10 kev. The 
total energy separation between V“ and Ti® is obtained 
by adding to the spectrum end point the binding energy 
of the electrons in the K shell in titanium. This gives a 
mass difference of 621+ 10 kev and is in essential agree- 
ment with the value, 609=+5 kev, as deduced from the 
(p,m) threshold measurement on Ti® by Trail and 
Johnson.” Good agreement with the Morrison-Schiff 
spectrum is obtained down to about 100 kev, where the 
deviations become appreciable. A recent calculation of 
the radiative orbital electron capture process has been 
made by Glauber and Martin," incorporating Coulomb 
and p-electron capture effects. A comparison of the 
corrected experimental data with the theoretical pre- 
dictions is shown in Fig. 2. The experimental data have 
been normalized at the 200-kev point, the slope being 
zero there. The 1S, 2S, and 2P components are those 
from the theory of Glauber and Martin multiplied by 
the screening corrections calculated for each of these 
particular shells by Brysk and Rose.!? The agreement 
is well within the probable error of the experimental 
points, except perhaps at the very lowest energy point 
where the corrections are quite appreciable. 

No monoenergetic gamma radiation is present to an 
amount greater than one part in 10° of the total dis- 
integrations. Combining the half-life value of 327 days 
with the transition energy of 616 kev, one obtains a 
log ft= 6.20. 

Recent work by Nussbaum ef al.* on the decay of 


10 C, C. Trail and C. H. Johnson, Phys. Rev. 91, 474 (1953). 

1R. J. Glauber and P. C. Martin, Phys. Rev. 95, 572 (1954) ; 
Phys. Rev. 104, 158 (1956), this issue. 

2H. Brysk and M. E. Rose, Oak Ridge National Laboratory 
Report 1830 (unpublished). 

18 Nussbaum, Wapstra, Nijgh, Ornstein, and Verster, Physica 
20, 165 (1954). 
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Cr would favor a ground-state spin assignment of f7/2 
for V®. On the other hand, Flowers,‘ on the basis of 
theoretical considerations of nuclei having 23 or 25 odd 
nucleons, would favor a 5/2, minus-parity state, in 
analogy with Ti’. The ground level of Ti has been 
measured to be in a f7/2 state. From the experimental 
evidence offered above, it is impossible to decide 
whether the ground state of V is a 5/2 minus or 7/2 
minus state. However, the logft= 6.20 is consistent with 
other allowed transitions in this region of mass number 


“4B. H. Flowers, Phil. Mag. 45, 329 (1954). 
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where the transitions occur between levels in fz 
states.!® 
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16 R. W. King, Revs. Modern Phys. 26, 327 (1954). 


PHYSICAL REVIEW VOLUME 104, NUMBER 1 OCTOBER 1, 1956 


Inelastic Nuclear Scattering of Photons by Au!*’}* 


LuisE MEYER-SCHUTZMEISTER AND V. L. TELEGDI 
The Enrico Fermi Institute for Nuclear Studies, The University of Chicago, Chicago, Illinois 


(Received June 28, 1956) 


A lower limit of the total inelastic nuclear photon scattering cross section of Au was determined as a 
function of energy by measuring the yield of the reaction Au'’’(y,y’)Au"™ (7.5 sec) as a function of betatron 
energy. The use of pneumatic transfer and of NalI-counters in good geometry with 16-gram gold disks as 
samples enabled one to obtain good counting statistics and detailed decay curves at all betatron energies 
between 4 and 24 Mev. It is found that the cross section falls off steeply as soon as the competition from 
the (y,n) reaction becomes possible. The maximum cross section of about 3.5 mb is reached at (7.8+0.2) 
Mev. This disagrees with earlier work of Cameron and Katz but corresponds qualitatively to the same 
behavior as exhibited by In"™5(y,y’)In™ in the recent work of Burkhardt e¢ al. Our results indicate a second 
peak of the cross section at about 15 Mev, where the giant resonance has its maximum, in agreement with 
recent work of Hayward and Fuller on elastic scattering from gold. 

These results are compared with the predictions based on the statistical model. It is shown that they can 
be interpreted most naturally by assuming that below 12 Mev the width for y emission is of the order of 
Weisskopf’s estimate for I'g2 or 'y1. Available experimental data on (y,y’) reactions in other elements are 


reconsidered in the light of this conclusion. 


I. INTRODUCTION 


N recent years, the method by which the Notre Dame 

group!” excited isomeric states in stable nuclei has 
found increasing application for the study of (7,7’) 
reactions, i.e., of inelastic nuclear photon scattering 
processes, in the region of the giant resonance in the 
nuclear absorption of y rays. In this method, an element 
having a nuclear isomer and preferably of monoisotopic 
constitution, is irradiated with y rays and the resulting 
isomeric activity is determined. The cross section for 
this process contributes a lower limit to that for the 
(y,y’) reaction because only part of the cascades fol- 
lowing y-ray absorption leads to the isomeric state of 
which the decay is detected. This fact, as well as the 
small number of suitable elements, constitutes a severe 
limitation on the technique. It has, on the other hand, 


+ Research supported by a joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

* A report on this work was presented at the 1955 Mexico City 
meeting of the American Physical Society; see L. Meyer-Schiitz- 
meister and V. L. Telegdi, Phys. Rev. 100, 961(A) (1955). 

1 Waldman, Collins, Stubblefield, and Goldhaber, Phys. Rev. 
55, 1129 (1939). 

2M. L. Wiedenbeck, Phys. Rev. 68, 1 (1945). 


the advantage of considerable experimental simplicity 
and great sensitivity, making it one of the few tools by 
which y-ray absorption below particle emission threshold 
can be studied conveniently. 

Cameron and Katz* were the first to employ this 
technique; they studied the inelastic scattering from 
gold through the reaction Au’(y,y’)Au™ (7.5 sec). 
Their results indicated that the cross section for this 
reaction has a single maximum located at the same 
energy (15 Mev) as the giant resonance peak of gold, 
as inferred from Au"’(y,n)Au™, This result appeared 
surprising in view of the observations in subsequent 
analogous experiments on Rh" (y,y’)Rh'™™4 and 
In"5(y,7’)In™5™.5 The cross sections for these processes 
were found to exhibit peaks at lower energies than for 
gold and far below the respective absorption peaks; 
though, since the target elements involved are lighter 
than gold, these absorption peaks lie at higher energies 
than the absorption peak of Au". Furthermore, simple 


3A. G. W. Cameron and L. Katz, Phys. Rev. 84, 608 (1951). 

4C. S. Rio y Sierra and V. L. Telegdi, Phys. Rev. 90, 339 
(1953). (Hereafter referred to as I.) 

5G. Goldemberg and L. Katz, Phys. Rev. 90, 308 (1953). 
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theoretical arguments based on the statistical model 
made it plausible that (y,y’) cross sections ought to 
fall off sharply above the (y,m) threshold owing to the 
competition from (y,y'n) and (y,m) reactions. 

In view of this situation and the admittedly poor 
statistics on which Cameron and Katz? based their con- 
clusions, it was decided to reinvestigate Au'®’(y,7’)- 
Au’, A technique leading to much better counting 
statistics was developed and is described in Sec. II. In 
Sec. III the results obtained with this technique are 
described and discussed. It is found that Au"’(y,7’)- 
Au™ exhibits a distinct sharp peak near the (y,m) 
threshold and probably a second peak at the energy of 
the giant resonance. Conclusions based on these results 
are presented in Sec. IV, where the latter are likewise 
interpreted in the light of recent related experimental 
evidence. 


II. EXPERIMENTAL PROCEDURE 


The original experiments’ on the reaction Au'®’(y,y’)- 
Au’ were carried out by irradiating very thin gold 
foils and counting the isomeric conversion electrons 
with a Geiger counter. As these electrons have a maxi- 
mum range, R, of about 60 mg/cm? and emerge only 
from an equivalent layer R/4 thick, it is obvious that 
this method is bound to give low specific activities 
even with very thick samples. Conversely, gold is com- 
paratively transparent to the electromagnetic radiations 
emitted in the decay of Au'’™ and these radiations, 
being of low energy, are detected with high efficiency 
in NalI(T1) scintillators of modest dimensions. This 
observation was the basis for the technique adopted 
in the experiments described hereafter. 

Our counting equipment consisted of two NalI(TI) 
crystals of 1 in. diameter and 1 in. height, mounted on 
DuMont 6292 photomultipliers. These crystals were so 
arranged coaxially inside a lead shield that the samples, 
disks of very pure gold of 1 in. diameter and 1.7 mm 
thickness (3.1 g/cm?), could be sandwiched between 
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them. The center of the sample disk was on the axis 
of the crystals and it subtended a solid angle of nearly 
4r at the crystals. Preamplifiers followed the photo- 
multipliers and their outputs, after adjustment for 
equal gain, were put in parallel and connected to a 
conventional linear amplifier, discriminator, and scaler 
arrangement. In order to obtain a high counting 
efficiency for the radiations of Au, it would in 
principle be desirable to detect the unconverted y rays 
as well as the x-radiation following conversion. For 
reasons which will be discussed in detail below, the 
discriminator following the linear amplifier was set so 
that pulses from the photopeak of the Au K x-radiation 
were accepted, while the LZ x-rays were rejected. Most 
conversion electrons could also be counted with this 
setting but their contribution was negligible in view 
of the thickness of the samples used. 

The gold samples were irradiated in the y-ray beam 
of the Chicago betatron. Immediately after the irra- 
diation, which normally lasted 20 seconds, the sample 
was pneumatically transferred to the counting equip- 
ment within 5 seconds and the counting was started 
2 seconds later; this procedure was chosen to maximize 
the reproducibility of the counting of the 7.5-second 
Au’™™ while keeping decay losses low. The sample 
could be transferred back automatically to its position 
for irradiation. In order to repeat runs reproducibly, a 
timer was used which automatically stopped and started 
the bombardment counting periods in constant but 
adjustable time intervals. The output of the scaler 
could optionally be connected to a Brush recorder for 
the purpose of enabling one to establish the half-life 
(or half-lives) of the decay activity (or activities). 

The instantaneous intensity, 7, of the betatron beam 
was monitored during runs with an “‘off-beam” ioniza- 
tion chamber. Since it was impractical to maintain a 
constant intensity during the short bombardments, this 
chamber was connected to an “activity computer” 
circuit having a variable time constant. If this time 
constant was chosen equal to the decay constant A of 
the activity induced by the y-ray beam, this “activity 
computer” indicated directly the relative yields 
[~JSo? I(i)e'di] of the samples bombarded in dif- 
ferent runs of duration T. The calibration of the off- 
beam ionization chamber in terms of “roentgens” ® was 
achieved by comparison with a Victoreen thimble 
imbedded in an 8-cm Lucite cube. In order to gain 
some confidence in the y-ray spectrum of the betatron, 
the yield function for the reaction Cu®(y,n)Cu® was 
measured up to 24 Mev. The beam used to obtain the 
data presented in this paper led to a yield curve which 
is, within our experimental errors, in quantitative 
agreement with the one obtained by Katz and 
co-workers. ® 

We measured the yield for the process Au'’’(y,7’) 


* Johns, Katz, Douglas, and Haslam, Phys. Rev. 80, 1062 
(1950). 
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in 0.5-Mev intervals at all energies between 4 and 24 
Mev; the stability in energy of the betatron was of 
the order of +100 kev. The choice of the lowest energy 
was dictated by the ratio of Au’ activity to back- 
ground; this ratio was already as low as 1/20 at 4 Mev. 
The energy range in which the Au’ yield was deter- 
mined by us can for purposes of discussion be sub- 
divided as follows: 

(a) Aw <8 Mev [threshold for Au"? (y,7)Au!*]: The 
only activity to expect is the 7.5-sec Au™, induced by 
7’s. 

(b) 8<hw<15 Mev [approximate threshold for 
Au'*7(y,2n) Au]. Tn this range one expects, besides 
a background from the 5.6-day Au’*, Au’ excited by 
both y’s and (n,n’) processes due to neutrons produced 
both inside and outside the gold sample. 

(c) 15<hw<24 Mev: In addition to the 7.5-sec 
Au activity induced as in range (b) and the long- 
lived background, one expects in this range Au’ 
(180-day) and Au” (30 sec). This latter isomer, the 
existence of which was established’ after Cameron and 
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Fic. 2. Absolute yield of Au’ versus betatron energy Eo. Errors 
indicated are statistical. 


Katz’s* work on gold, could be invoked to explain a 
30-sec activity observed by these authors. 

We first established that in ranges (a) and (0) Au 
is indeed the sole short-lived activity induced. For this 
purpose the decay was followed (see Fig. 1) on the 
Brush recorder, and the energy spectrum measured by 
means of a multichannel analyzer. The half-life as well 
as the pulse-height distribution were found to agree 
with those expected from Au’; Fig. 1 shows decay 
curves obtained with irradiations at 7 and 10 Mev. 
After this verification, an irradiation time of 20 seconds 
was chosen for all runs below 15 Mev, and the Au” 
activity was simply measured by registering the total 
number of counts during a fixed time interval of 15 
seconds, correcting for the long-lived background at 
runs above 8 Mev. 

It was found that a distinct 30-sec component arises, 
as expected, above 15 Mev; Fig. 1 shows sample decay 
curves obtained in runs at 17 and 24 Mev. An irradi- 


7 Huber, Joly, Scherrer, and Verster, Helv. Phys. Acta 25, 621 
(1952). 
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Fic. 3. Summary of various yields used to evaluate the absolute 
y y 
yield of Au®?(y,y’)Au™, 


ation time of 10 seconds was therefore chosen in region 
(c) and the decay was followed during all runs on the 
Brush recorder. The Au’ activity was then deter- 
mined by analyzing such decay plots as shown in Fig. 1 
in the conventional manner. As it was felt that the 
yield of Au” from Au!7(y,2n) would be of some 
interest in view of future comparison with the total 
Au'7(y,2n) yield, special runs with 30 seconds irradi- 
ation time were also made and analyzed in an analogous 
manner. 

Figure 2 shows the Au’ yields so obtained for the 
entire range covered by the present experiments, i.e., 
4 to 24 Mev. These yields have already been converted 
to absolute units by correcting for the finite efficiency 
of the counting system for the radiations of Au'™ 
(see later discussion). However, they do not always cor- 
respond to absolute yields for Au'®’(7,7’)Au™, because 
in regions (6) and (c) the excitation of Au’ by 
inelastic scattering of neutrons is also possible, and in 
particular at energies above 15 Mev the contribution 
from photoneutrons produced in the gold sample itself 
is expected to be considerable. In order to obtain a 
reliable estimate of this effect, another gold disk (2)— 
of dimensions identical with those of the sample—was 
put in front of and close to the gold sample proper (1), 
as schematically indicated in Fig. 3. We found that, in 
this arrangement, at energies above 15 Mev the yield 
of Au’ in the sample is higher with than without the 
front disk (2), although the latter attenuates the in- 
cident y beam to some extent. This attenuation of the 
y beam by the front disk was also determined experi- 
mentally. At energies below 12 Mev, where the neutron 
effects are either zero or negligible, this was done by 
comparing the yields of Au’ with and without the 
front disk, and at energies above 15 Mev by comparing 
the yields of Au” to which neutron effects do not 
contribute. Within our experimental uncertainties, the 
attenuation of the y beam amounted to 15% within 
the entire energy range of interest. By using these 
results, the measured yields of Au'*™ (Fig. 2) could be 
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corrected for neutron effects as will be discussed in 
detail in the next section. 

To obtain absolute yields such as presented in Fig. 2, 
we had to determine the detection efficiency of our 
counting system for the radiations of Au’. This was 
done by using a calibrated source of Hg as an auxiliary 
standard, making use of the fact that this nuclide 
decays by 8~ emission followed by a single y transition, 
the energy (279 kev) and the conversion characteristics 
of which are very similar to those of the 277-kev transi- 
tion in Au’, However, while Hg™ involves only 
this single y transition, the 277-kev y transition in 
Au" is preceded by a 130-kev transition. In order to 
equalize the counting efficiencies for Hg” and Au, 
one has thus to suppress the response of the counting 
system to radiations from the 130-kev transition of 
Au’ and to the §-rays of Hg™. The conversion 
characteristics of the 130-kev transition are: 4% uncon- 
verted y rays, 6% K conversion, the rest converted in 
L and higher shells. By setting the bias of the pulse 
height discriminator slightly above the L x-ray energy 
of Au, 90% of the radiations are thus effectively not 
counted; Z and M x-rays are rejected, while the con- 
version electrons are absorbed by the Al cans (30 
mg/cm*) in which the crystals are enclosed. The 
detection efficiency for the 130-kev transition is further 
decreased by the fact that the Au’ activity is dis- 
tributed throughout the thick (3.1 g/cm?) gold samples 
in which the 130-kev y rays as well as the K x-rays are 
absorbed more rapidly than the 277-kev y rays. We 
estimate that under these conditions the 130-kev 
transition contributes an uncertainty of 8% to our 
final value of the absolute efficiency. 

In order to correct for the 6 particles and for the 
self-absorption in our gold samples, an essentially 
weightless Hg” source of known strength was spread 
uniformly over circular area equal to that of the gold 
samples. This source was either (a) sandwiched between 
two gold disks or (b) placed behind a single gold disk, 
the whole being arranged between the two crystals 
coaxially with them. The counts from each of the two 
crystals and from both jointly were measured in these 
geometries. In both geometries the thicknesses of the 
disks were varied, but in arrangement (a) the sum of 
their thicknesses was kept equal to that of the actual 
samples. Measurements in geometry (b) showed that 
with no absorber on either side of the source, 25% of 
the counts from Hg” were due to electrons. The count- 
ing efficiency for y rays and K x-rays alone amounted 
to 23%. Measurements in geometry (a) gave an average 
counting efficiency of 15% for Au™ distributed uni- 
formly throughout a gold disk of 3.1 g/cm?*, the con- 
tribution of conversion electrons being justifiably 
neglected. When one takes the absorption of the beta- 
tron beam in the samples into account, this efficiency 
is reduced to 14%. For the reasons indicated above, 
there is an uncertainty of 8% in the absolute magnitude 
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of the counting efficiency so derived; we adopted the 
figure 15% for the computation of absolute yields. 


III. RESULTS AND DISCUSSION 


In the preceding section we have described the tech- 
niques used to obtain the absolute Au yield curve 
reproduced in Figs. 2 and 3 (curve Y;). We shall now 
discuss the cross section extracted from these yield 
data with reference to Figs. 3 and 4. From the measured 
Au"™ yield, Yi, indicated in Figs. 3 and 4(b), one 
obtains by the photon difference method‘ a cross section 
a; indicated by crosses in Fig. 4(a). This cross section 
is seen to exhibit two peaks, at 7.5 Mev and 15 Mev, 
respectively. The first, and smaller, of these is located 
approximately at the Au"’(y,z) threshold and falls off 
very steeply, while the other one coincides roughly 
with the maximum in the absorption cross section of 
Au and is broader. In view both of the presence of 
neutron-induced Au activity above about 12 Mev 
(see Sec. II) and of the nature of the photon-difference 
method, the reality of the higher energy peak cannot 
be accepted readily. The gross yield curve Y; has first 
to be converted to a frue yield curve for Au'’"(y,7’)- 
Au97m, 

This conversion was made on the basis of measure- 
ments in the 2-disk arrangement mentioned in the 
previous section. In Fig. 3, Y2 represents the Au’ 
yield in a disk (1) with an identical disk (2) placed in 
front of it. In the region below 12 Mev, where the con- 
tributions from Au!?(n,n’)Au™ is expected to be 
negligible, Y; and Y,2 run parallel, differing only in 
magnitude owing to beam attenuation in the front 
disk (2). Assuming this attenuation to be independent 
of energy, one obtains by applying a constant correction 
(—15%) to Yi, the yield curve VY. This is the yield 
curve which one would obtain if the sole effect of the 
front disk (2) were beam attenuation, and is to be 
compared with Y». Above 13 Mev, Y2 and Y3 become 
more and more divergent, Y2 always being larger than 
Y;; the difference Y2.—Y; is plotted () as Y, in Fig. 3. 
It is easily seen that Y, is not only due to the Au™ 
yield induced in disk (1) by neutrons originating in 
disk (2), but indeed corresponds to first order to the 
Au’™™ yield induced in disk (1) by the neutrons 
generated in this disk itself in the absence of disk (2). 
This is because only half the neutrons emitted by disk 
(2) impinge on disk (1), while the effective thickness 
of disk (1) for neutrons generated within it in half its 
real thickness. The true yield for Au’(y,y’), Ye, is 
obtained by subtracting Y,4 from V3. 

Confidence for this method of correction is gained by 
observing: (a) that the somewhat surprising magnitude 


8 L. Katz and A. G. W. Cameron, Can. J. Phys. 29, 518 (1951). 
Extensions of the tables of this paper to lower energies were kindly 
supplied by Professor Katz. The modification of the brems- 
strahlung spectrum as seen by a sample inside a Lucite cube, 
originally taken into account by these authors, was removed by 
us in accordance with the actual experimental situation. 
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of this “self-neutron”-induced Au yield agrees well 
with that estimated from the reported Au"’(y,m)® and 
Au7(n,n’)Au™ © cross sections with reasonable 
assumptions for the photoneutron spectrum; (b) that 
the energy dependence of the neutron-induced yield Y, 
is quite similar to that of the Au®’(y,«m) yield, indicated 
by Y; in Fig. 3. 

Au'*™™ could, of course, also be induced by neutrons 
produced outside the gold sample. Their contribution 
should, however, be negligible in comparison to the 
effect just discussed, in view of the geometry of the 
experiment (large distance of sample from betatron 
target and doughnut) and the particularly low (y,n) 
threshold of Au. In the less favorable case of Rh, 
measurements in this laboratory‘ indicated a correction 
at 6% at 18 Mev. 

Accepting VY. as the final Au'’(y,y’) curve, we 
compute the cross section indicated by o¢ [see Figs. 
4(a), and 4(b) ]. This cross section coincides at and below 
11 Mev with o;, and exhibits again a prominent second 
peak at about 15 Mev. To check how sensitive the 
existence of this latter peak is to the correction for 
neutron-induced yield indicated above, we have com- 
puted the yield, Yo, that would correspond to an 
assumed Au'*7(y,y’)Au™™ cross section a9, that is zero 
above 9 Mev. As is seen by comparing VY; and Y¢ in 
Fig. 4(b), about twice as large a correction as Y, would 
have to be applied to Y; to make it agree with this 
assumption. We believe that such a discrepancy is hard 
to reconcile with the estimated accuracy of our cor- 
rection V4. 

Our final cross section for Au'*’(y,y’)Au’™ disagrees 
with the early work of Cameron and Katz.’ Fuller and 
Hayward" have studied the elastic scattering of y rays 
from a number of elements, and in general found two 
peaks in the cross section, in agreement with the pre- 
dictions of Ashkin and Bethe.” In the work of Fuller 
and Hayward, only the element investigated here, gold, 
failed to exhibit a low-energy peak in the vicinity of the 
(y,m) threshold, while their high-energy peak agrees in 
location and approximately also in magnitude with our 
second peak. The reasons for this apparently singular 
behavior of gold might well be purely experimental. 
The low-energy peak reported here is extremely sharp, 
and it could have been bracketed within the points 
taken by Fuller and Hayward at rather wide energy 
intervals. It is to be noticed that the process In" (y,y’)- 
In"*™, according to recent results of Burkhardt ef al.," 


®Montalbetti, Katz, and Goldemberg, Phys. Rev. 91, 659 
(1953). 

10 Martin, Diven, and Taschek, Phys. Rev. 93, 199 (1954). 

1 E. Hayward and E. G. Fuller, Phys. Rev. 95, 1106 (1954). 

12H. Bethe and J. Ashkin, Experimental Nuclear Physics, edited 
by E. Segré (John Wiley and Sons, Inc., New York, 1953), Vol. 1, 
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‘8 Burkhardt, Winhold, and Dupree, Phys. Rev. 100, 199 
(1955). 
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. 4. Comparison of cross sections (a) and yields (b) for Au’ 
(induced by any process) and for Au*7(7,7’)Au%™, 


also exhibits a peak near the (y,m) threshold that is 
very narrow and falls off very sharply. 


IV. INTERPRETATION AND DISCUSSION 


In this section we want to discuss how the experi- 
mental results of Au reported here fit in with analogous 
data on other elements (Rh, In), and whether these 
results can be understood on the basis of statistical 
theory. 

There is one salient difference between o(hv) for 
Au(y,7’)Au”™ (as reported here) and the cross sections 
of the two lighter elements: gold exhibits, with great 
likelihood, two peaks, whereas single peaks have been 
reported for Rh‘ and In.® The authors of the measure- 
ments on these latter elements have furthermore shown 
that their data were substantially in agreement with 
statistical theory. It would thus appear (if one wants 
to believe in that theory in which all parameters are 
smooth functions of A) that either (a) our present 
data are suspect, or (b) the data on In and Rh have 
been improperly taken and/or interpreted. We shall 
adopt point of view (b); however, even then it will be 
necessary to modify the statistical approach as pre- 
sented, e.g., in I. To make this modification clear, we 
present a brief summary of the theory used in I: one 
predicts the approximate cross section, oops(y,y’) for 
inelastic scattering processes leading to the isomer: 


y ly 
(1,1) 0(Y;Y')obs=@ Gas (Ea) (— ) 
Ty+T 7 Ba 


r,-T. Tr. r, 
a Dest a dakecer ot 
T, Je \Ty/ aa\T tl s/ Be 


where a=branching ratio (ground state/isomer), abs 
= total absorption cross section, E,= initial excitation 
energy (Mev), I',=I'-+TIrs=total y width, l<=y 
width for emission of Aw < E,—e, e=neutron binding 
energy, I',=neutron width, and E’=some mean energy 
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Fic. 5. Experimental cross section for Au?(y,7’)Au®™ in 
comparison with predictions of statistical theory: ( ) ex- 
periment; (O00 ©), assuming emission width ['y=I'gi(Z.) for 
all E,; (*% % %) theory, assuming Ty=I'ai(E.) for E,¢12 
Mev, l'y=I'gi(Z,) for E,>12 Mev. 


such that e < E’ < Eg. oay5 can be obtained from experi- 
ments as it is well approximated by o(y,«n) for medium 
and large A. Statistical theory gives both the neutron 
and y widths; both depend on the assumed level density 
and nuclear radius, and y widths depend in addition on 
the multipolarity as well as on the independent-particle 
or collective nature of the transition. In I the level 
density parameters and nuclear radius given by Blatt 
and Weisskopf (except D)>=1 Mev) and I’, was cal- 
culated assuming E1 transitions of uninhibited indepen- 
dent particle strength (reference 14, p. 649) at all energies. 

Figure 5 shows (©) o(y,y’)obs calculated for Au!” 
under the assumptions of I; cap. was taken from 
a(y,xn),° and a was assumed to be 5. The violent 
discrepancy with our experimental data (plotted in the 
same figure) is manifest. It is clear that T',/T’, has to 
be reduced drastically near and above E,~e to force 
a sudden fall-off near threshold. We can do this within 
the framework of I by relaxing the assumption about 
I’, at least in this energy region. As there have been 
some conjectures“ that near threshold y absorption 
takes place by £2+M1 transitions rather than F1, 
we have computed o(y,y’)obs assuming that T,=T'mi 
for E,£12 Mev, Ty=M x for Ez>12 Mev. The result 
is indicated by ( x) in Fig. 5. The general features of 
the experiment are now well reproduced, in particular 
as the behavior for E,<e is not dependent on these 
assumptions. The second peak could easily be displaced 
from 12.5 to 15 Mev by making the change from M1 
and £1 more gradual. Assuming £2 instead of M1 
leads to an even sharper drop at E, ~e. 


= J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952), pp. 389, 649. 


One has now to see how the data on In and Rh can 
be interpreted if one accepts this modification of the 
theory. The cross sections obtained for these elements 
are, in our opinion, much less reliable than the present 
data on Au because the yield curves were taken at 
points separated by larger energy intervals. We have 
re-evaluated the Rh as well as the In yield curves*:® and 
find that both are compatible with cross sections of an 
energy dependence very similar to that of Au(y,7’). It 
is to be pointed out that Burkhardt ef al. find in In 
a peak near threshold, in contrast with reference 5; 
their work is limited to energies too low to excite a 
possible second peak.f We have explored the hypothesis 
that T',(Z,) is due mainly to M1 or £2 transitions 
below and near threshold. This hypothesis, however, 
is incompatible with elementary selection rules. To 
each Au’™(h41/2-) from the ground state of Au!*7(d3/2*), 
one (or an odd number) transition with change of parity 
is required; hence any combination involving only E2 
and M1 transitions is excluded. 

If the absorption is at all energies prevalently F,, 
then there will always be at least two F1 steps in the 
de-excitation.!® Conversely, if in any region the absorp- 
tion takes place by £2 and/or M1, de-excitation will 
involve one (or an odd number) of F1 steps. In any 
step, the multipolarity supplying the greatest partial 
width I’, will dominate and compete with T,. Even 
under anomalous circumstances I'g;(E,) will be at 
least as large as I've a1(E.), and thus the first step in 
the de-excitation will most likely be £1 independent 
of the absorption mechanism. Hence our experiments 
lead to no safe conclusions as to the nature of the ab- 
sorption act, but imply only that the I'gi(Z,)’s are 
smaller than the Weisskopf estimates for E, < 12 Mev, 
namely that they are of magnitudes comparable to his 
esimates for 'z2(E,) or 'wi(E.). 

The minimum number of de-excitation steps depends 
on the multipolarity of the absorption. A change in the 
latter might also imply that a=a(E,), ie., that the 
de-excitation branching ratio is not essentially inde- 
pendent of energy. 
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t Note added in proof. —The reincrease in the cross section for 
In"5(y,y')In™™, after a first peak at 8.6 Mev, has been found 
recently by Bogdankevich, Lazareva, and Nicolaev (Abstract at 
the Amsterdam Conference, July 1956). 

16 Disregarding all non-F1 transitions with parity change 
because of their slowness. 
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Using incident 96-Mev protons, the energy spectra of protons scattered into a laboratory angle of 40° have 
been obtained from the following elements: Li, Be, B, C, N, O, F, Na, Mg, Al, Si, P, S, Cu, Ag, Pb, and Bi. 
All targets had natural isotopic constitution. All spectra shown an elastic peak and an inelastic continuum. 
Threshold considerations indicate that this continuum is often due to unresolved peaks at the very high 
energy end. In addition, the spectra from the lighter elements show large inelastic peaks corresponding to 
the direct excitation of nuclear states in the target nucleus. Systematic trends are discussed. 





I. INTRODUCTION 


N a previous article’ we have reported measurements 

of the elastic and inelastic scattering of 96-Mev 
protons from carbon. In addition to the elastic peak and 
inelastic continuum, the energy spectra of scattered 
protons show sharp inelastic peaks which are due to 
protons that have excited the target nucleus to known 
energy states. In the forward direction, the coherent 
elastic scattering dominates. As the scattering angle 
approaches the region of the first diffraction minimum, 
the elastic peak and nearest inelastic peak become of 
comparable magnitude. Only after careful separation 
of elastic from inelastic protons was it possible to 
observe a faint first and second diffraction “minimum.” 
The angular distribution of inelastic protons, both in 
the continuum and under the peaks, is peaked in the 
forward direction. 

The importance of “slightly” inelastic events in 
proton scattering from carbon, that is, events leading 
to the excitation of low-lying nuclear levels in the target, 
prompted the present survey. Bombarding a wide 
variety of targets with protons of about 96 Mev, energy 
spectra of particles scattered into a laboratory angle 
of 40° have been obtained. This angle corresponds to 
the region of the first diffraction minimum for light 
elements. It was chosen because the elastic scattering 
cross section is low enough so as not to interfere with the 
inelastic measurements, while the inelastic scattering 
cross section is large enough for reasonable counting 
rates. The scattered particles were detected with a 
range telescope. The energy resolution of the experi- 
ment varied from 3.0 Mev at the highest scattered 
energy to 7 to 19 Mev at the lowest energy detected 
for the thinnest and thickest target respectively. A 
detailed discussion of the experimental arrangement and 
method of data analysis is given in reference 1. Pertinent 
additional details are given under the corresponding 
element heading in the following section. All targets 
were of natural isotopic constitution. 


* Supported by the joint program of the Office of Naval Re- 
search and the U. S. Atomic Energy Commission. 
1K. Strauch and F. Titus, Phys. Rev. 103, 200 (1956). 


II. RESULTS 


The measured energy spectra are presented in Figs. 
1-16. All plots are in the proton-target element (most 
abundant isotope) center-of-mass system. Each figure 
shows the center-of-mass scattering angle averaged 
over the energy of detected protons, and numbered 
arrows indicate the position of the highest energy 
proton that could have originated in the following re- 
actions: 2(p,p) ; 3(p,2p) ; 4(p,dp) ; 5(p,ap) ; 6(p,3adp) ; 
7(p,4ap); and 8(p,4atp). The arrow labeled d corre- 
sponds to the energy of protons having the same range 
as pickup deuterons that leave the residual nucleus in 
its ground state. (The detection telescope measures 
only ranges.) Lines indicate the energy position of 
protons that could have left the target nucleus in energy 
states listed for the most abundant isotope in recent 
compilations.2~* The highest energy line indicates the 
expected energy (center-of-mass system) of an elasti- 
cally scattered proton as calculated from the energy of 
the incident beam. For the heavier elements, only low- 
lying states are indicated. The experimental points 
were taken in two groups called “normal” and “shifted” 
in reference 1: these are indicated by dots and crosses, 
respectively. A full line connects the points. The 
experimental points are not corrected for absorption 
of the scattered beam in the telescope. Where im- 
portant, the correction for telescope absorption is shown 
by a dotted line. Representative statistical errors are 
indicated throughout. 

Lithium 


The 0.99-g/cm? Li target was sealed in an argon-filled 
thin-window aluminum container. The background 
from this container amounted to up to 10% of the Li 
counting rate and was substracted as follows. A range 
spectrum was obtained with an empty container. To 
take into account the additional energy lost in the 
lithium-filled container, the range scale was reduced by 
the effective target thickness before subtracting the 
corrected background spectrum from the range spec- 
ain Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
, Pp. M. Endt and J. C. Kluyver, Revs. Modern Phys. 26, 95 
(1954). 

* Nuclear Data, National Bureau of Standards Circular No. 499 
(U. S. Government Printing Office, Washington, D. C., 1950). 
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Fic. 1. Energy spectrum of protons scattered from lithium 
(center-of-mass system). See first paragraph of Sec. II for com- 
plete description. 


trum observed with the filled container. We estimate 
that the error introduced by this procedure is smaller 
than the statistical uncertainty. The thickness of the 
Li target was measured by comparing its stopping 
power to that of Al. The same portion of the target was 
used for the scattering measurement and the stopping 
power comparison to minimize errors due to target 
inhomogeneity. As a result, we estimate that the target 
thickness is known to +1.7%. 

The 70.8+0.4 Mev peak in Fig. 1 represents elasti- 
cally scattered protons and possibly contains protons 
that have excited the target nucleus to the 0.477-Mev 
level. The width of the peak is the same as the purely 
elastic peak of C™: this fact, and the cross section sug- 
gest that the inelastic contribution is appreciably 
smaller than the elastic one. The 66.4+0.4 Mev peak 
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Fic. 2. Energy spectrum of protons scattered from 
beryllium (center-of-mass system). 


corresponds to the strong excitation of the 4.61-Mev 
level of Li’, and its low-energy tail suggests the weaker 
excitation of one or more levels between 5 and 9 Mev. 
The 55.5:1-Mev peak should be classified as probable. 
It corresponds to a nuclear excitation of 18+1.4 Mev, 
and could correspond to the 17.5-Mev level excited by 
y rays.® The 51.541 Mev peak is uncertain, it would 
correspond to a level at 22+1.4 Mev. The bump at 
42 Mev is presumably due to pickup deuterons. 


Beryllium 


The spectrum obtained with a 1.00-g/cm? Be target 
is shown in Fig. 2. The energy position and the width 
of the first peak at 74.0+0.5 Mev indicates that it 
consists of a mixture of elastic and inelastically scattered 
protons: one or more of the low-lying levels of Be’ are 
excited. The peak at 69.80.5 Mev corresponds to the 
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Fic. 3. Energy spectrum of protons scattered from 
boron (center-of-mass system). 


excitation of the 6.8-Mev level, and probably also of the 
7.9-Mev level. The shoulder at 65 Mev indicates the 
possible excitation of the 11.3-Mev level. The bumps at 
47 Mev and 37 Mev correspond to the two pickup 
deuteron groups that have been observed by Selove.® 
The rapid increase of the continuum below the energy 
corresponding to “inner core” breakup by (p,2p) and 
(p,dp) reactions should be noted. 


Boron 


The 1.08-g/cm? B target was made of powder con- 
tained in a thin-walled aluminum box. Background 
subtraction and target thickness were obtained as in 
the case of Li. The spectrum shown in Fig. 3 contains 
only one prominent peak at 77.5+0.5 Mev which is 
mainly due to elastic protons. All inelastic protons 
above 69.6 Mev must be the result of level excitation, 


6 J. Goldemberg and L. Katz, Phys. Rev. 95, 471 (1954). 
® W. Selove, Phys. Rev. 101, 231 (1956). 
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however the energy resolution of this experiment makes 
identification difficult. The two broad peaks at 73 Mev 
and 65 Mev, and a possible bump at 55 Mev all suggest 
that many levels of B are excited, but none as strongly 
as some of the low-lying levels of the two neighboring 
elements. 


Carbon 


For the sake of completeness, the 43.9° spectrum of C 
of reference 1 is reproduced in Fig. 4. The reference 
contains a detailed discussion of this spectrum, in addi- 
tion to angular distribution measurements. 


Nitrogen 


The N spectrum of Fig. 5 was obtained by using a 
0.74-g/cm? NaN; target, and subtracting from it the 
spectrum obtained simultaneously with a 1.03-g/cm* Na 
target. Since the stopping power of the two targets were 
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Fic. 4, Energy spectrum of protons scattered from 
carbon (center-of-mass system). 


slightly different, it was necessary to shift the energy 
scale of the Na spectrum by this small difference before 
carrying out the subtraction. It is not believed that this 
procedure introduced any appreciable experimental un- 
certainty. Both the NaN; and Na targets were kept in 
thin-walled aluminum containers. The background sub- 
traction and the target thickness measurement were 
carried out as with Li. 

The 81.50.4 Mev peak contains mainly elastic 
protons: this fact follows from the energy position and 
width. Excitation of some of the low-lying levels of N™ 
occurs, as is shown by the presence of inelastic protons 
above 74.6 Mev and the broad peak centered at 76 Mev. 
The valley between the elastic and broad inelastic 
peaks corresponds to the energy of protons that would 
have excited the 2.31-Mev T=1 state of N™: this level 
seems to be at most weakly excited. None of the low- 
lying energy states appear to be excited as strongly as 
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Fic. 5. Energy spectrum of protons scattered from 
nitrogen (center-of-mass system). 


those of the neighboring elements. A broad peak ap- 
pears at 64 Mev—it corresponds to a nuclear excitation 
of 19 Mev where no levels have yet been reported. The 
probable structure at 44 Mev is presumably caused 
by pickup deuterons. The position of this peak would 
be consistent with deuterons that have removed an 
“inner-core” neutron and thus leave N® in an excited 
state: such a narrow group has been observed for Be.® 


Oxygen 


A 0.82-g/cm? H,O ‘target was used in a thin-walled 
aluminum container. Target thickness and background 
were obtained as with Li. The spectrum shown in Fig. 6 
contains a purely elastic peak at 82.3-0.4 Mev since no 
excited levels below 6.06 Mev are known. The strong 
inelastic peak at 76.0+0.4 Mev could have contribu- 
tions from protons that have excited any of the 6.06-, 
6.14-, 6.91-, or 7.12-Mev levels. There is evidence . for 
structure at lower energies, especially a broad peak at 
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Fic. 6. Energy spectrum of protons scattered from 
water (proton-oxygen center-of-mass system). 
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Fic. 7. Energy spectrum of protons scattered from 
fluorine (center-of-mass system). 


63 -Mev corresponding to a nuclear excitation of 20.3 
Mev. The peak at 48 Mev is due to recoil protons from 
the p-p interaction: it provides a convenient check of 
our beam calibration and the agreement is satisfactory 
with the results of Kruse ef al.” 


Fluorine 


Figure 7 shows a F spectrum obtained with a 0.89- 
g/cm? NaF target after the Na and background con- 
tributions had been subtracted as explained for the N 
data. The width and position of the 83.8+-0.4 Mev 
peak is consistent with elastic protons only. However, 
several known low-lying energy levels could have been 
excited by protons contained in this peak. The width of 
the 78.0+0.5 Mev peak is too broad to correspond to 
the excitation of one level only. Its position corresponds 
to a nuclear excitation of 6.1 Mev, a region in which no 
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* Kruse, Ramsey, and Teem, Phys. Rev. 101, 1079 (1956). 
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Fic. 9. Energy spectrum of protons scattered from 
magnesium (center-of-mass system). 


levels have as yet been reported. The statistical ac- 
curacy of the F results is poorer than for other elements 
due to the target subtraction. 


Sodium 


A 1.03-g/cm? Na target sealed in an argon-filled thin- 
walled aluminum container was used to obtain the 
results of Fig. 8. Only an elastic peak, with possible 
contributions from protons exciting the 0.439 Mev-level, 
is prominent. That some of the low-lying levels are ex- 
cited is shown by the presence of inelastic protons below 
the threshold for breakup of the target nucleus. How- 
ever, the cross section per level is smaller than for some 
of the prominent peaks in the lighter elements. The 
absence of inelastic peaks in the Na spectrum makes 
this a favorable spectrum to subtract from compound 
spectra such as NaN; and Naf. 
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Fic. 11. Energy spectrum of protons scattered from 
silicon (center-of-mass system). 


Magnesium, Aluminum, Silicon, Phosphorus, 
and Sulfur 


Figures 9-13 show the spectra obtained with Mg(1.10 
g/cm’), Al(1.07 g/cm’), Si(1.39 g/cm’), P(1.56 g/cm’), 
and S(1.43 g/cm?) targets. These spectra all show the 
elastic peak (more or less pure) followed by a region of 
inelastic scattering which from threshold considerations 
must correspond to level excitation of the target 
nucleus. Some structure is seen in the high-energy 
portion of the inelastic continuum of Si and S. Excepting 
the P spectrum, there is a good correlation between dips 
in the inelastic scattering cross section and the absence 
of known levels. However, the maximum value to which 
the inelastic scattering cross section rises does not ap- 
pear to depend strongly on the level density. Thus 
between 4-6 Mev nuclear excitation, respectively 4, 
14, and 2 levels are known in Mg", Al?’, and Si?*. The 
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Fic. 12. Energy spectrum of protons scattered from 
phosphorous (center-of-mass system). 
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Fic. 13. Energy spectrum of protons scattered from 
sulfur (center-of-mass system). 


inelastic scattering cross sections for the corresponding 
energy region are 0.43 mb/sterad, 0.48 mb/sterad and 
0.51 ‘mb/sterad, respectively. The structure in these 
spectra in the 50-Mev region can be consistently inter- 
preted as due to pickup deuterons. 


Copper, Silver, Lead, and Bismuth 


Figures 14-17 show the spectra obtained with 
Cu(1.35 g/cm’), Ag(2.57 g/cm?), Pb(3.79 g/cm’), and 
Bi(3.705 g/cm?) targets. Within the experimental ac- 
curacy, no structure in the inelastic continuum is ob- 
served with any of these targets. The inelastic con- 
tinuum runs smoothly into the elastic peak. Here again, 
threshold considerations indicate that the portion of the 
apparent continuum which is located close to the 
elastic peak is due to protons having excited levels in 
the target nucleus. After subtracting the continuum, 
the width of the high-energy peaks is that expected for 
purely elastic protons. 
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Fic. 14. Energy spectrum of protons scattered from 
copper (center-of-mass system). 
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Fic. 15. Energy spectrum of protons scattered from 
silver (center-of-mass system). 


III. DISCUSSION 


The spectra presented in the preceding section have 
many common characteristic features. 

(1) The highest energy peak includes elastically 
scattered protons. In the case of C and O, the energy 
difference between the ground and first excited states is 
large enough so that it is certain that only truly elastic 
protons are included. In most other spectra, the width 
of the high-energy peak is that expected of elastically 
scattered protons. However, the existence of low-lying 
levels which could not be resolved make it impossible 
to know with certainty the composition of protons in 
these peaks. For the heavier elements the inelastic 
contribution would be small if the cross section for the 
excitation of the low-lying levels is similar to those in 
the 3-4 Mev region. At least for rotational states this is 
not expected to be the case. 
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8S. I. Drozdov, J. Exptl. Theoret. Phys. (U.S.S.R.) 28, 734 
(1955). 
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(2) Most of the spectra from the light elements show 
one or more inelastic peaks. Their widths are usually 
determined by the energy resolution of the experiment. 

(3) All spectra show an inelastic continuum which 
decreases in cross section with increasing proton energy. 
That portion of the continuum which consists of protons 
whose energy is too high to have originated in a breakup 
of the target nucleus must be composed of unresolved 
peaks. Inelastic protons originating from nuclear 
breakup have a genuinely continuous distribution. The 
portion of the continuum just below the energies at 
which nuclear breakup becomes possible are probably 
composed partically of unresolved peaks and truly 
continuous protons. For instance, the Li, C, and O 
spectra all show strong inelastic peaks at energies 
lower than correspond to possible (~,af) protons, and C 
has an inelastic peak in a region where (p,2p) and (p,p) 
protons are possible. 
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Fic. 17. Energy spectrum of protons scattered from 
bismuth (center-of-mass system). 


Some general properties of these features will now be 
examined. 


A. Excited Energy States 


The inelastic peaks are most prominent with elements 
of mass number A < 19. For a given element, if a level 
is excited at all, its excitation is in general stronger the 
closer it lies to the ground state. With two exceptions, 
the prominent peaks are at higher energies than those 
possible for protons from (p,2) or (p,np) reactions. The 
exceptions are Be with one very loosely bound neutron, 
and C which has one or more strongly excited levels at 
20.8 Mev. Several strongly excited levels lie above the 
(p,ap) threshold. 

Certain elements, such as B and N, have no levels 
that are excited as strongly as some of the levels of 
neighboring elements. This conclusion is not based on 
the absence of prominent inelastic peaks, which could 
well be smeared out by the experimental energy resolu- 
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tion, but on the smaller magnitude of the apparerit 
continuum. If many unresolved levels were excited 
strongly, then this continuum would be higher. On the 
whole, levels seem to be excited more strongly if they 
are in a region of low level density. The most prominent 
exception to this observation is the 60-Mev peak in 
carbon. 

As discussed in some detail in reference 1, the success 
of the individual-particle model in explaining many of 
the features of the excited states of light nuclei’ suggests 
the desirability of an analysis of the nature of the levels 
that are found to be excited strongly by 96-Mev 
protons in terms of their individual-particle description. 
Such an analysis can only be speculative since the 
assignment of a given level to a certain configuration is 
generally uncertain.’ With this understanding the fol- 
lowing two remarks are consistent with observations: 

(1) Levels that are strongly excited appear to result 
from “simple” rearrangements of the ground state 
structure. “Simple” rearrangement means a change in 
coupling of a given configuration, or the transition of 
one nucleon only to a higher shell state. 

(2) Not all levels that can be reached from the 
ground state by a “simple” rearrangement are observed 
to be strongly excited, and this failure cannot always be 
ascribed to poor energy resolution or to competition 
from nuclear breakup. 


B. Inglastic Continuum 


The spectra shown in Figs. 1-17 all have an inelastic 
continuum which decreases in cross section with in- 
creasing proton energy, agreeing in form with the pre- 
dictions of Goldberger” based on the nuclear cascade 
model. In order to compare the inelastic continua from 
the various targets, a K4He~*/*4 dependence of the 
inelastic scattering cross section has been assumed 
E is the center-of-mass energy of the scattered protons, 
and K,4 and k, are constants to be determined in each 
case by a best fit to the observed spectrum. The only 
justification for the use of this particular form is that in 
the energy region available, it givesa good representation 
of the inelastic spectra, and that it conviently deter- 
mines a constant k4 measuring the shape and another 
constant K, proportional to the cross section. Other 
functions could have been used with equal success. 

Figures 18 and 19 show the values of Ky, and ky as 
a function of atomic weight. The limits of errors indi- 
cated correspond to the minimum and maximum values 
of K4 and k4 which will permit a fit of the assumed 
function to the experimental data. It can be seen that 
the cross section parameter K, varies about as A}. 
Such a dependence is reasonable if it is remembered 
that our observations cover only the high-energy part 
of the inelastic continuum. Heavy elements favor a 
larger energy degradation of cascade particles: the yield 


®D. R. Inglis, Revs. Modern Phys. 25, 390 (1953). 
10M. L. Goldberger, Phys. Rev. 74, 1269 (1948). 
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Fic. 18. Variation of the shape constant ka with mass number A. 


of fast secondaries is thus expected to increase more 
slowly than the absorption cross section." The shape 
factor k4 appears to remain quite constant for A>19. 

Hofmann and Strauch” have observed the energy 
spectra of neutrons ejected from several nuclei by 95- 
Mev protons. The angles of observation varied from 0° 
to 28° in the laboratory system. The shape of the 
neutron spectra, at the larger scattering angle, are quite 
similar to the shape of the proton continuum. Ex- 
trapolations of the neutron continuum cross sections 
to 40° are in good agreement with the observed proton 
continuum cross sections. These results indicate that 
there is no appreciable difference in the production of 
inelastic neutrons and protons by 96-Mev protons. The 
fact that inelastic peaks have been observed in the 
proton spectra and not in the neutron spectra can be 
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Fic. 19. Variation of the cross-section constant Ka 
with mass number A. 


1 T, B. Taylor, Phys. Rev. 92, 831 (1953). 
2 J. A. Hofmann and K. Strauch, Phys. Rev. 90, 449 (1953). 
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explained by the much poorer energy resolution of the 
neutron experiments. 


IV. CONCLUSION 


It has been found that the inelastic scattering of 
96-Mev protons results in the direct excitation of many 
levels in the target nucleus. Strong excitation of certain 
levels takes place in the light elements, and several of 
these have been identified with known excited states. 
Thus in the high-energy region, a careful separation of 
inelastic from elastic protons is required in experiments 
dealing primarily with elastic scattering. The present 
survey suggests the desirability of increasing the experi- 
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mental energy resolution for more detailed studies with 
high energy protons. Such an increase in energy 
resolution is possible with the more nearly monoen- 
ergetic proton beams from a linear accelerator or from a 
cyclotron with a regenerator-type of external beam. 
Finally the possibility of using polarized protons, 
which can be easily produced at high energy, should be 
noted. 

We wish to thank G. P. Calame, F. Federighi, 
G. Gerstein, and J. Niederer for their valuable help in 
taking data and calculating the spectra. We are much 
indebted to the entire staff of the Cyclotron Laboratory 
for their generous help and assistance. 
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Yields of the O'*(p,a)N’® and O'*(p,n)F"* Reactions for Protons of 800 kev to 3500 kev* 


H. A. Hitt ANnp J. M. Brarr 
Department of Physics, University of Minnesota, Minneapolis, Minnesota 
(Received April 23, 1956) 


The yield of the O'*(p,a)N" reaction was observed at 90° with respect to the ion beam for protons from 
800 kev to 3500 kev. Resonances in the yield located fifteen energy levels in F not previously observed. 
Neutrons from the O'8(p,n)F'* reaction were observed in the forward direction above the threshold 
(E,=2577+8 kev). Simultaneous observation of alpha particles and neutrons showed that the, resonance 
energies for the two reactions agree in some cases but not in others. 


INTRODUCTION 


STUDY of the yield of the reaction O'8(p,a)N'® 

as a function of proton energy will provide 
information concerning the existence of energy levels 
in the compound nucleus F!*. This reaction has pre- 
viously been studied by Seed,! Mileikowsky, and 
Pauli,? and Cohen.’ Cohen observed resonances for 
proton energies of 640+5 and 850+5 kev. The present 
work was undertaken to extend such measurements to 
higher energies, since nothing was known about 
levels in F"® from the upper level found by Cohen 
(excitation level of 8.76 Mev in F"’) up to the O'8(p,n) F"® 
threshold (excitation level of 10.47 Mev in F'’). The 
O'8(p,n) reaction has been studied by a number of 
investigators.** Above the (p,m) threshold the (p,q) 
and (p,m) reactions were observed simultaneously so 
that a detailed comparison of the variation of their 
yields with proton energy could be made. 


*This work was supported in part by the Office of Naval 
Research. 
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EQUIPMENT 


The protons used in this work were accelerated by 
the Minnesota electrostatic generator.’ After passing 
through a 90° magnet, the proton beam was refocused 
by means of two sets of quadrupole electrostatic lenses*® 
fourteen feet apart, and then entered the target 
chamber. The slightly converging proton beam was 
defined by a tantalum collimating aperture before 
hitting the target foil. Particles leaving the target at 
90°+1.5° with repect to the beam direction passed 
into a proportional counter through an aluminum 
window. The undeflected proton beam struck an 
insulated current collector cup. A magnetic field was 
provided around the mouth of the collector cup to 
eliminate current measurement errors due to secondary 
electrons. The beam current was measured with an 
integrator circuit which automatically placed a shutter 
in the ion beam and shorted the input lead to the 
scaling circuits when a condenser became charged to a 
predetermined potential. The neutron flux in the 
forward direction was intercepted by a conventional 
“Jong counter.”® After suitable amplification, the pulses 


7 Williams, Rumbaugh, and Tate, Rev. Sci. Instr. 13, 202 
(1942). 

8E. L. Hubbard, and E. L. Kelly, University of California 
Radiation Laboratory Report 2181, 1953 (unpublished). 

® A. O. Hanson and J. L. McKibben, Phys. Rev. 72, 673 (1947). 
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from the proportional counter were analyzed and 
counted using a 10-channel pulse-height analyzer." 
The amplified pulses from the long counter were counted 
with a scale-of-64 circuit having a simple pulse-height 
discriminator. 

The energy of the proton beam was determined by 
a measurement of the field in the gap of the 90° deflec- 
tion magnet. The flux meter used for this measurement 
was of the floating-wire type similar to the one described 
by Cranberg."' However, in the instrument used here 
the weight which balanced the tension in the wire was 
maintained constant, so that the current required in 
the wire to produce the condition of balance was 
inversely proportional to the magnetic field strength. 
The path of the ion beam through the magnet was well 
defined by apertures 100 inches apart through which 
the beam passed before reaching the magnet, and a 
slit of adjustable width placed at the focal point of 
the magnet, 12 inches beyond the edge of the field. 
The slit jaws were insulated so that an electrical signal 
was obtained for automatic control of the potential 
developed by the electrostatic generator. 

The target was produced by oxidizing a 0.005-mil 
nickel foil in an atmosphere enriched in O'* according to 
a technique described elsewhere." 


EXPERIMENTAL PROCEDURE 


As a preliminary to the study of the O'* reactions, 
the energy scale of the magnet-flux meter combination 
was calibrated by use of resonances in F'*(p,ey) 
reaction'*—® and the Li’(p,2) threshold.!® The fluorine 
targets were CaF» evaporated on tantalum. Targets of 
thickness 1, 2, and 5 kev for 1372-kev protons were 
used. The lithium targets were thick layers of LiF. 

As a check on the linearity of the energy scale the 
873.5-kev y-ray resonance was located by using the 
H*+, HH*, and HHH* ion beams. This test gave a 
calibration factor which was constant to within one 
part in 2000. This calibration factor was checked with 
the H* beam at the y-ray resonance at 1372 kev and at 
the Li(p,m) threshold at 1881.4 kev. It is believed that 
the energy measurements throughout the experiment 
where reliable to one part in 1000. 

For proton energies below 900 kev, the protons 
scattered by the target were prevented from entering 
the proportional counter by the use of a 0.35-mil 
aluminum counter window. For higher energies, where 
the protons entered the counter, various window thick- 


10W. Elmore and M. Sands, Electronics (McGraw-Hill Book 
Company, Inc., New York, 1949). 

1. Cranberg, Atomic Energy Commission Report AECU- 
1670, 1951 (unpublished). 

12 Holmgren, Blair, Famularo, Stratton, and Stuart, Rev. 
Sci. Instr. 25, 1026 (1954). 
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4 Chao, Tollestrup, Fowler, and Lauritsen, Phys. Rev. 79, 
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ness and counter fillings were chosen so that the pulses 
from the alpha particles and protons were easily 
separated by the 10-channel pulse-height analyzer. 
The alpha-particle pulses were identified as such by 
comparison with pulses from polonium alpha particles 
under conditions where the two would lose the same 
energy in the counter. 

The identification of the observed alpha particles 
and neutrons as those produced from O'* was checked 
by bombarding a target made from ordinary oxygen. 
The radiation observed was only that which would have 
been produced by the 0.2% O'* present in ordinary 
oxygen. 

The preliminary investigations for this problem 
were done with a target which had been used pre- 
viously.'’ The final data were taken with a thinner 
target prepared in the same fashion.’* The energy lost 
by protons passing through this target was measured 
by determining the increases in the electrostatic 
generator potential necessary to reach the Li’(p,n) 
threshold and certain resonances in the F'*(p,ay) 
reaction when the target was placed in the beam. For 
work below the O'8(p,7) threshold the target was 
oriented so the normal to the target made an angle of 
47° with respect to the incoming beam. In this position 
2.0-Mev protons lost 26+1 kev in passing through 
the target. Above the O'8(p,) threshold this angle was 
reduced to 32° so as to decrease the effective thickness 
of the target in order to improve the energy resolution. 

Comparisons between the alpha-particle yields of 
the older, thick target (whose O'* content had been 
carefully determined previously") and the thin target, 
indicated that the thin target contained (2.0+0.3) x 10!” 
atoms of O'* per square centimeter. 

From the measurements of the dimensions of the 
target chamber it was found that the average solid 
angle through which particles could leave the target 
and enter the counter was (4.00.15) X 10~ steradian. 
The neutron detector subtended a solid angle of 0.59 
steradian at the target. 


RESULTS 


The observed yields of alpha particles at 90° and of 
neutrons at 0° as a function of incident proton energy 
are shown in Fig. 1. The yield scale for the neutron 
production is arbitrary since the sensitivity of the 
neutron detector was not known. The scale of the 
alpha particle yield curve is such that one unit is 
equivalent to a cross section of 1.38 millibarns per 
steradian. The uncertainty in this scale factor is chiefly 
due to the uncertainty in the number of O'* atoms in 
the target. This has been estimated at +15%, but 
may be as large as +25%. 

Data on several of the peaks in the alpha-particle 
yield were repeated two or three times over a period 


'7 Stratton, Blair, Famularo, and Stuart, Phys. Rev. 98, 629 
(1955). 
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Fic. 1. Yields of the reactions O"8(p,a)N"™ at 90° (circles and solid curve) and O'8(,n)F'8 at 0° (asterisks and dashed curve). Neutron 
yield is on an arbitrary scale. One unit of a-particle yield is equal to 1.38 millibarns per steradian. Proton energies are uncorrected for 


target thickness. 


of three months. The absolute yield was found to be 
reproducible to within the counting statistics, as 
indicated by the vertical extent of some of the data 
points on the graphs, and the energy scale was reproduc- 
ible to within +0.1%. 

Table I lists the proton energies in the laboratory 
system of coordinates which produced the most 
prominent maxima in the yield of alpha particles. 
The errors quoted for the energies are largely due to 
the uncertainty in the exact location of the top of the 
peaks due to the asymmetries of the peaks or an 
unfortunate spacing of the data points. The proton 
energies, in the tabulated data, have been corrected 
for target thickness. 

Table II lists the proton energies which produced 
the most prominent maxima in the yields of neutrons 
and the observed widths of some of the peaks at half- 
maximum height. The peaks for which no widths are 
listed had shapes which made it difficult to give a valid 
estimate of their widths. For comparison purposes 
there are also listed some previously published data.® 

The threshold energy for the O'8(p,n) reaction was 
found to be 25778 kev as compared with 2590-+-4 kev 
determined at Wisconsin‘ and 2584+10 kev recently 
published by Mark and Goodman.*® 


The production of y rays was observed simultaneously 
with the O'%(p,a) reaction in the neighborhood of the 
peak at 1934+4 kev. The maxima in both yields 
occurred at the same energy. This is comparable with 
the strong resonance in the y-ray yield reported at 
1931+2 kev by Butler and Holmgren.!* 


DISCUSSION OF RESULTS 


The resonances observed in the yield of alpha particles 
below the O'8(p,n) threshold serve to locate fifteen 
energy levels in F’® which have not been previously 
reported. The position of the lowest level observed 
differs from the previously reported value by slightly 
more than the sum of the uncertainties quoted. The 
difference may be due to an underestimate of target 
thickness. A similar degree of agreement appears 
between the present values of the neutron resonances 
and those previously published. However, it is worth 
noting that the widths of the peaks at half-maximum 
observed here are consistently less than the earlier 
values. 

The neutron threshold obtained here is consistent 
with both previously published values,‘:® although 


18 J. W. Butler and H. D. Holmgren, Phys. Rev. 99, 1649(A) 
(1955). 
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TABLE I. O'8(p,a)N'® resonances. Energies of protons (£>5) 
which produced maxima in the yield of alpha particles at 90°. 
Energies have been corrected for target thickness. The resonances 
are numbered as shown in Fig. 1. Column 3 gives the excitation 
energy (E,) of the compound nucleus, F”. 











Ez(Mev) 


8.749 
8.883 
9.159 
9.287 
9.491 
9,554 
9.600 
9.623 
9.787 
9.856 
10.016 
10.070 
10.094 
10.125 
10.208 
10.276 
10.451 
10.524 
10.576 
10.606 
10.730 
10.825 
10.858 
10.953 
11.245 


Resonance Ep(kev) 


838+6 
980+4 
1271+10 
1406+4 
1621+4 
1688+4 
1736+5 
1761+4 
1934+4 
2007 +4 
2175+4 
2232+5 
2258+5 
229145 
2378+5 
2450+5 
2635+5 
271245 
276745 
2798+6 
2929+5 
3029+6 
306446 
3165+6 
347346 





lower than either. The position of the one y-ray 
resonance observed agrees well with the previously 
reported value.'® 

A comparison of the curves in Fig. 1 as well as the 
proton energies given in Tables I and II shows that the 
peaks in the yields of neutrons and alpha particles do 
not, in general, occur at the same proton energies. This 
cannot be due to shifts in the energy scale since the 
two reactions were observed simultaneously. At 29295 
kev an alpha-particle peak has no corresponding 
neutron peak at all. At 3264-46 kev a strong neutron 
peak coincides with a deep minimum in the alpha 
particle yield. In contrast, a neutron peak at 31636 
kev agrees well with an alpha-particle peak at 3165-6 
kev, and there are several other cases where there is a 
slight shift between the two. The significance of these 
variations might be much more apparent when angular 
distribution and total cross-section data for both 
reactions become available. 

Butler and Holmgren!* have made a search for 
gamma-ray emitting levels of F® by a study of the 
O'8(p,7) reaction. They proposed that the 9.062-Mev 
level (E,=1169 kev) which they observed was a 
member of an isotopic spin quartet. If this were a 
T= level of F°, then the O'8(p,a)N" reaction via 
this state would be forbidden. The experimental 
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TABLE II. O'8(p,n)F'8 resonances. Energies of protons (E>) 
which produced maxima in the yield of neutrons in the forward 
direction. Energies have been corrected for target thickness. 
The resonances are designated by letters corresponding to those 
on Fig. 1. Column 3 gives, for comparison, the values of E, 
previously published (reference 6); column 4 gives the values of 
resonance width at half-maximum (I) observed here, after correc- 
tion for target thickness; and column 5 gives the values of I’ pre- 
viously published. 








Previous 
Ep(kev) 
2657+2 
273246 
277842 
3045+2 
3170+2 
3268+2 
3386+2 
3495+4 


Previous 


Ep(kev) I’ (kev) 


2649+5 
272645 
2772+5 
303745 
3163 +6 
326446 
338746 
348346 


Resonance 


I' (kev) 


1043 





40+2 


<20 

3343 
18+6 
2943 
15+3 


3545 
60+2 
45+10 
65+2 
45+2 








results in Fig. 1 for the O'8(p,a)N?* reaction seem to 
agree with this hypothesis. The closest observed maxi- 
mum in the yield is at E,= 1277 kev and is 200 kev wide. 

One striking feature of the excitation functions is 
the appearance of more structure in the O'8(p,a)N™ 
excitation function than in the O'%(p,n)F'* function. 
This cannot be accounted for by isotopic spin selection 
rules operating between nuclear states which are 
eigenfunctions of the isotopic spin operator since the 
conventional isotopic spin assignments for the ground 
states of N}* and F'8 are $ and 0, respectively. Impuri- 
ties in the states in F"® will not operate to preferentially 
inhibit one of the reactions. On the other hand, if the 
isotopic spin impurities of the ground states of F!8 and 
N® are the causes for the observed differences, then 
the admixture of 7=% into the ground state of N’® 
must be significantly larger than the admixture of 
T=1 into the ground state of F'8. It seems more likely 
that the differences in the excitation functions for the 
two reactions are attributable to large values of J 
for the excited states of F'’. Large values of J imply 
large values for the orbital angular momenta (ZL) taken 
off by the a particle and neutron. Since the a particles 
are emitted with approximately 5 Mev and the neutrons 
with 0.5 Mev or less, the large values of L would 
strongly inhibit neutron emission. 
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(d,p) Reactions with Kr’* and Kr*°}* 
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Three targets of krypton gas, the first analyzing Kr78 45%, Kr® 51%, Kr*? 3.8%, the second Kr78 28%, 
Kr® 65%, Kr® 6.3%, and the third Kr7* 14.2%, Kr® 69.8%, Kr® 14.4%, were produced by the thermal 
diffusion separation process. The (d,p) reactions for these samples were studied with the 4-Mev deuteron 
beam of the Yale cyclotron. The ground state and first excited state Q values of Kr” are 5.98+-0.05 Mev 
and 5.52+0.05 Mev, respectively. The ground state Q value of Kr*! is tentatively set at 5.63+0.1 Mev. 


The masses of Kr” and Kr*! are 78.94530+11 and 80.94249+14 amu. 





ENRICHMENT OF THE ISOTOPES 


N 1953, Wheeler, Schwartz, and Watson were able to 
produce good targets highly enriched in Kr* and 
Kr* for deuteron bombardment.' By using the process 
of thermal diffusion, this work has been extended to 
include the two lightest isotopes, Kr7* and Kr®. These 
are the rarest of the krypton isotopes, being only 0.35% 
and 2.3% respectively in the normal gas. 

The concentration of the light fractions was accom- 
plished by using a batch-wise recycling process of the 
product of several hot-wire thermal diffusion columns. 
Two batches of intermediate concentrations were needed 
to provide the final enrichment. For this purpose, 
three sets of two-stage, convectively-coupled systems 
were used. Each column was 3.7 meters long, making 
an effective total length of 7.4 meters per set. The cold 
wall was about 9 mm in diameter, maintained at 290°K 
by an enclosing water jacket. The hot surface in each 
column was a 20-mil tungsten wire at 1500°K requiring 
a power input of 1.2 kilowatts. Collecting reservoirs 
were provided at the top and bottom of each double 
column. The upper reservoir was 100 cc in volume, and 
the lower one 500 cc. Two of the three sets of columns 
were constructed of metal. The third set was made of 
glass, for which the construction details are described 
by Zucker and Watson.’ To ascertain the optimum 
conditions for the column operation, a simple theory for 
multicomponent mixtures was developed, as outlined 


TABLE I. Approximate concentrations in percent of the gas 
composing batch number one, starting with normal krypton at a 
pressure of 65 cm of Hg. 


Isotope: 78 80 


2.2 





Concentration : 


11.0 15.8 40.5 2.9 
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by Jones,’ from the binary case treated by Jones and 
Furry.! 

The final separation came from a single two-story 
column having the same effective length and charac- 
teristics as the two-stage sets. This long single-column 
apparatus had a longer relaxation time, but by elimina- 
tion of the convective coupling volumes, a saving in 
partially enriched gas and total operating time was 
effected. 

The first batch of the “light” krypton was made up 
of 1800 cc of gas at the column operating pressure of 
65 cm of Hg with the isotopic analysis given in Table I. 
This gas was the accumulation of that taken from the 
top of the columns. Each time after the gas was ex- 
tracted from the upper end-volume, the gas in the lower 
end-volume was replaced with enough normal krypton 
to bring the whole system back to the operating 
pressure. This procedure could be repeated about every 
72 hours, during which time the columns had reached 
about 75% of their equilibrium concentrations. 

The second batch of gas with further enrichment of 
the light krypton isotopes resulted from using about 
1200 cc of the first batch to fill one of the sets of columns. 
The above procedure was repeated once, but instead of 
replacing the lower end-volume with normal gas, the 
remaining 600 cc of the first batch was used. Also, the 
column was allowed to reach 95% of equilibrium. 
Table II gives the analysis of the two samples of the 
second batch. 

When enough of the gas of the type shown for the 
second batch was collected, it was used to fill the single 
7-meter column. Successive extractions of the gas con- 


TABLE II. Approximate concentrations in percent of batch 
number two, starting with batch number one. 








Isotope: 78 80 82 83 84 86 


116 371 316 89 104 0.16 
10.9 386 32.5 8.6 93 O11 





Concentration Ist 
Concentration 2nd 





3R. C. Jones, Phys. Rev. 59, 1019 (1941). 
4#R. C. Jones and W. H. Furry, Revs. Modern Phys. 18, 151 
(1946). 
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centrated in the top end-volume yielded samples A, B, 
and C of Table III. 

In all, 92 liters of normal krypton gas were needed in 
this batch-wise procedure. The three final samples of 
the “light” krypton gas contain a total of 68 cc of Kr’, 
which represents an extraction efficiency of 23%. 


DEUTERON BOMBARDMENT 


All three samples, A, B, and C, have been bom- 
barded with 3.80-Mev deuterons from the Yale cyclo- 
tron. Protons from the (d,p) reaction were detected at 
90° to the deuteron beam, using Ilford C2 emulsions 
50 u thick. Preliminary runs indicated that the yields of 
the ground-state proton groups were extremely low, 
and that the nuclear energy levels at higher excitations 
were closely spaced. An absorber consisting of 57.9 
mg/cm? of aluminum was later inserted between the 
gas target and the emulsion to eliminate all protons of 
energy less than 5.2 Mev. This allowed longer exposures 
of the photographic plates without obscuring the proton 
tracks of the ground-state groups from the great density 
of shorter range tracks. The deuteron beam entered the 
target chamber through a 1.8-cm air-equivalent Mylar 


TABLE III. Concentrations (%) of the samples obtained from 
successive withdrawals of gas starting with batch number two. 


Isotope: 78 80 82 83 84 86 


0.66 083 0.01 
043 016 0.02 
1.13 


Sample A 44.9 
Sample B 28.3 
Sample C 14.2 


50.1 
65.0 
69.8 


3.78 
6.25 
14.4 








foil, degrading the energy by 270 kev at 4.1 Mev. When 
the gas pressure was 20 cm of Hg, the effective target 
“thickness” was 110 kev. 

An exposure to an average beam of 0.25 wa for a total 
integrated charge of 3000 microcoulombs for each 
sample was found to be sufficient for a convenient track 
density in the emulsions. These tracks were measured 
on a microscope projection apparatus described by 
Plendl and Steigert® using an ordinary centimeter scale. 
With a Bausch and Lomb 43X objective plus 5X eye- 
piece, the magnification was such that tracks 300 u long 
in the plate measured 26.5 cm on the screen. 


RESULTS 


A histogram of the proton tracks from sample A is 
shown in Fig. 1. Figure 2 consists of histograms from 
samples B and C. Some 3000 to 3500 tracks were 
measured for each histogram by one observer. Super- 
posed on these are Gaussian curves drawn to represent 
the proton groups. These curves are Gaussian only on 
an energy scale. However, the histograms cover a small 
energy interval at high energies, so that there is a nearly 
linear dependence between range and energy in the 


5H. Plendl and F. Steigert, Rev. Sci. Instr. 27, 239 (1956). 
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Kr"? 45% 
Kr®? 50% 
Kr®2 3.8% 





Number of Proton Tracks 





ie ee : 
200 220 240 260 280 300 320 340 360 460 480 500 5270 
7.99 6.50 6.99 9.45 9.88 Wa 1S 
Fic. 1. Histogram and proton spectrum from the deuteron 
bombardment of sample A containing Kr78 45%, Kr® 50%, and 
‘ oF 
Kr® 3.8 70° 


emulsions. The symmetry of the peaks is confirmed by 
the shape of the N!° ground-state proton group (Fig. 1) 
which is not overlapped by any other proton group. 

This same N peak furnishes an ideal calibration for 
the deuteron beam, and as a measure of the energy 
spread. Since the N'* was a small impurity in the target 
gas, exactly the same conditions of beam energy, ab- 
sorber thickness and proton detection prevailed. At the 
same time, the N?® first-excited-state proton group lies 
far below the energy region covered by the histograms. 
The Q value of 8.609 Mev is used for the calibration 
peak. 

Initially, only samples A and B were available for 
bombardment. A comparison of Figs. 1 and 2 revealed 
that the relative intensities of the peaks as marked 
(neglecting the dotted curves) changed very closely 
with the relative abundance of Kr’§ and K*r®. Any 
prominent peak can be used as the standard of com- 


Kr 28% 
Kr8° 65% 
Kr82 63% 


Kr"? 14.2% 
Kr®° 69.8% 
Kr82 14.4% 


Number of Proton Tracks 


\ | %Kp8t\7 79 


ive er, 
/ \ ; \ Wij b 
‘ / . X i, A. 
200 220 200 260 280 30 320 MOM 
1.99 450 6.99 9.45 1.99 4.50 6.99 $45 Mev 


‘ 





L 


200 220 240 «260 280 300 320 340 


Fic. 2. Histograms and proton spectra from the deuteron 
bombardment of samples B and C. Sample B, on the right, has 
Kr? 28%, Kr® 65%, Kr® 6.3%. Sample C, on the left, has 
Kr78 14.2%, Kr® 69.8%, Kr® 14.4%. 
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TABLE IV. Level assignment, proton energies, and Q values for 
Kr” and Kr*!. The (?) indicates that the excitation of the level is 
not clear because of the uncertainty of the 9.16- and 8.9-Mev 
groups. 








O value (Mev) 


5.98+0.05 


Proton energy (Mev) 


9.56+0.04 
Kr” 9.11+0.05 $.52+0.05 
Kr® i 9.16+0.1 5.63+0.1 
Kr® or Kr®? 8.9 5.4 

Kr® 8.65+0.05 5.04+0.06 
Kr® 8.18+0.05 4.57+0.06 


Product nucleus Level 


Kr” 











parison. In this way, the assignment of a group to the 
proper isotope has been made. The question of the 
excitation was also easily resolved for the case of the 
ground and first excited-states of Kr”. There was some 
doubt as to whether the ground-state proton group of 
Kr*! was superposed on the group representing the 
first excited state of Kr”. To begin with, the evident 
proton group of highest energy (at 290 u) from Kr*! is 
more intense than that of the ground state of Kr” in 
Fig. 1 for which the concentrations of Kr7* and Kr®™ are 
equal. In the simplified picture of the single-particle 
model, the relative cross section for a deuteron stripping 
reaction on isotopes depends primarily on the binding 
energy of the neutron, as well as the angular momentum 
it must carry into the nucleus. The binding energies 
for Kr” and Kr® are nearly equal. However, the neu- 
tron must have four units of angular momentum in the 
case of Kr® as compared to one unit for Kr”. One 
would expect the cross section for the formation of the 
ground-state of Kr*! to be less than that of Kr”. To 
clarify this picture, sample C was bombarded. 

By comparing the histograms of samples B and C, 
considering the change in the relative abundance of 
Kr’§ and Kr® between the two samples, it is obvious 
that other groups are present near the energy region of 
the first excited state of Kr”. From Fig. 1, the energy 
of this group and its relative intensity were measured 
and then drawn at the proper position in the histogram 
of sample C. The process of subtraction revealed that 
at least two proton groups were necessary to reproduce 
the histogram points. These groups are indicated by 
dotted curves. Evidence for the existence of the group 
marked °Kr*!? also appears in the sample B histogram, 
but the validity of the proton group adjacent to this 
is perhaps questionable in B. 

Table IV summarizes the assignment, proton energies, 
and Q values for these levels. In view of the uncertainty 
in excitation of Kr*!, only the isotopic assignment is 
made. All energies are corrected for target loss and the 
angle of incidence into the emulsions. 

Using the mass of Kr’* obtained from mass-spec- 
troscopic data,* and the Q value for the ground state 
of the Kr78(d,p)Kr” reaction, we get 78.94530 amu for 


~ € Collins, Johnson, and Nier, Phys. Rev. 94, 398 (1954). 
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TABLE V. Masses of Kr” and Kr®; neutron binding energies. 
The last column uses mass spectrometer data and §-decay 
schemes. 








Binding 
energy, 
other data 
(Mev) 


8.2 +0.1 
11.60+0.08 


7.7 +0.1 
11.2 +0.1 


Binding 
energy 


(Mev) 


Neutron 


Mass (amu) number 


Kr®=78.94530+11 43 8.00+0.06 

Kr*!=80.94249+ 14? 44 11.5 +0.1 
45 7.6 +0.1 
46 11.0 +0.1 











the mass of Kr”. This is in excellent agreement with 
the value of 78.94539 amu obtained from the Br” 
mass® and the decay energy of 1.620 Mev measured by 
Thulin’ and Bergstrém.® The decay energy of Kr*®! has 
not been measured, being a K capture with a half-life 
of 2.1X10° years. If we use the Q of the peak marked 
°Kr*!? (appearing at 3004) and calculate the mass of 
Kr*!, we get 80.94249 amu. Comparison with the mass 
of Br*! gives a decay energy of 0.20.1 Mev. On the 
other hand, using the peak at 250 u gives a decay energy 
of 0.75 Mev. Both of these are consistent with the 
100% K-capture decay scheme. A calculation from the 
expression 
log(Wo?ft)~10 


indicates that the decay energy might be only 160 
+160 kev.’ Also, the Kr to Br 6-decay systematics” 
would lead one to expect a decay of 0.3 Mev. Our 
assignment of the peak at 300u to °Kr*! seems more 
credible in view of this information. 

It is difficult to assign the dotted group at 280 u. It 
could be composed of a multiplicity of small proton 
groups belonging to Kr*! and/or Kr*. There is a known 
metastable state of Kr®! 190 kev above the ground 
state. This one is about 230 kev above the dotted group 
at 300 uw. Similarly, the ground state of Kr* and many 
low-lying levels (3 levels<90 kev above ground level) 
fall very close to this energy region. The dotted group 
at 220 u in Fig. 1 was drawn only to explain the asym- 
metry of the peak at 210 yu. 

Table V is a summary of the calculated masses and 
the binding energies of the 43rd, 44th, 45th, and 46th 
neutrons. The last column is a compilation of these 
binding energies obtained when mass-spectrometer data 
and 8-decay schemes are used.!° 

The authors offer hearty thanks to Dr. F. Steigert 
for many helpful discussions and criticism and wish to 
thank also Mr. T. I. Moran for his patient assistance 
in much of the labor. 


7S, Thulin, Arkiv. Fysik. 9, 137 (1955). 

8]. Bergstrom, Phys. Rev. 82, 112 (1951). 

® A. H. Wapstra, Physica 21, 367 (1955). 

10 Nuclear Level Schemes, U. S. Atomic Energy Commission 
Report TID-5300 (National Academy of Sciences—National 
Research Council, Washington, D. C., 1955). 
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This paper is an account of measurements of proton-proton scattering made with a negative-pressure 
bubble chamber. The experimental setup, beam, and operation cycle are described. A brief description of the 
bubble chamber is given and an analysis is made of errors associated with this technique. Total cross sections 
for carbon and hydrogen are measured and our data are fitted to an angular distribution which is the sum of 
the first five even Legendre polynomials. The results are: the total cross section for carbon is 317+17 milli- 
barns; the total integrated cross section for hydrogen from 10° to 90° in the center-of-mass system is 25.8 
+2.3 millibarns. For our angular distribution, 507 events were used to determine a least squares fit to five 
parameters. The best fit is: do/dQ={4.10+0.37}{ (1.032+0.047) Po +(0.402+0.119) P2+(0.149+0.172) P, 


+ (0.198+0.209) P.+-(0.507+0.249) Ps} mb/sterad. 





INTRODUCTION 


HE purpose of this work is twofold. The first is 

to explore proton-proton elastic scattering in the 

energy region of 460 Mev. The second is to determine, 

in a practical case, the usefulness and limitations of a 

negative-pressure bubble chamber, (i.e., a bubble 
chamber in which the liquid is put under tension). 

Recently, Sutton ef a/.* have studied the behavior of 
proton-proton elastic scattering at 437 Mev. They 
report a smooth rise from 90° in the center-of-mass 
system to a value about 20% higher at 17° in the 
center-of-mass system. Hartzler and Siegel’ found 
similar behavior at energies in the region of 430 Mev. 
However, Marshall e¢ a/.,4 do not find such a rise at 
419 Mev. 

Since the University of Chicago’s synchrocyclotron 
has a spill-out beam whose energy is in excess of 460 
Mev, we were able to explore the behavior of proton- 
proton elastic scattering in the neighborhood of this 
energy. Recently, Meshcheryakov ef al.* have reported 
work at 460 Mev. They find a distinct deviation from 
isotropy. However, Selektor e¢ al.° also report work at 
this energy, and find little deviation from isotropy. 
Our work will be compared with that of the last two 
authors and also with the work at neighboring energies. 

This type of scattering experiment is usually done 


* Research supported by a joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

+ Based on a thesis submitted to the Faculty of the Department 
of Physics, the University of Chicago, in partial fulfillment of the 
requirements for the Ph.D. degree. 

I Present address: Department of Physics, Massachusetts 
Institute of Technology, Cambridge, Massachusetts. 

1 Preliminary results were reported at the Washington Meeting 
of the American Physical Society, 1955, by Irwin A. Pless and 
Richard J. Plano, Phys. Rev. 99, 639(A) (1955); Richard J. 
Plano and Irwin A. Pless, Phys. Rev. 99, 639(A) (1955). For 
usage of the phrase ‘negative pressure” see M. Volmer, Kinetik 
der Phrasenbildung (Edwards Bros., Inc., Ann Arbor, 1939), p. 161. 

2 Sutton, Fields, Fox, Kane, Mott, and Stallwood, Phys. Rev. 
97, 783 (1955). 

3A. J. Hartzler and R. T. Siegel, Phys. Rev. 95, 185 (1954). 

4 Marshall, Marshall, and Nedzel, Phys. Rev. 98, 1513(A) 
(1955). 

5 Meshcheryakov, Bogachev, Neganov, and Piskarev, Doklady 
Akad. Nauk S.S.S.R. 99, 995 (1954). 

6 Selektor, Nikitin, Bogomolov, and Zombkovsky, Doklady 
Akad. Nauk S.S.S.R. 99, 963 (1954). 


with counters, and hence our results will give a good 
comparison between the relative merits of bubble 
chamber technique versus counters. This is a picture 
technique, where each event is photographed separately 
and all relative quantities are measured from the 
picture. This type of technique has the following 
advantages: (1) The entire solid angle is available so 
that scattering is examined at all angles. (2) Since one 
sees the whole event, one can be sure he is looking at 
elastic events only. (3) Relative differential cross 
sections are independent of monitoring errors. (4) It 
is possible to observe events as low as 10° in the center- 
of-mass system. On the other hand, it takes a compara- 
tively long time to gather statistics, and there is a 
human error introduced in the scanning process. 

The next section will deal with the apparatus itself, 
which is an isopentane-filled negative-pressure Glaser- 
type’ bubble chamber. The unique feature of putting 
the liquid under tension will be described. The follow- 
ing sections will consider errors and corrections, while 
our last section will give the results of the measure- 
ments of the total cross sections on carbon and 
hydrogen, and our proton-proton angular distribution. 


APPARATUS 


This bubble chamber has isopentane as its sensitive 
liquid. The sensitive part is enclosed in a glass cell 
whose shape is a rectangular parallelepiped with inside 
dimensions 13 mm by 13 mm by 27 mm.* The chamber 
has been operated with a recycling rate of once every 
two seconds. 

A unique feature of this apparatus is that the liquid 
is put under tension when the chamber is expanded. 
We find that after a particle has entered our chamber, 
the bubbles grow to visible size in about two micro- 
seconds. In 100 microseconds, the bubbles are too large 
to be useful. This feature has the added effect of 
almost halving our pressure requirements. 

The decrease in operating pressure, achieved by 
putting the liquid under tension, is a consequence of 

7D. A. Glaser and D. C. Rahm, Phys. Rev. 97, 474 (1955). 


8 Fischer and Porter Company, Hatboro, Pennsylvania (Flat- 
wall Tubing). 
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Fic. 1. Schematic drawing of the negative-pressure 
pentane bubble chamber. 


the fact that the energy needed to form a bubble is 
the sum of three terms, each of which contains the 
difference between the vapor pressure and the hydro- 
static pressure. Hence, what is important is the differ- 
ence between these two pressures, not the vapor pressure 
alone. This is discussed in greater detail by Pless and 
Plano.’ 

The pressure of the liquid is controlled by a glass 
piston and the temperature of the liquid is controlled 
by a hot-air bath. Figure 1 is a schematic drawing of 
the bubble chamber, in which the glass rod and the air 
piston that actuates it are shown. An upward force on 
the glass rod will increase the pressure inside the liquid 
and a downward force will decrease the pressure. 

The sensitive part of the chamber is contained in a 
glass oven. Hot air passes into the base of this oven, 
around the rectangular cell and then out the end. 
The air is heated by passing it over current-carrying 
Nichrome wires. The current in these wires is regulated 
by a pair of phase-controlled thyrotrons. The sensing 
element is a thermistor in the oven itself, and a second 
thermistor is used to monitor the temperature at all 
times. This oven maintains its temperature at 
125+0.1°C 

ILLUMINATION 


Since we have an all-glass system, we can employ 90° 
stereophotography. This permits the greatest precision 
of measurements. In order to make the most efficient 
use of our light, bright-field photography was chosen. 
Since the bubbles grow to visible size in about two 
microseconds and are too large to make measurements 
in about 100 microseconds, a fast light source is im- 
perative. One must, therefore, illuminate the two views 
with a light flash whose pulse duration is of the order of 
one microsecond. 

To get | the short light pulse required, we use 20 air 


* A separate article submitted by Irwin A. Pless and Richard J. 
Plano to The Review of Scientific Instruments contains the details 
of construction and operation. 
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spark gaps with the gaps confined to capillary tubes.*:” 
Two light heads, each containing 10 spark gaps, were 
used as the diffuse source for bright-field illumination. 
Besides giving an intense short light pulse, this multiple 
gap system has the added advantage of giving a more 
uniform light for the bright-field illumination photog- 
raphy. The light source gives sufficient light so that our 
exposures are made at an effective f stop of /:44 with 
Kodak ortho-film. The full-width pulse duration as 
measured with an RCA. 5819 phototube and a fast 
scope is 0.75 microsecond. 


OPERATION CYCLE 


The procedure in actual operation is to pull down on 
the glass piston rod until the proper negative pressure 
has been achieved, and then pulse the cyclotron, which 
in turn sends out particles which are detected by 
counters just ahead of the chamber. After a suitable 
delay, the counters pulse the light source which exposes 
the film. Then the glass rod is forced up to compress 
the bubbles. 

Since the chamber is completely expanded and 
waiting in a sensitive position before the particles from 
the cyclotron arrive, the quality of the tracks is quite 
uniform from picture to picture. 

The chamber is very dependable, running for as long 
as a week at a time with no difficulties. As many as 
60 000 pictures have been taken in one run. 


ERRORS AND CORRECTIONS 


Our errors are due to three causes, optical alignment, 
scanning efficiency, and angular measurement. 

Since we use 90° stereophotography, our optical axes 
must be located accurately, our reprojection system 
must have a true magnification and we must correct 
our measured angles for conical projection errors, and 
errors due to the various refractive indices of glass, air, 
and pentane. 

Our optical axes are perpendicular to within 0.1 
degree, we have a magnification on our scanning table 
of 10 times life size with an error of less than one 
percent, and conical projection errors and errors due to 
refractive indices are accounted for.’ 

Our main sources of error are not optical, but rather 
due to scanning and measurement errors. A rescan test 
showed that we had missed no two-prong events. We 
could deduce from this test that our scanning efficiency 
for two-prong events was of the order of 99%. This 
test also indicated that our flux track measurement had 
an error of about one percent. 

The measured density of the isopentane at our 
operating temperature and pressure is 0.47+0.02 g/cc, 
which agrees with the extrapolation and interpolation 
of published data,"!.2 

1H, E. Edgerton, Rev. Sci. Instr. 23, 532 (1952). 

1H. M. Smith, Anal. Chem. 22, 1452 (1950). 


12 International Critical Tables (McGraw-Hill Book Company, 
Inc., New York, 1933), Vol. 3, p. 38. 
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Our main sources of angular errors are due to finite 
bubble diameter and track length. In most cases this 
is an error of less than 30 minutes. The distribution in 
angular error will be discussed in a later section. The 
angles were measured with a Bruning Drafting Engine, 
Model No. 2702. This machine has no measurable 
angular shift over the working area. 

If the incoming direction is used as a polar axis and 
if a track makes an angle @ with this axis, then 


tan*@= tan’6,+ tans, 


where 6; and 62 are the projected angles in view 1 and 
view 2 corrected for conical projection errors. This 
calculation can be circumvented by the use of an angle 
analyzer.® This analyzer is essentially a stereographic 
projection of a sphere onto a plane, which is accurate 
to within 30 minutes over its entire face. 


QUASI-ELASTIC EVENTS 


In this experiment, it is necessary to be able to 
distinguish between a true proton-proton elastic 
scattering and a quasi-elastic reaction in which the 
target nucleon is bound in a carbon atom. The effect 
of the quasi-elastic scattering is to produce some events 
that look similar to the desired elastic events. If we 
have an elastic proton-proton scattering, the three 
prongs, incoming and two recoil prongs, will lie in a 
plane, and the total angle 6, between the two prongs 
will be given by formula 
2mc* 2mc 
6.=— cot 1+ - =| tané,, 


Uk “ke 


where @, is the angle one of the recoil prongs makes with 
the incident particle and F; is the laboratory energy of 
the incoming proton. 

We define A@ to be the absolute difference between 
6, and the actual measurement of this angle. We define 
a to be the angle the incident proton makes with the 
plane defined by the two recoil protons. If we had 
perfect measuring techniques, we could separate 
elastic and quasi-elastic reactions by requiring A@=a=0. 
In fact, we do have measurement errors and the distri- 
bution of these measurement errors will determine what 
limits to place on A@ and a so as to detect all elastic 
scatterings and also determine how many quasi-elastic 
scatterings are thereby included. 

If we pick A@ as abscissa and a as ordinate, and plot 
each event as a point in the A@—a plane, we find these 
points have a high density near the origin, and a 
decreasing density with increasing distance from the 
origin. It was established that the density of points 
was not a function of direction in the plane. A density 
function F(p) was constructed which gave the density 
of events at the distance p=[a®+(A6)* ]} in the A@—a 
plane. F(p) is composed of the two error distributions, 
first the distribution due to our errors in measurements 


457 MEV 
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Fic. 2. Deviations from coplanarity and proper angular corre- 
lation due to errors in measurement and to the background of 
quasi-elastic carbon events. The deviations are expressed as 
[a?-+ (A@)?]}#, where a measures the deviation from coplanarity 
and Aé@ the deviation from the angular correlation corresponding 
to free target nucleons at rest. The density of events as a function 
of [a?+ (A9)*}! is shown as a histogram. The function correspond- 
ing to measurement errors alone (obtained by a separate test) is 
shown as solid circles with errors. No measurement error was 
detected with [a?+ (A6)*]#<5°. Therefore, all deviations beyond 
5° are assumed to be quasi-elastic. 











of angles, and second the distribution due to the 
quasi-elastic interaction with carbon nucleons. F(p) is 
plotted in Fig. 2. 

If two independent measurements are made on the 
same single angle, the difference of the measurements 
is Ad, by definition. The distribution in Aé determined in 
this way is exactly that part of F(p) which is due solely 
to our angle measurements. The measured distribution 
in A@ is shown in Fig. 2 as solid circles. This distribution 
has been normalized to F(p) at the peak. No events 
were found in the measured distribution with Aé@ 
greater than 5°. This analysis indicates that the back- 
ground of quasi-elastic events extends linearly into 
the region 0°<p<5°, 

This extrapolation has some experimental justifi- 
cation due to the work of Chamberlain and Segré." 
In this reference, the authors scattered 350-Mev 
protons on lithium and investigated the angular 
correlation of quasi-elastic scattered protons. They 
found a broad smear in their angular distribution and 
since carbon is a more complicated nucleus, one might 
expect an even greater smear. 


430. Chamberlain and E. Segré, Phys. Rev. 87, 81 (1952). 
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In the light of the above discussion, the extrapolation 
was made as shown in Fig. 2. This implies that 
10%+3% of all events such that p<5° are quasi- 
elastic and should be subtracted. 

If one prong stops in the chamber, we can measure 
the energy of this prong and this is a further kinematical 
check on that event. No such events were included in 
the above analysis. Out of 15 events where one prong 
stopped and p<5°, one had a range much too long to 
be a proton-proton elastic scattering. This is consistent 
with the assumption that 10% of all events are 
quasi-elastic. 

In order to insure the detection of small-angle events, 
our scanner looked along the tracks by means of suitably 
placed mirrors. Since our tracks are straight, and since 
the mirrors foreshorten the view, any kink is obvious. 
One-prong scatterings of thirty minutes are readily 
observed. Every small angle so observed is carefully 
examined at the vertex of the scattering for a second 
prong. We estimate the efficiency for detecting hydrogen 
scatterings at angles greater than 4°50’ (10° in the 
center-of-mass system) is very close to unity, and 
hence this is our cut-off anglé. This corresponds to a 
proton recoil energy of about 3 Mev." 


PROTON BEAM 


The spill-out beam of the University of Chicago’s 
synchrocyclotron was used in this experiment. This 
beam is very similar to the one at the Carnegie Institute 
of Technology.? The experimental setup is shown in 
Fig. 3. The beam is collimated and then bent by a 
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Fic. 3. Schematic diagram of cyclotron, shield wall, external 
beam trajectory defining magnet, counters, and bubble chamber. 


“4M. Rich and R. Madey, University of California Radiation 
Laboratory Report UCRL-2301, March, 1954 (unpublished). 
Their values for carbon and hydrogen were used to compute the 
range-energy relation for C;Hy2. 
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wedge magnet. The protons then pass through two 
small counters defining the beam and then through the 
chamber. The equipment was aligned by means of 
x-ray film which was used to define the proton path. 
After the run, the chamber was replaced by a large 
counter and a range curve in copper was taken. The 
defining counter was one inch in diameter, while the 
last counter was 8 inches in diameter. A $-inch piece of 
Pyrex 774 glass and a 10-mil aluminum foil was placed 
in back of the small counter to simulate the wall of 
the oven and the bubble chamber wall. The range 
curve indicated that the protons entering the liquid 
in the chamber had an energy of 457(+1) Mev with a 
mean spread of 3 Mev. 

Although we did not check this beam for polarization, 
the results at Carnegie Tech? suggest that it is not 
polarized. However, since we measure over all angles, 
regardless of the plane of the event, our results are for 
an unpolarized beam regardless of the initial state of 
polarization of the incoming beam. 


RESULTS AND CONCLUSIONS 


Three results may be derived from our experiment. 
First, a total cross section for interactions of protons 
with carbon, second, a total elastic cross section for 
protons on protons integrated from 10° to 90° in the 
center-of-mass system, and finally, an angular distri- 
bution for protons on hydrogen. 

The total cross sections depend on the knowledge of 
the total track length and the density of the material 
traversed. A total of 1.53 kilometers of track was used 
in the determination of the total cross sections. This 
number is known with an error of 1%. The density 
of pentane is 0.47+0.02 g/cc. Hence the total number 
of kilograms per square centimeter of isopentane 
traversed is 71.8+3.2 kilograms per square centimeter 
of pentane. We have a total of 952 flux carbon events. 
Since isopentane has a formula C;Hi, this gives a 
total cross section for carbon of 317+18 mb. This is in 
agreement with the work done at 408 Mev by Marshall 
et al.,!° whose value for the total cross section is 28515 
mb. This result is also in agreement with the work done 
with 410-Mev neutrons on carbon by Nedzel!'®; his 
value for the total cross section for neutrons on carbon 
is 297+3 mb. 

Our knowledge of the total cross section for hydrogen 
rests on 207 flux events. This number is corrected for 
background as explained in the last part of the ‘Errors 
and Corrections” section. The corrected number of 
events is 186.3 with a standard deviation of 7.7%. 
Using the numbers for path length quoted above, we 
determine a total integrated cross section from 15° to 
90° in the center-of-mass system whose standard 
deviation is 8.8%. Our value is 25.8+2.3 mb. 

The value at 408 Mev" is o(H)=24.0+1 mb. The 


18 Marshall, Marshall, and Nedzel, Phys. Rev. 91, 767 (1953). 
16 VY, Alexander Nedzel, Phys. Rev. 94, 174 (1954). 
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value at 437 Mev? is o(H)=23.8+1.2 mb. The value 
at 460 Mev® is o(H)=22 mb (no error is quoted). 

For our analysis of the angular distribution, we have 
507 events at our disposal. In deciding how to analyze 
these events, one must choose a functional form to fit 
the data. The choice of the functional form should not 
be determined by the data, but rather by physical 
considerations. In the case of identical-particle scatter- 
ing, expansion of the differential cross section into 
even-order Legendre polynomials is a very natural 
choice. The number of terms to use in this expansion 
is dictated by the number of angular momentum waves 
that play a role in the scattering. This can be estimated 
by the semiclassical argument in which the maximum 
orbital quantum number L is taken to be kr, where 
r=2.8X10-® cm, and & is the De Broglie wave number. 
For 457-Mev protons, L is of the order 6; hence, one 
might expect that as many as 7 parameters are required 
in the analysis of the data. Unfortunately, the 507 
events we observed are not sufficient to determine more 
than 5 parameters. However, the coefficients which 
we determine should be valid even though higher order 
terms are present, since we are using Legendre poly- 
nomials (which are orthogonal). It may also be ob- 
served that in the analysis of proton-proton scattering 
at 310 Mev, Stapp'’ finds a reasonable fit to the data 
assuming only L=3. Hence at our energy, an attempt 
to fit the data using terms up to L=4 is not unreason- 
able. This means an expansion of the differential cross 
section into even-order Legendre polynomials up to Ps. 

A least-squares fit was made to the data by grouping 
the events in 10° center-of-mass angular intervals. The 
results of this analysis is as follows: 


da/dQ= {4.10+0.37} { (1.032+0.047) Po 
+ (0.402+0.119) Po+ (0.149+0.172) Ps 
+ (0.198+0.209) P+ (0.507+0.249) Ps} 
mb/sterad. (I) 


The right-hand bracket is the result derived from our 
events, normalized so that the integral from 10° to 90° 
with respect to sinéd@ is one. The left-hand bracket is 
just our total cross section normalized so that the 
product of the two brackets is in millibarns per 
steradian. 

The error matrix associated with the right-hand 
bracket is 


Po P, Py Ps Ps 


Po 0.00216 0.00130 0.00110 0.00150 0.00224 
P2 0.01419 0.00658 0.00756 0.00713 
P, 0.02946 0.01299 0.00957 
Ps 0.04378 0.01984 

0.06179 





In a least squares analysis, one is able to calculate a 
quantity M, which more or less measures the goodness 
of fit. 


a Henry Pierce Stapp, University of California Radiation 
Laboratory Report UCRL-3098, August, 1955 (unpublished). 
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Standard statistical theory'® shows that on the 
average one should have an M value equal to the 
number of experimental points p minus the number of 
parameters m (i.e., M=p—n). In our case, this number 
is 3. The actual M value for this analysis is 3.9, which 
can be considered a good fit." 

As can be seen, the coefficient of P2 is 3.38 times its 
standard deviation, which implies that the ratio of 
the probability that the coefficient be zero to the 
probability that it is 0.402 is 0.3%. The coefficients of 
P, and Ps have errors larger than their values, and 
hence these may be considered zero within their errors. 
The coefficient of Ps is 2.04 times its error, and hence 
the ratio of the probability that it is zero to the proba- 
bility that it is 0.507, is 15.0%. We therefore conclude 
that these data are more consistent with a nonisotropic 
distribution than with an isotropic distribution. In 
particular, the general forward rise associated with 
Pz seems well established and although our errors are 
large, our data would suggest a fine structure corre- 
sponding to Ps. However, this fine stucture is not 
indicated in other work in this energy region. 

Distribution (I) is shown together with the corre- 
sponding experimental points in Fig. 4. In the same 
figure, a second distribution is shown in which just 
the first two terms of (I) are plotted, normalized so 
that the integral of these terms from 10° to 90° with 
respect to sinéd@ is unity. Figure 5 compares our 
best-fit curve to other work in our energy region.?:*°6 
Note that two of the angular distributions shown? ® 
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Fic. 4. Angular distribution with events grouped in 10° 
intervals. The solid curve has the form 1.032P)+0.402P2+-0.149P, 
+0.194P.+0.507Ps. The dotted curve is a plot of just the first 
two terms of the above, normalized so that the interval with 
respect to sindd@ from 10° to 90° is one. The experimental data 
have been normalized so that the area under the points weighted 
with sind is one. 

18R. A. Fisher, Statistical Methods for Research Workers (Oliver 
and Boyd, Edinburgh, 1938). 

19 See reference 18, p. 83. 
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Fic, 5. Other p-p scattering measurements in the 460-Mev 
region. The graphs show the experimental points at the energies 
indicated (references 6,5,2,4) with all work normalized so that 
do/dQ at 90° is 1. Our best-fit curve, similarly normalized, is 
drawn on the first two curves. The abscissa is in the center-of- 
mass angle. 


indicate a forward rise in the cross section. It may also 
be noticed that the work in this region shows a slight 
tendency to have low points near 30°. If this is more 
than a statistical fluctuation, it would be an indication 
of the presence of angular momentum states higher 
than L=1. Our analysis suggests that this might be 
due to the effects of G and H waves. 

An evaluation of the apparatus used in this experi- 
ment depends not only upon the accuracy of the 
measurements, as discussed in the section on errors 
and corrections, but also on the effort required to do 
the work. The experiment required about 200 hours of 
cyclotron time for beam extraction, range curve 
measurement, and exposure of the film. The scanning 
took about 10 months for one scanner. The factors 
relating this effort to the number of events are: total 
number of pictures (85000); the recycling time (4 
seconds); the density of hydrogen in the chamber 
(0.078+0.003 g/cc); and the number of pictures 
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Fic. 6. A 16°42’ elastic proton-proton scattering. 


scanned per day (425). The time required to put the 
data on film compares favorably with counters, but 
the major effort must go into interpreting the film. 
With a large scanning and computing group, one 
might compete with counter work even in experiments 
which are most favorable to counters. A photograph 
of a scattering event, as it is seen on our scanning table, 
is shown in Fig. 6. 
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The differential cross section for the production of mesons by electrons has been calculated to first order 
in the fine structure constant as a function of the meson angle and energy. It is possible to split the transition 
probability into two terms, one of which is proportional to the photomeson differential cross section (the 
Williams-Weizsicker approximation), the other containing longitudinal current and other corrections. 
Experimental cross sections were used in the first term and the correction term was calculated using the 
Chew-Low theory. The cross section was calculated on the Iliac (the electronic digital computer at the 
University of Illinois) for seven electron energies from 350 Mev to 560 Mev, for meson energies at intervals 
of 15.5 Mev, and for meson angles of 45°, 90°, and 180° in the laboratory system. 


I. INTRODUCTION 


[* order to avoid complications in the calculations of 
processes involving relativistic collisions of charged 
particles, Williams' and Weizsicker? independently 
conceived the technique now known as the Williams- 
Weizsicker approximation. The essential conditions 
that must be imposed on the process are that the rela- 
tivistic charged particle undergo very small deflection 
and that its motion can be treated classically. This 
implies that the difference between the energy transfer 
and the magnitude of the momentum transfer (A= c= 1) 
be small. The procedure is to take a spectral distribution 
of the almost transverse electromagnetic field of the 
incident particle and to replace the particle by a field 
of photons having this energy distribution. The photon 
cross sections are generally simpler to calculate, and 
the approximation consists of the statement that the 
entire electromagnetic behavior of the particle is 
equivalent to this field of virtual quanta. It is clear 
that only forward-scattered electrons will give rise to 
photons (each of whose momentum is the momentum 
transfer) which also travel in the forward direction. 
The result of this approximation is a total electron 
cross section for the process.’ 

If one wishes to do better than this approximation 
in the case of the inelastic scattering of electrons by 
nuclear systems, then it is not necessary to emphasize 
the photon-like qualities of the electron; however, the 
inadequate knowledge of nuclear systems tempts one to 
express the result in terms of the photon cross sections, 
if possible, in order to be able to make use of experi- 
mental information. One can then not only check the 
validity of the Williams-Weizsicker approximation, but 
also determine, by calculating the residue, whether the 
nonphoton-like qualities of the electron can yield 
further information concerning the nuclear system. 

* Based on a disertation submitted in partial fulfillment of the 
requirements for the Ph.D. degree at the University of Illinois. 


+ Most of this work was performed while author was a National 
Science Foundation Predoctoral Fellow. 

1E. J. Williams, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 13, No. 4 (1935). 

2C. F. von Weizsacker, Z. Physik 88, 612 (1934). 

3W. Heitler, The Quantum Theory of Radiation (Oxford Uni- 
versity Press, Oxford, 1954), third edition, p. 414. 


In this paper the problem of the production of 
mesons by electrons incident on hydrogen (in particular 
m+ production) is treated by splitting the transition 
rate into two terms: one proportional to the photomeson 
cross section and the other containing what is left over. 
The procedure followed was to identify those terms in 
the transition probability which were quadratic in the 
transverse current of the meson-nucleon system. After 
a suitable correction involving the difference in the 
density of states between the photomeson problem and 
the electron-meson problem and an adjustment of the 
direction of the virtual photon, these terms are propor- 
tional to the transition probability for photomeson 
production. With the splitting completed, three calcu- 
lations were performed: (a) a first approximation to 
the photomeson term, resulting in the classical Williams- 
Weizsicker approximation; (b) a correct calculation of 
the photomeson term, resulting in what may be called 
the generalized Williams-Weizsicker approximation; 
and (c) a calculation of the correction term, i.e., of 
what is left over in the above splitting. The classical 
Williams-Weizsicker approximation (a) is of order 
log(E/m), where E is the electron energy and m its 
mass. On the other hand, all corrections to (a), whether 
(c) or the difference between (b) and (a), are of order 1. 
Thus the higher the electron energy, the better is the 
classical Williams-Weizsicker approximation. 

This division of the transition probability, although 
somewhat arbitrary, is completely general and the 
resulting expression can be used for any process in 
which an electron interacts via the electromagnetic 
field with a matter system, resulting in a new particle 
being created (e.g., nuclear disintegration). Only trivial 
phase space corrections need be made. 

Calculations were made using experimental cross 
sections for the first or Williams-Weizsicker term. The 
correction term, depending as it does on nonexperi- 
mental amplitudes, was calculated using the theory of 
photopion production recently developed by Chew and 
Low.‘ The pion scattering phase shifts were also taken 
from experiment by using Orear’s determination’ of 

4G. F. Chew and F. E. Low, Phys. Rev. 101, 1579 (1956). 

5 J. Orear, Phys. Rev. 100, 288 (1955). 
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Fic. 1. The low- 
est order Feynman 
graph for the pro- 
duction of mesons by 
electrons. 
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the constants in the effective-range formula of Chew 
and Low.® 

The results for 525-Mev electrons are that the 
classical Williams-Weizsicker approximation predicts 
a theoretical electron-meson cross section which is too 
high by about 19% and that the correction term (c) 
contributes about 5% to the total theoretical cross 
section. Comparison with experiment is made in Sec. V. 


Il. TRANSITION PROBABILITY PER UNIT TIME 


The process to be considered is shown graphically in 
Fig. 1. The electron-photon interaction will be carried 
to first order in the fine structure constant, while the 
meson-nucleon system will be treated exactly as long 
as possible. In terms of the S-matrix formalism, this 
means that the meson-nucleon system will be treated 
in the Heisenberg representation and the electron and 
photon fields in the interaction representation. The 
Hamiltonian is 

H=H,+H1, 
with 


Ho=HatHAypnt+Hn and AHr=He-pntHy-pr. (1) 


Here H,., and H,» are the free-electron and photon 
Hamiltonians and Hy is the total Hamiltonian for the 
meson-nucleon system. It is assumed that both inter- 
actions are of the form — /dxj,(x)A,(x),’ and thus 


(2) 


B= fanCinr)+ i.) 


where 7,°(x) and j,%(x) are the electron and meson- 
nucleon 4-currents, respectively. 

When use is made of the fact that all the fields 
commute with one another and of the fact that the 
photon propagation function has the property Dr(—«x) 
= Dr(x), the lowest order contribution to the S matrix 


6 G. F. Chew and F. E. Low, Phys. Rev. 101, 1570 (1956). 

7 Notation convention: the 4-vector «= (x,ixo) and the 4-inner 
product is %,,4=Xx-y—<oyo. The element of 4-volume is dx, of 
3-volume dx. 
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between the initial and final states may be written 
Su=— f dedyDe(e— yal jn) PXPLIMODIN, @) 


where p and g are the 4-moments of the initial and final 
electron, respectively and F and J represent the final 
and initial meson-nucleon states. Since 


(q| ju°(x) | p)= te, exp[i(pr— gr)*r ](Ug7 uty), 


4 
Fl j.¥(@)|=explilapwn KF j.%(0)1, © 


and 





Dr(x)= 


1 —— 
(29) %i k,k, 


Eq. (3) becomes 


Syi= — (2a) *e-(Ryky) (Uy utp) 
X(F| j,% (0) | 1)8*(Apw—k), (5) 


where k,= p,— qa, the 4-momentum loss of the electron, 
and Apy is the 4-momentum gain of the meson-nucleon 
system. The transition probability per unit time follows 
from (5) after squaring S;;, summing over final electron 
spin states and averaging over initial states: 


|Sj|*/T=2nK-*e2| M|*8(SEy— bo) 


(6) 


where 


|M | t= (2EpEq) [2 KS ut pugrt Pru] . 
XCF [Jul TXT] Jot] F). (7) 


Here ik is the fourth component of k,, E,= (p?-+m?)}, 
J,= 5% 0), J,t=(Jt,iJot), and K?=kyky. If the square 
of the 4-momentum transfer K? is written in terms of 
the final electron angle 6, 


K?= 2[ —-m?— pq cosd+ E,E,], (8) 


where p and g are now the magnitudes of p and q, 
respectively, then for p, g>>m, (8) becomes 


K?= 2pq[1—cos6+ }m?p*q*(p—q)?]. (9) 


Thus K? is very small for 6=0. Since K‘ appears on the 
denominator of (6), the transition probability per unit 
time becomes very large for forward electron scattering 
unless |M|* vanishes as @ for sma!l angles. We shall 
see that that part of |M|? which is related to the 
photomeson cross section goes to zero as @ for 0-0, 
whereas the rest of |M|* goes as @*. This fact is the 
field theoretic justification of the Williams-Weizsicker 
approximation. 


III. SEPARATION OF THE WILLIAMS-WEIZSACKER 
TERM 


In order to identify those parts of |M|* which 
describe the photon-like effects of the electron, the 
meson-nucleon current is written 


(F|J|I)=at+h, (10) 
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where ak, b/|k and k is the space part of k,. The 
continuity equation and its complex conjugate, 


(Pu-QuXF | J, | 1)=k, KF | J,|1)=0 
and 
k,(I|J,t| F)=0, 
can be written 
(F| Jo| )=kko-(F | J| I) 
and 
(I| Jot| F)=kko- [Jt F). 


Using (10), (11), and (12), (7) becomes 


|M|?= (2E,E.)"[$K?| a|?+2| p-al? 
+2{ (p— ko E,k)- bp-a*+ p-a(p— ko E,k) - b*} 


+2| (p— RoE yk) -b|?— (2ke?)-1K4|b 2]. (13) 


Now the matrix element for photomeson production 
is a, the transverse component of the meson-nucleon 
current. It is immediately apparent that the first term 
on the right-hand side of (13) is proportional to the 
photomeson cross section. The only other term which 
is quadratic in a is the second term, and it is shown in 
the appendix that 


2a 
: -al2d&d=limk 4252b—? cin? 
im f | p-a|*dp=lim} p’4"k sin 


where 6 and ¢ are the polar angles of q with respect to 
p, and p, g, and & are the magnitudes of p, q, and k, 
respectively. 

As stated in Sec. II, the forward electron angle is 
weighted heavily by the presence of K~ in (6). Further- 
more, only the integrated cross section is desired. 
Therefore, writing 


| p-a|?= (2k)1p%¢? sin’9| al? 
+{ | p-a|?— (2k*)-1p%¢? sin’ a?) 


concentrates the major contribution of | p-a|? to the 
cross section in the first term on the right. 

It is at this point that the choice is made to perform 
the calculation in the laboratory system. Two compli- 
cations arise and must be dealt with. The first arises 
from the fact that the relationship between the energy 
and the momentum of the virtual photon is not that 
for a real photon. The energy equation that must be 
satisfied in the laboratory system for the electron 
production of mesons is 


E,—E,—wr+ M—[(p—a—I)*+- M7 }'=0, 


2a 


|a|*dp, (14) 


(15) 


(16) 


where / is the meson momentum, w its energy and M 
the nucleon mass. For photoproduction of mesons, on 


the other hand, the energy equation is 
k—or+M—[(k—1)?+M?}!=0. (17) 


If we define, as above, k= p—q, then it is clear that 
Eqs. (16) and (17) are not consistent. If we neglect 
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the mass of the electron, however, then for forward 
electron scattering the equations are identical. 

A similar situation exists with respect to the second 
complication. Here the difficulty is that the virtual 
photon does not have a fixed direction, but rather one 
that varies as the electron final angle changes. If the 
photon had the same direction as the incident electron, 
then the angle of the meson with respect to the incident 
beam would be the same for electron production as for 
the corresponding photoproduction. Again this situation 
is realized when the electron is scattered forward. The 
factor K-* in (6) tends to lessen both of these diffi- 
culties. 

The following prescription takes into account both 
of these complications. Let the meson angle and energy 
be fixed as well as the final electron angles, and then 
solve (16) for the final electron momentum q’. Assuming 
that a solution exists, write k’/=|p—q’|, and replace 
(17) by, where II, 


k!—w+M—[(k'pp—l’)2+M2}'=0. (17a) 


The solution w;’ of (17a) is the energy of the meson in 
the analogous photomeson process. In general w;’#wi. 
Thus if the amplitude squared for electron-meson 
production is |a(k’,w,cosy)|*, where y is the angle 
between k and I, then the corresponding amplitude 
squared for the photomeson production is |a(k’w’, 
cos@)|2, where 6 is the angle between p and I. Since 
the amplitudes are equal (for zero electron mass) in 
the forward electron direction, then setting 


| a(k’,w,cosy) |?= | a(R’ wz’ ,cosp) |? 


+ {| a(k’wi,cosy) |?— | a(k’wz’,cos8) |} (18) 


again puts the largest contribution to a in the first 
term on the right. Finally the photomeson cross section 
is given by 


da ™ 1 =( 
tines 1 
dQ, 4(2n)? Rk’ 


[(pp—V)+ Me} 
X | a(k’ wr’ ,cosg) |*. 


wi'[1— (R'/1') cosé ] ) 


(19) 


If only one solution to (16) exists,* then the total 
electron cross section can be written 


d’o* 


Pot do 


—_— =, (20) 
dQ dw, dQ dw, dQ day, 


where d’o”/dQidw, is the generalized Williams- 
Weizsicker approximation and d’o*/dQidw; is the 

8In any three-body problem the energy and momentum 
equations do not suffice to specify uniquely the momentum of each 
particle. If the meson momentum is fixed and all angles are fixed, 
then there may be two electron momenta (and therefore two 
nucleon momenta) which satisfy the energy-momentum relations. 
In this paper no calculations are made at the very top and bottom 
of the meson energy spectrum where such multiple solutions exist. 
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Fic. 2. Photomeson cross sections at laboratory angles of 45° 
90°, 180°. The dotted portion of the curves are extrapolations 
from the experimental points indicated by the solid line. 


correction to the first term of (20). The first term is 


Po” 4e,? R' lor f (p,9' 0) 
[2 
Qg 


Vw, 


dQydeo, (2m)? 
wi'[1—(k'/l’) cose] 
x(14 ) 
[(k’p*p—l’)?+M?}} 
( q (q’— | p—I| cosé) ) do™™ 
E/ ((p—q’—1)*+M"*}! 





——(k’,cos@), (21) 
dQ, 


where 
S(p.q' 0) =3q° Ep 1K’ (3K? — p’q?k’ sin’@), (22) 


and 6 is the angle between p—I and q. This is the im- 
portant term and depends on a particular meson theory 
only through the photomeson cross section. All other 
dependence comes from either phase space considera- 
tions or quantum electrodynamics. With minor changes 
in the square brackets under the integral in (21), the 
expression is valid for any process, giving rise to a new 
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Fic. 3. Generalized Williams-Weizsicker approximation to 
electron-meson production cross section for an incident electron 
energy of 3.75 wc? and for meson laboratory angles of 45°, 90°, and 
180°. 
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particle (with momentum J), induced by an electron 
through its electromagnetic field. In such a case 
do™*/dQ; would be replaced by the corresponding 
photon-induced cross section. 

The integral in (21) has a logarithmic dependence 
upon the electronic mass. This can be seen by going to 
very small angles 6 where everything except /(p,q’,0) 
has a smooth behavior. If advantage is taken of the 
peaked quality of f(p,g’,@) and the remainder of the 
integrand is evaluated at 6=0, then the integral can 
easily be performed. This yields a first approximation 
to the cross section: 


Pot al ¢ 2pq 
9m) 
dQ dw, Tv k r mk 


dov¥™ M+k—w,(k/l) cosB 
ee 
dQ,  M—awa;+l cosé 





» (23) 


where terms independent of m/p have been dropped as 
small compared to log(p/m). This expression corre- 
sponds to the expression for the radiation length in the 
article by Panofsky et al. concerning the experimental 
side of this problem.’ Equation (23) is close to what 
would have been obtained using the classical Williams- 
Weizsiicker approximation, although the argument of 
the logarithm is not too well defined. Figure 4 shows 
how (23) compares with (21). 
The second term on the right side of (20) is 


d’o° e, leo,q"? 


= (A+B+C) 
dQida, (2n)'IJo, 2Ey pK" 


q — (q’—|p—I| cosé) 


~1 
= -——*—) dQ,, (24) 
E/ [(p—q’'—1)*+M*} 


where 
A= (}K”"— pqk’ sin*6){ | a(k’,wi,cosy) |? 
— | a(k’ wor’ ,cosp) |?}, 
B=2(|p-a|?—}p’q"k' sin’|a|?), (25) 
C= 2{ (p— ko’ E,k’)- bp-a*+ p-a(p— ko’ E,k’) - b*} 
+2] (p—ko’ Ek’) - b|?— ho’? K"4| b|?. 


The arguments of a and b are (k’,w),cosy) if not shown 
explicitly. This is the correction term to (21) and can 
only be calculated if a detailed theory of mesons is 
available. A little study shows that there is no loga- 
rithmic dependence in (24), but rather the integrand 
is smooth at all points. 


IV. CALCULATIONS 


Equation (21) lends itself immediately to phenome- 
nological treatment. In this paper the photomeson 
cross sections for production from protons were taken 


* Panofsky, Newton, and Yodh, Phys. Rev, 98, 751 (1955). 
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from Cal Tech data” and a compilation by Bernardini" 
of data from Rome and Illinois. Since the photon 
energy required in Eq. (21) exceeds that available 
from experiment, it was necessary to extrapolate (see 
Fig. 2) the cross sections rather far beyond the experi- 
mental points. On the other hand the factor [{(p,q’,0) 
becomes relatively small in the region where the extra- 
polated points are used, and sample calculations with 
wide variation in the extrapolation show that little 
error is introduced by this procedure except at the 
highest meson energies. The results are tabulated in 
Table I and the cross sections for p=3.75 u are shown 
in Fig. 3. 

In order to calculate Eq. (24), the theory of photopion 
production of Chew and Low was used. If one assumes 
the photopion amplitude suggested by them to be a 
good approximation, the amplitude is 


(V+-xt|J)y+P) 


ea eee | P 


| hn al 
Ck—-I)*+u"] | 


= V a 


(NV |2(Ixk)—i(eXI)Xk|P), (26) 
where e, is the rationalized charge of the electron, f, 
the rationalized pseudovector coupling constant, up 
and uy the magnetic moments of the proton and the 
neutron, respectively, /33(w:) =/-*e**s3© sind33(w1), and 
(N| and |P) are the spin states for the neutron and 
proton, respectively. 53; was calculated using the effec- 
tive-range formula of Chew and Low with an experi- 
mental determination of the constants by Orear. Again 
it was necessary to extrapolate a formula, in this case 
the effective-range formula, beyond the range in which 
it is valid. However, the inappropriate region lies 
beyond the (3,3) resonance and the /~* in the expression 
for 433(w1) becomes predominant here. 

Since the Chew-Low formalism treats only the static 
limit, ie., M—+o, the phase space factor in (24) should 
be set equal to E,/q for consistency. Similar changes 
have to be made in (16) and (17a). Furthermore, the 
mass of the electron can be successfully set equal to 
zero without introducing a singularity, since the inte- 
grand goes to zero for 6-0. The error introduced by 
these approximations are discussed in Sec. V. 

The calculation was performed with the aid of the 
Illiac, the electronic digital computer at the University 
of Illinois, for seven electron energies from p= 2.5 u to 
p=4.0u, for meson energies in steps of 0.125 u from 
w;=y to the maximum allowed by energy and momen- 


10 Keck, Walker, Tollestrup, and Watson, Phys. Rev. 101; 1159 
(1956). 
1G, Bernardini (private communication). 
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TABLE I. Values of d’o”/dQidwi, the generalized Williams- 
Weizsicker approximation, for various electron energies, and 
meson energies and angles in units of oo/uc?, where oo is the 
Thomson cross section for pions. 


8=90° 8=180° 


8 =180° | 


| 
| 
| 
| 
| 


wi/u B=45° B=90° 
b/p=2.50 


0.0000 0.0000 
0.1192 0.1328 
0.1368 0.1570 
0.1412 0.1682 
0.1432 0.1680 
0.1454 0.1468 
0.1452 0.1084 
0.1404 0.0000 
0.1270 
0.0986 
0.0456 
0.0000 


0.0000 
0.1604 
0.1920 
0.2080 
0.2106 
0.1876 
0.1474 
0.0994 
0.0598 
0.0332 
0.0188 
0.0068 
0.0000 


0.0000 
0.1290 
0.1330 
0.1238 
0.0636 
0.0284 
0.0106 
0.0044 
0.0000 


0.0000 | 
0.1052 
0.1068 
0.0968 
0.0436 
0.0000 


“my 
S~2AaAns 
aASumnound 


0.1802 
0.1818 
0.1784 
0.1664 
0.1392 
0.1182 
0.0960 
0.0794 
0.0658 
0.0536 
0.0420 
0.0272 
0.0000 


NIAuUwre 


SUN onrun 
ASunduon 


ne 


b/u=2.75 


0.0000 0.0000 
0.1260 0.1404 
0.1450 0.1668 
0.1500 0.1790 
0.1524 0.1798 
0.1552 0.1588 
0.1556 0.1226 
0.1516 0.0782 
0.1402 0.0112 
0.1154 0.0000 
0.0938 

0.0668 

0.0376 

0.0000 


S 
—) 


0.0000 
0.1120 
0.1140 
0.1044 
0.0520 
0.0092 
0.0000 


CNMIAUMWN- 
“IM h 


n 


= a 
i) 
nes 


Quy 
aononouw 


b/u=3.75 
0.0000 0.0000 
0.1480 0.1660 
0.1718 0.1994 
0.1790 0.2164 
0.1930 0.2196 
0.1878 0.1962 
0.1898 0.1544 
0.1864 0.1044 
0.1740 0.0632 
0.1456 0.0356 
0.1238 0.0214 
0.1010 0.0118 
0.0838 0.0000 
0.0700 
0.0580 
0.0476 
0.0388 
0.0294 
0.0106 
0.0000 


S 


0.0000 
0.1338 
0.1388 
0.1296 
0.0668 
0.0300 
0.0118 
0.0026 
0.0000 


SeOUIDAUwWNHE 
“IU bd 
Oo 


Mb 
oun 


RNONKNNE Ree ee ee 
whe 


p/u=3.00 


0.0000 0.0000 
0.1322 0.1476 
0.1526 0.1758 
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tum conservation, and for meson laboratory angles 
B= 45°, 90°, and 180°. The results are shown in Table II, 
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TABLE IT. Values of d*e*/dQidw1, the corrections to the general- 
ized Williams-Weizsicker approximation, for various electron 
energies, and meson energies and angles in units of oo/uc*, where 
oo is the Thomson cross section for pions. 








p=45° 
p/n=2.50 
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0.0013 
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0.0033 
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and the curve for p=3.75 4 and B=90° is shown in 
Fig. 4. 
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Fic. 4. Exact and approximate electron-meson cross sections 
and contributions to the electron-meson cross section from various 
effects for an incident electron energy of 3.75uc? and meson 
laboratory angle of 90°. —-—- Generalized Williams-Weizsicker 
approximation; —-—-— — corrections to electron-meson cross 
section from nonphoto-meson effects; classical 
Williams-Weizsicker approximation ; electron-meson 
cross section. 


V. DISCUSSION OF RESULTS 


The correction term (24), which contains energy 
shell corrections as well as longitudinal and temporal 
current effects, contributes about 5% to the total cross 
section as can be seen in Fig. 4. This correction is 
positive and adds to the photomeson term. It is inter- 
esting to note that the total cross section lies between 
the classical Williams-Weizsicker approximation and 
the generalized Williams-Weizsicker approximation 
developed here.” 

The actual value of the correction term is in doubt, 
since the static theory was used in its evaluation. 
Sample calculations, assuming equal longitudinal and 
transverse electric dipole matrix elements, indicate that 
the theory with recoil gives results which are greater 
than those from the static theory by about 50%. This 
means that the correction term could contribute as 
much as 8% to the total cross section. 

A comparison of the results of this calculation with 
the results of Panofsky, Woodward, and Yodh" is 
shown below; the parameter X, is the effective radiation 
length defined by them and is given by 


@oe* /dQydo 
Sus ( 
da%*/dQy 


M—w +l cos8 1 
vena 
M+k— (kw,/l) cosB N xk 


where N,dk is the number of bremsstrahlung photons 
produced in a copper radiator of one radiation length 





12 This result differs from the results quoted at the 1956 meetings 
of the American Physical Society in New York [R. B. Curtis, 
Bull. Am. Phys. Soc. Ser. II, 1, 52 (1956) ]. It was stated there 
that the generalized Williams-Weizsicker approximation was 
greater than the classical Williams-Weizsicker approximation. 

8 Panofsky, Woodward, and Yodh, Phys. Rev. 102, 1392 


(1956). 





MESON PRODUCTION BY ELECTRONS 


thickness. At an incident electron energy of 600 Mev, 
we have: 
T,+=60 Mev, B=75° T,+=170 Mev, B=75° 


0.0228 
0.0191+0.0011 





(X «theoretical 
eJexperimental 


0.0181 
0.0178+0.0023 
These results are between the theoretical values quoted 
by these authors for the cases (1) pure electric dipole 
absorption, longitudinal and transverse matrix elements 
equal, and (2) magnetic dipole absorption. In order for 
the T,+=60 Mev result to be brought into agreement 
with the experimental result, it would be necessary for 
the correction term (24) to be negative and to con- 
tribute at least 10% to the cross section. There is no 
evidence of such beherl ior in the theory used here. 

It is possible that the discrepancy noted above could 
be reduced by including the so-called small phase shifts 
in (38). At this low energy, these phase shifts are of 
comparable magnitude with the (3,3) phase shift and 
tend to cancel the effects of the (3,3) phase shift, i.e., 
to reduce the contribution of the magnetic dipole term. 
In any case these considerations are not sufficient to 
cause the correction term to become negative. 

In view of the fact that the most reliable model of 
the meson-nucleon system (static model) does not 
include recoil effects, it is difficult to predict whether 
or not recoil could help to account for the difference 
between theory and experiment at low meson energies. 
Such speculations must await a more adequate theory. 


APPENDIX" 


The dyadic aa* (assuming that the initial and final 
spins have been averaged and summed, respectively) 
can only depend upon k and I, where I| is the meson 
momentum. Therefore in general 


aa*= AI+ Blk+Ckl+ Dil+ Ekk, (A-1) 


where A, B, ---E are functions of k’, P, and k-I by 
reason of invariance and where I is the unit dyadic. 
However, 


k-aa*=0=aa*-k (A-2) 


by the definition of a. Using (A-2) and the independence 
of k and I, (A-1) becomes 


a* = (D/k*)[(k-1?I— (k-1) (k+kI) +) 
— E[RI—kk]. (A-3) 


Since |p-a|?=p-aa*-p, 
| p-a|?= (D/k*)[(pXq) XI P— E(pXq)’, 


“4 This argument was suggested by F. E, Low (private com- 
munication), 


(A-4) 


where q= p—k. Also |a|?=a-a* and thus 
| a|?= (D/k*)((1-k)?+PR? ]—2ER’. (A-5) 
If the direction of p is taken to be the z axis, then 
p= p2, 
1=/ cos82+/ singe, 
q= 4 cos62+q sind cosp#+q sind sings, 
k= (p—q cosd)8—g sin cosp#—q sind sing?, 


(A-6) 


where #, #, 2 are unit vectors along the x, y, 2 axes, 
respectively. Substituting (A-6) into (A-4) and (A-5) 
yields 
| p-a|?= { (DP/k*)[cos*8+sin’8 cos’ ] 
—E}p'¢? sin’ (A-7) 

and 

DP/k?)[ (cos’8+4 sin?@) 

pi’ sinO(¢’ cos’8 sind+q’ sin’ sin8 cos’ 

+2 cos8(p—g cos@)q sinB cosp) |— E}2k?. (A-8) 


Now for @ small, D and E are weakly varying with 
¢, and in the limit as @-0 they are independent ot ¢, 
as can be seen from the expression I-k=/(p—q cos@) cos8 
—/q sing sin@ cos¢. If the integral over ¢ is performed 
in the limit 6-0, then 


Qn 


ope ea eee cal? 
limp*q- sin of |p-al%de 


0 


= 2n{ (Dol?/ki?)[cos*B+} sin’?@]— Eo}, (A-9) 


and 


Qn 
lim}k-? f |al’de 
6-0 0 


= 2n{ (DoP/ko?)[cos’e+3 sin38]—Ey}, (A-10) 


where the subscript 0 denotes the value of the function 
at @=0. It follows from (A-9) and (A-10) that 
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|a|?dp. (A-11) 
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A calculation is made of the photodisintegration of the deuteron which is caused by a meson being photo- 
produced on one of the nucleons of the deuteron and then subsequently being reabsorbed by the two nucleons. 
The measured photomeson production cross sections in hydrogen are separated into S-wave and P-wave 
parts so that the production of mesons on the neutron can be computed. The probability of meson reabsorp- 
tion after production is taken as 0.11; this value results from Austern’s calculation of the effects of P-state 
mesons. The effect of virtual production and reabsorption of S-state mesons even below the meson threshold 
is shown to be very important. Calculated values of the total cross section agree rather well with the experi- 


mentally measured cross sections. 





HE total cross section and the angular distribution 
of the photodisintegration of the deuteron have 
been measured from threshold to an energy of about 
500 Mev.! Up to about 30 Mev, the results are in 
accord with the theory? which neglects mesonic effects 
except insofar as they determine the wave function of 
the deuteron. However, at higher energies the measure- 
ments show cross sections which are much larger than 
predicted by this theory, and in the vicinity of 300 Mev 
a maximum is evident which obviously has some corre- 
spondence with the peak in photomeson production 
that occurs at the same energy. Austern* has applied 
the nucleon isobar (3/2, 3/2) as an intermediate state 
in the disintegration process and is able to show qualita- 
tive agreement near 300 Mev. Zachariasen‘ is also able 
to reproduce the qualitative features near 300 Mev by 
applying the Chew meson theory. Neither treatment 
gives even qualitative agreement in the energy region 
between 50-200 Mev, presumably because of the neglect 
of processes corresponding to production of mesons in 
S states. 

The application of Fermi’s phase space argument® 
gave a reasonable prediction of the high-energy be- 
havior of deuteron photodisintegration. In this picture 
mesons are photoproduced on the separate nucleons. 
These mesons will be subsequently reabsorbed if the 
two nucleons are within a distance of about /yc. The 
available phase space is then much greater for emission 
of only two nucleons than for emission of two nucleons 
and one meson; hence photodisintegration is the most 
probable result of meson reabsorption. The present 
note is simply a more careful restatement of that phase 
space argument. 

The cross section for photodisintegration on the above 
picture will be given by 


mn a= 9(T) npPPnp Pr (1) 


1L. Allen, Jr., Phys. Rev. 98, 705 (1955); Whalin, Schriever, 
and Hanson, Phys. Rev. 101, 377 (1955) ; Keck, Littauer, O’Neill, 
Perry, and Woodward, Phys. Rev. 93, 827 (1954); J. Keck and 
A. Tollestrup, Phys. Rev. 101, 360 (1955). 

2 L. Schiff, Phys. Rev. 78, 733 (1950) ; J. Marshall and E. Guth, 
Phys. Rev. 78, 738 (1950). 

3N. Austern, Phys. Rev. 100, 1522 (1955). 

4 F. Zachariasen, Phys. Rev. 101, 371 (1956). 

5 R. R. Wilson, Phys. Rev. 86, 125 (1952). 


where o(),» is the total cross section for production of 
mesons of any kind on the neutron and proton of the 
deuteron, if one assumes that production on each 
nucleon is independent of the presence of the other 
nucleon. P is the probability of reabsorption of the 
meson and is given roughly by the fraction of time that 
the two nucleons find themselves within a distance of 
h/uc. Austern’s* isobaric-state calculation gives 0.11 for 
the probability of meson reabsorption and this corre- 
sponds to the two nucleons having to be within a 
distance of 0.7h/uc for meson reabsorption to occur 
(Hulthén wave function assumed). The density of final 
states of the two nucleons is p,», and p, is the density 
of final states of the meson in photoproduction on a 
single nucleon. 

The meson cross section o(7)n» in (1) is determined 
from measurements of photoproduction of + and 7° 
mesons in hydrogen.* The production has been sepa- 
rated into S and P states as follows: 


o(P) np=3a(r") », (2) 


a(S) np= 2.4[o(4*) p— 3o(n°) |, (3) 
and 


o(@) np=9(S)npto(P) np (4) 


where o(r°), and o(r*), are the measured total cross 
sections for photoproduction of x° and a+ mesons in 
hydrogen. The relation (2) assumes that all the pro- 
duction of 7° mesons in H is through the (3/2, 3/2) 
state and hence that the production of charged mesons 
through this state is one-half of the production of 7°’s. 
The relation (3) assumes that all the photoproduction is 
in either S or P states and that the S-state production 
can be obtained by simply subtracting the P-state 
production which is given by $¢(7°) ». The results of this 
analysis are quite in accord with the analysis of the 
angular distributions. The factor 2.4 in (3) comes from 
assuming that the extra current due to the recoiling 
proton in mw production on the neutron gives an 
enhancement of the cross section of 1.4 over the pro- 
duction of r+ on the proton. The cross sections o(P) np 
and o(S),», are plotted in Fig. 1 as dotted curves. 


°H. A. Bethe and F. de Hoffmann, Mesons and Fields (Row, 
Peterson and Company, Evanston, 1955), Vol. 2. 
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Fic. 1. The dashed curves show the total cross section for 
photomeson production on both nucleons of the deuteron and 
including mesons of plus, minus, and zero charge. The curve 
marked o(S)n» refers to S-wave mesons and the curve marked 
o(P)np refers to P-wave mesons. The solid curves are obtained 
from the dashed ones by dividing by pz, the density of final states 
of the meson-nucleon system; the scale is relative for these curves. 


The solid curves of Fig. 1 are obtained from these 
curves by dividing by the density of final states, i.e., 
the square of meson momentum divided by the relative 
velocity between meson and recoiling nucleon. Hence 
the solid curves represent a measure of the interaction 
between photon and nucleon or of the matrix element 
for meson production. For production in the S state, 
we expect on the most simple interpretation a dipole 
interaction of the photon with a virtually emitted meson 
and we expect this interaction to be constant at low 
energies. The solid curve for the S-wave interaction is 
seen to approach a constant value near threshold, as 
Bernardini and Goldwasser’ have already noted. We 
therefore extrapolate that o(S)n»/p, will remain con- 
stant below threshold and that it gives a measure of the 
interaction between a photon and a virtually emitted 
meson. These mesons will also be available for reabsorp- 
tion and eventual photodisintegration just as well as 
mesons which could become free. 

Figure 2 shows the results of computing Eq. (1): 
Curve S gives the total disintegration cross section due 
to S-state mesons, and curve P is the cross section due 
to mesons produced in a P state. The curve marked 
“Schiff” shows the theoretical calculation of photo- 
electric processes which was made neglecting the direct 
meson effect treated here.’ Since interference effects can 


7G. Bernardini and E. Goldwasser, Phys. Rev. 95, 857 (1954). 
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Fic. 2. The curve marked S shows the contribution to the total 
cross section of the disintegration of the deuteron which results 
from the reabsorption of S-wave mesons. The curve marked P is 
the same but for P-wave mesons. The curve marked “Schiff” 
shows the result of the calculation which neglects specific meson 
effects. The curve op is the sum of the other curves. The triangles 
show the Illinois measurements and the circles show the C.I.T. 
measurements, 


be expected to cancel in the total cross sections, it 
should be possible to add the three curves to obtain the 
final result given as the curve ap. 

In getting the final curve, a correction has been made 
to curves S and P which takes into consideration the 
probability that after the meson is absorbed it may be 
inelastically or elastically re-emitted. This was deter- 
mined directly from the measured ratio o(u+p—2n+7)/ 
a(n+p—n-+ p or 2n+7). The dashed parts of curves S 
and P show the magnitude of this correction and that 
it becomes appreciable at high energies. 

The experimental points! are also plotted in Fig. 2, 
and the excellent agreement with curve ap is remarkable 
but probably somewhat fortuitous considering the 
crudeness of the theory. 

No quantitative comparison has been made with the 
measured angular distributions; however, the qualita- 
tive features of the picture are not in disagreement 
with the measurements. At low energies, less than 
30 Mev, the distributions have the form (1+ cos@) sin’0 
given by theory.? From 30 to 200 where the effects of 
S-wave mesons predominate, the distributions tend to 
be more isotropic, which is consistent with an expected 
predominantly *Po state of the nucleons which is in- 
duced by the absorption of an S-state meson. Finally, 
from 200-500 Mev the measurements tend toward a 
2+3 sin’@ which, according to Austern,’ would result 
from the absorption of P-wave mesons. 





PHYSICAL REVIEW VOLUME 


104, 


NUMBER 1 OCTOBER 1, 1956 


Cosmic-Ray Increase at High Altitude on February 23, 1956* 


Joun R. WINCKLER 
University of Minnesota, Minneapolis, Minnesota 


(Received June 27, 1956) 


A vertical telescope with a stopping power of 22 g/cm? was flown to an atmospheric depth of 10 g/cm? at 
Minneapolis seventeen hours after the beginning of the giant solar flare and cosmic ray increase of February 
23, 1956. The cosmic-ray intensity was normal below 300 g/cm?, but at 10 g/cm? was five times the normal 
intensity at Minneapolis. The particles apparently have energies less than one Bev, presumably originated 
near the sun and reached the earth by scattering from magnetic fields near the solar system. 





HIGH-ALTITUDE observation was made by 

means of a vertical telescope following the solar 
flare which began at 0335 GMT on February 23, 1956. 
The flight was sent from Minneapolis (geomagnetic 
latitude 55.4°N) and ascended to 10 g/cm? atmospheric 
depth during the period 1900-2100 GMT.' The counting 
telescope is described in Fig. 1. It has a total stopping 
power (including the box) of 0.2 g/cm’. Because of 
the small stopping power, the unit will respond to 
radioactive y rays as well as to incident charged 
particles because of coincidences produced by the 
Compton recoils. The efficiency for detection of CO® 
y rays is 0.05% (vertically incident on the top counter 
tray). The efficiency for detecting charged particles 
is assumed to be 100% if the traversal lies within the 
solid angle of 9.38 steradian cm*. The apparatus used 
for the flight was carefully checked prior to launching 
and was returned later and found to be in good working 
order, so that considerable reliance is placed in the 
observation. 

The flight results are given in Fig. 2. The lower 
curves are given for comparison and represent an 
average of soundings with the same equipment at 
Minneapolis over the period July—October, 1955. Also 
shown is a flight made February 29, 1956 after the 
flare, which is close to normal. The flare data follow 
the normal curve to 300 g/cm* and then rapidly 
increases until at 10 g/cm? the flux is about 5Xnormal. 
The dead time of the telemetering system introduces 
an appreciable correction, as shown. Because the 
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Fic. 1. Vertical counter telescope used for flare observation. 
The arrangement subtends a solid angle of 9.38 steradian cm? 
for isotropic radiation. 


* This work was supported by the joint program of the Office 
of Naval Research and the U. S. Atomic Energy Commission. 

1 We are indebted to Professor J. A. Simpson for notifying us 
that the cosmic-ray increase was in progress. 


transmitted pulse length shortens somewhat as the 
flight reaches very high altitude, this correction becomes 
somewhat less and the true curve emerges with a 
weak maximum at about 40 g/cm’. This may be either 
a time decay or an atmospheric transition effect. It is 
clear that the radiation at this time is of low energy, 
1 Bev or less for protons, as shown by the absence of 
a strong transition maximum normally seen at about 
80 g/cm’, and by the failure of the radiation to produce 
any effect deeper than 300 g/cm? in the atmosphere. 

If one assumes that the acceleration process occurred 
only during the visual outburst which lasted from 
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0334 to 0414 GMT as observed in Tokyo? then the 
large effect remaining at high altitude 17 hours later 
implies that the cosmic-ray beam suffered considerable 
scattering and/or trapping in magnetic fields in or 
near the solar system. 

The flare produced tremendous world-wide increases 
in cosmic-ray intensity recorded on practically all 
types of counting devices operative at the time. 
World-wide information is being collected by Professor 
T. Gold of Royal Greenwich Observatory and will 
be summarized and distributed. 


2 “Preliminary report of solar activity,”’ High Altitude Observa- 
tory and National Bureau of Standards, Boulder, Colorado. 
March 2, 1956 (unpublished). Prepared by Dorothy E. Trotter 
and Walter Orr Roberts. 
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p-p Scattering in the Bev Range* 
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We outline some general methods of attacking the p-p scattering problem in the Bev range. We find that 
a fairly definitive phase shift analysis can be made if the orbital quantum number is limited to three and 
if j independence is assumed. For the 1-Bev case, the inequality o(0°) 2 (ka:/4m)? (the minimum theorem) 
plays an essential role and facilitates the calculation. The phase shifts are found to depend on a single finite 
parameter. Detailed results are tabulated. The ray optical theory and the complex square-well potential 
are investigated and shown to be generally inadequate to describe the calculated phase shifts. A square-well 
potential with a central core suggests itself as a possible successful model. 





INTRODUCTION 


ROTON-PROTON scattering has played a central 

role in our knowledge of the nucleon-nucleon 
interaction. The highly precise data available for this 
process yield in turn our most accurate information of 
the nuclear interaction. Until recently, before the 
experiments of Smith, McReynolds, and Snow! on the 
angular distribution and of Shapiro, Leavitt, and Chen? 
on the total cross section for the p-p scattering were 
performed, our principal information for the p-p system 
was for the 1S and *P» states. At Bev energies, the 
higher orbital states are expected to enter prominently. 
In fact, although we shall restrict ourselves to states 
up to F for reasons of simplicity, we have no a priori 
justification for this assumption. The Pauli exclusion 
principle acts to eliminate a large number of states and 
brings our analysis within range of feasibility. The 
additional complication with which we have to contend, 
of the complex phase shifts now required to explain the 
large absorption cross section observed, is compensated 
by the knowledge we acquire of the distribution, excita- 
tion, and production of mesons bound to the proton. 
Even with the minimal condition that only the orbital 
states, 4S, \D, *Po1,2, and *F2,3,4, shall enter our dis- 
cussion, we immediately see that our problem is in 
general excessively underdetermined. We have eight 
independent states and, as each state requires two 
parameters (the real and imaginary part of the phase 
shift), there are sixteen theoretical parameters to 
evaluate. However, as we shall explicitly show later, 
there are only five independent experimental data for 
the case under consideration. The main purpose of this 
paper is to investigate reasonable ways of reducing the 
sixteen theoretical quantities to about five. The most 
drastic assumption is to take the various orbital states 
to be linked together by the use of a specific model, 
such as the refractive and absorptive homogeneous 
sphere of interaction, or equivalently a square-well 
complex potential. But these highly specialized models 
yield only three theoretical parameters to account for 


* Supported in part by the U. S. Atomic Energy Commission. 

t Visiting professor at Case Institute of Technology, Cleveland, 
Ohio during the year 1955-1956. 

1 Smith, McReynolds, and Snow, Phys. Rev. 97, 1186 (1955). 

2 Shapiro, Leavitt, and Chen, Phys. Rev. 95, 663 (1954). 


the five experimental data and can be only accidentally 
an adequate description. We can assume, however, 
different shapes for the potential and in principle we 
should be able to fit the data in this way. An inter- 
esting possibility of this type is to take a square-well 
potential with a central core: a four-parameter family. 
A less restrictive supposition is to take the various 
orbital states as independent, not connected through a 
common potential. Then we get eight theoretical param- 
eters, which become reduced to six, only one in excess, 
for the 1-Bev data, because of a fortunate circumstance 
related to what we shall call the minimum theorem. 
Our most definite conclusions concern this case. We 
shall also look into the modification of the above 
situation when instead of *Po=*P:=*P:2 we allow *Po 
with *P,;=*P,=0 and no change in the other admitted 
states. Other more involved 7 dependences, patterned 
on spin-orbit or tensor coupling, are worthy of study 
but will not be discussed in this paper. 


I. Classical Black Sphere Diffraction 


At 1 Bev, it was found’ that the expression given by 
Fernbach, Serber, and Taylor‘ for the elastic scattering 
of neutrons by a black nucleus, when adapted to the 
p-p case, gave unusually good agreement. We have 


a(0)~J2(RR siné)/sin’6, (1a) 
o,=2eR?; k=(ME_/2h’*)}, (1b) 


where E, is the laboratory energy of the incident 
proton. The wave number & is calculated for one of the 
protons relative to the center of mass. The formula for 
k written in this way is valid for all energies. The total 
cross section o; was taken as 48 mb from the data of 
Shapiro, Leavitt, and Chen.? We get directly that 
kR~3.1. We have a single adjustable constant in this 
theory. The fit, as measured by R= (1/n)(>- | Ao/o|?)! 
at the six experimental points, is 1.0%. 

However, the smail value of RR~3 throws doubt on 
the validity of Eq. (1a) which follows from a partial 
wave analysis if we assume that large / values contribute 
the major part of the scattering. The low value of kR 
suggests that no higher states than D should occur. 


3R. Serber and W. Rarita, Phys. Rev. 99, 629(A) (1955). 
4 Fernbach, Serber, and Taylor, Phys. Rev. 75, 1352 (1949). 
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II. Special Models 


We saw in the previous section that the angular dis- 
tribution for 1 Bev was satisfied extremely well for the 
classical black-sphere model. The next approximation 
would be to use the ray optical model or W.K.B. 
method as discussed by Fernbach, Serber, and Taylor,’ 
or alternatively to use the complex square-well potential 
to fit the p-p data. These direct attacks led to very poor 
results. The nature of these difficulties did not become 
clear until we made a phase shift analysis, as we shall 
discuss below in Sec. VI. 


III. The Minimum Theorem 


We proceed with a partial wave analysis. An im- 
portant result, from both the experimental and theo- 
retical aspects, is an inequality relating the forward 
angle scattering o(0°) and the total cross section o;. For 
p-p scattering, assuming no j dependence (or, in the 
language of potentials, limiting ourselves to a central 
potential), we can write 


o(9)= | fr(6) |?-+3| f2(0)|?, (2a) 
o1= (2x/k) Im f1(0°)+3f3(0°)]. (2b) 


To get the total elastic cross section o,, we have to 
integrate o(@) over the forward hemisphere or 27 
steradians. For later reference, we include here the 
explicit expressions for f:(6) and /3(6): 


fi@)=d & and fl@)=> £1, (3a) 
l=0 a’ 


where 
— (2/+-1)(1-—e?*) 
£;= ——_———————P (cos). 
2ik 


(3b) 


The summation for the singlet scattering phase ampli- 
tude f,(@) is over even / and the triplet /;(@) is over 
odd / values. It is instructive to consider the “black” S 
state i.e., e?**°—0. Then 


o(6)=1/4k and o,=27/4k’, 
o1= (24/k)- (1/2k) =29/2k’, 
Og=01—0-= 2147/4 =0,, 
as we expect. 
Returning to the proof of the minimum theorem, we 
have 


o(0°) >[Im/f, (0°) P+3[Im f;(0°) P. (4) 


The minimum of the right-hand side of Eq. (4) under 
the condition of Eq. (2b) is attained when Im/;(0°) 
=Im/;(0°). As a consequence, we get 
o(0°) >4[{Imf,(0°) P= (ko,/4r)?. (5) 
This inequality, which we shall name the minimum 
theorem, was obtained independently by Karplus and 
Ruderman.*® 


SR. Karplus and M. Ruderman (private communication). 


IV. Experimental Determination of the Total 
Elastic Cross Section 


Initially, we limit ourselves to states up to F; then 
4k'o (0) = APot+ BP2+CPi+ DP. (6) 


That no Legendre polynomial of odd order enters, 
follows most readily from the indistinguishability of the 
two interacting protons, which entails forward and 
backward symmetry in the center-of-mass system. The 
coefficients A, B, C, and D are four parameters which 
are determined by a least-squares fit of the experi- 
mental data o(@). The measure of fit ® defined in Sec. 
I is 0.66%. The total cross section a; is the fifth experi- 
mental datum. For 1 Bev, we find that the inequality 
of Eq. (5) is not satisfied; i.e., ¢(0°) is less than the 
minimum required by o;. It was decided that the most 
suitable solution of this dilemma would be to use 
to give an additional point in the forward direction for 
o(@); i.e., we assume that o(0°)= (ko,/42)?. The least- 
squares fit is done again for this new situation to rede- 
termine the four parameters of Eq. (6). The ® value 
with the imposition of the minimum theorem is now 
1.63%. From this analysis, the total elastic cross section 
gis 22.3 mb. Without the use of the minimum theorem, 
the value of o, is 19.8 mb and agrees with that given 
by Smith, McReynolds, and Snow.' But we feel that 
our estimate is more reliable. Also, og=25.7 mb and 
oa/o,=1.15. 


V. Phase-Shift Analysis 


Below 400 Mev, the scattering and polarization 
experiments of protons by protons® can be interpreted 
in terms of the components of the triplet *Po 1,2 having 
different phase shifts with the *P») dominating the other 
two *Pj,2 states. The components of the triplet *F», 3 4 
are required to have small phase shifts. We shall see 
that we can make a complete analysis of the 1-Bev data 
by making the simple assumption that the triplet states 
are independent of j and that no states higher than F 
occur. 

In Eg. (3b), let 


(2l+1)(1-—e*)=L,4+-iM1=(Q:. (7) 


In the Bev range, as we are dealing with large absorptive 
processes, 6; is complex and L; and M, can be treated 
as independent quantities, which in turn determine the 
real and imaginary parts a; and x; or 5;. This method is 
especially applicable in our case, but even for purely 
elastic scattering some advantage is gained by pro- 
ceeding in a similar way. The device’ of Z; and M; is 
of course not limited to’ p-p scattering and has been 
applied to 2-p scattering.® 

From the experimental side, we have the five data 


®R. Thaler and J. Bengston, Phys. Rev. 94, 679 (1954). 
7W. Rarita, Phys. Rev. 100, 1241(A) (1955). 
8 W. Rarita, Phys. Rev. 102, 486 (1956). 





p-p SCATTERING 


TABLE I. Phase-shift analysis for 1 Bev. 
M:= —M); M;= —M,. 








Lo Le Ii 


0.3920 4.211 3.053 
0.5073 4.095 3.030 
0.9824 3.620 2.935 

















A, B,C, and D of o(@), and o. The available theoretical 
parameters (Z;,M,) are eight with our assumption of 
no j dependence. Thus even with what look like highly 
restrictive conditions of maximal value of / equal to 
three and no j dependence, we still have an excess of 
three free parameters. But the minimum theorem again 
enters the picture. We saw in Sec. IV that the require- 
ment a(0°)= (ko,/4m)* was the best way to resolve the 
experimental situation, but we shall see that this con- 
dition will impose two additional independent relations 
on our parameters. In all there will be but a single free 
parameter. In this way we will find no unique set of 
phase shifts, but in fact continuous sets of permissible 
solutions expressible in terms of a single parameter. 

At the energies of our study we shall ignore Coulomb 
effects, or for sufficiently small angles we assume that 
correction has been made for the Coulomb interaction, 
so that 6, or (L;,M)) can be considered as purely nuclear 
in nature. 

In terms of L; and M,, we have 


>” = Rot lt = (Lot L2)+3(Li+ L3). (8) 
Equation (8) is Eq. (2b) rewritten in our new notation. 
Further, Eq. (2a) becomes 


4k’o (0) = (LoPot L2P2)?+ (MoPot+MoP2)? 
+3(LiPit+ L3P3)?+3(MiPit+M35P3)*. (9) 


Comparing Eq. (6) and Eq. (9), we get 
A=Xot}X2t X14 (3/7) Xs, 
B=2Y5+2X,4+ (18/7) Vrt+ (2/7) X24 (4/7)X3, 
C= (24/7) Vr+ (18/35) X 2+ (54/77) Xs, 

D= (100/77) X3, 


(10a) 
(10b) 
(10c) 
(10d) 


where 
X,=LP+M?; i=0, 1, 2, 3, 


Vs=Lol2t+ MoM, 
Yor L,L;+MiM3. 


(11a) 
(11b) 
(11c) 


In order that o(0°) be fitted at the minimum, we 
saw in Sec. III that Im/,(0°)=Imf;(0°). Also a 
glance at Eq. (9) shows that the terms involving M; 
must be set equal to zero for 2=0°. Summarizing the 
equations for a minimum in the forward direction, we 
have 

Lot L.= Lit [= k’o,/4n, 


Mot M2=M,4+M;3=0. 


(12a) 
(12b) 


IN THE 


BEV RANGE 


TABLE II. Phase shifts for 1 Bev. 








|Mo| ao Ko ae Ka ai ra) aa K3 


00 60 0.2488 0 0.9229 0.8034 
0.5 0.3964 0.1769 —0.2524 0.7881 0.7957 
1.0 0.7766 0O —0.3136 0.5382 0.7609 





—0.1315 0.1070 
—0.1299 0.1102 
—0.1224 0.1210 


0.3573 
0.3660 
0.4055 








It appears that we have eight equations: four in Eqs. 
(12) and four in Eqs. (10) to determine the eight 
quantities L; and M;. But A, B, C, and D are not 
independent. They are restricted by A+B+C+D 
=4(Lo+L,)?. 

The parameter Mp» occurs in our equations only in 
the form M,*. Thus we find it convenient to use | Mo| 
as our free parameter. Further, —1<M o<1. We have 
made calculations at 1 Bev for three values of | Mo|. 
Our results are entered in Table I. We used A = 17.124; 
B= 40.543; C= 21.150, and D=5.915. 

For a given Mo, we observe that the Z; and M2 are 
unique but that M, and M; have some sign freedom. 
However, M,; and M; must have opposite signs from 
Eq. (12b). 

From Eq. (7) we can now calculate 6; or a and x;. 
The absorptive coefficients x; will be unique but the 
refractive coefficients a; have various possibilities. We 
give the simplest set of phase shifts in Table II for My 
and M; positive. 

If we remove the restriction of no 7 dependence, we 
have up to D states for (6). 


4k’o (8) = |OoPotQ2P2|? 
+3{ | Qor|?+3]Q11|?+5|Qr12|?} Pr? 
—${4|Qn—Qo1|?+9|/Qu—Qai|*}P2, (13) 
where Qji= (1—e?*#1) and Q,= (2/+1)(1—e?*!) as in 
Eq. (7). Also we have, defining Ljj+iMj=Qj1, that 


Y= o,/m= (Lot Le) + Lut3Litsla, (14) 


4k’a (0°) > (Lot+L2)*+ (Loit 2L21)* 
+ (9/2)(LutL2)*%. (15) 
The minimum of the right-hand side of Eq. (15) with 
the restriction of Eq. (14) requires 


Lot Lo= Lot 2Ln= 3 (Lut+L.), (16) 


Lu= } (3Lu— I). 


We see that 7 independence or Loy =Li=L2 is a 
special case that gives a minimum (0°) for the P-state 
phase shifts. 

Let us consider in detail the instance when *P)#0 
and *P,;=*P,.=0 and there is a single phase shift for 
the *F states, or *F,=*F;=*F,='*F. We get 


4k*a (0) = | QoPot+Q2P2|*+ |QoiPitOsPs|? 
+ |Qor|2(1— Pi?)+2]03|2P3?, (17) 
and 


Ro,/m= (Lot L2)+Loy+3Ls. (18) 
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The minimum for o(0°) is obtained when 
lot Le= LutL;=Ls, or Iu=0, (19) 


and is the same as in Eq. (5). For 1 Bev, we find easily 
that no solution at all then exists. 


VI. Conclusions 
A. Ray Optical Model 


We are now in a position to understand the difficulties 
encountered with the ray optical model (Sec. IT). The 
principal results of this model are that 

bo ao Ko [ (RR)? — (1 /2)?}} So 


(20a) 


 — a ’ 


bo ay ke [(AR)—(5/2)"} 52 
6; a) Ki [(kR)*—(3/2)?]* 51 


—_=— 1. 


= = (20b) 
ks [(RR)?—(7/2)?]}* 83 





53 a3 


The phase shifts 6; are proportional to their effective 
path lengths s; through the refractive and absorptive 
sphere of interaction. To test these requirements we 
concentrate on the x;, as the a; are indeterminate and 
can be adjusted by adding factors of x. We note that 
the triplet states fulfill Eq. (20b) but that the singlet 
states are in gross disagreement with Eq. (20a). Thus 
this form of the optical theory of the interaction 
between two protons is bound to fail. Using the triplet 
absorptive coefficients, we get kR~3.6 to be compared 
to 3.1 from Eq. (1b). At the beginning of this study, a 
direct attack using the optical ray model led to very 
poor agreement. Our phase-shift analysis enables us to 
understand the failure. 


B. Complex Square-Well Potential 


Even if we assume that the singlet states 1$ and 'D 
are connected through a potential and that the triplet 
states *P and *F are connected by a different potential, 
we conclude that in general no such potentials exist. 
The singlet states have four phase quantities ao, ko, 
a2, ke to be determined by means of the potential which 


W. RARITA 


has three adjustable parameters: one is R, its range of 
interaction, and the other two are the real and imagi- 
nary parts of the potential. Of course, we can take 
general shapes for the potential and get the extra 
freedom we need. In this conjunction, a square well 
with a central core, suggested by the singlet data, is an 
especially attractive possibility. Further, it has the 
right number (four) of available parameters. The 
square-well complex potential (S.W.C.P.) and the 
homogeneous refractive and absorptive sphere of inter- 
action (H.R.A.S.) both have three parameters but the 
potential seems to have a greater diversity of solutions. 
For instance, the ray model (H.R.A.S.) requires x2<xo 
but the potential (S.W.C.P.) can have x2>xo. In fact 
we shall discuss in the next paragraph the condition 
for xz, for the potential case. 

In our study of the complex square-well potential, 
we investigated the conditions for which a given state 
becomes opaque, or e?**—+0. In the notation adopted 
by Kessler and Lederman,’ we find with x=&R for the 
S, P, and D states that 


S:%9= 1+-ix, 
P:2;=2—22/(1+ix), 
D:2%.=3+22(1+ix)/(x?—3-—3ix). 


The complex functions z are related to the wave function 
inside the complex potential well. 

The task of obtaining a complex square-well potential 
to fit the given 1S and 'D phase shifts 59 and 62 can be 
easily formulated, but such a solution can exist only 
by accident or in a best-fit sense. 

In summary, we have outlined some general methods 
of attacking the p-p scattering problem in the Bev 
range and have given detailed calculations for 1 Bev. 


(21a) 
(21b) 
(21c) 
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Elastic and Inelastic Scattering of 187-Mev Electrons from Carbon-12{ 
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The scattering of 187-Mev electrons from C”, reported previously, has been extended to 138°. It has 
been possible to separate the elastic scattering from the inelastic scattering and to resolve the inelastic 
groups from the 4.43-, 7.65-, and 9.61-Mev nuclear levels. ““Absolute” values were obtained by comparing 
the scattering from carbon with the scattering from hydrogen and computing the proton cross section. 
The angular distribution of the elastically-scattered electrons falls off more steeply than the angular 
distribution of the inelastically-scattered electrons. Analysis of the data, using the Born approximation, 
shows that the root-mean-square radius of C!* (corrected for breakdown of the Born approximation) is 
(2.37+0.05) X 10-8 cm with a surface thickness of (2.00.4) X10~ cm. The corresponding value of ro, 
the “classical” radius parameter, is (1.33+0.02) X 10-8 cm which is larger than that found from electron- 
scattering measurements for the heavy nuclei and is in agreement with the trend for light nuclei. The 
scattering from the 4.43-Mev and 7.65-Mev levels is larger than that predicted by some shell-model calcula- 
tions. The transition from the ground state to the 9.61-Mev level appears to be either quadrupole or 
electric monopole, which gives a spin and parity assignment of either 2* or 0*. 





I. INTRODUCTION 


N a previous paper,! the scattering of high-energy 

electrons from C” at angles up to 90° was reported. 
This work has been extended to 138° at 187 Mev and 
the elastic-scattering results have been analyzed in 
terms of the first Born approximation. The large-angle 
scattering deviates from point-charge scattering by 
factors of one thousand or more and provides a much 
more rigorous test of nuclear models than the earlier 
data. Measurements of the cross sections for inelastic 
scattering with excitation of the 4.43-Mev, 7.65-Mev, 
and 9.61-Mev levels have also been made. At angles of 
100° or larger at 187 Mev, the inelastic 4.43-Mev 
scattering is larger than the elastic scattering, as is 
the 9.61-Mev scattering, at angles greater than 110°. 

A number of authors, using several different nuclear 
models, have attempted to calculate the elastic and 
4.43-Mev level scattering cross sections,?* and the 
transition matrix elements between the ground state 
of C” and the 7.65-Mev level.t-* While the elastic 
scattering data may be fitted quite well, the inelastic 
scattering data disagree with all predictions by at 
least a factor of two. Collective models give predictions 
which are too large, and independent-particle models 
give predictions which are too small. 
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Il. EXPERIMENTAL PROCEDURE AND RESULTS 


The experimental apparatus used in this work has 
been described in several previous papers.!:7-* The 
incoming energy spectrum and the spectrometer energy 
resolution were set at 0.2% for angles up to 90° and 
0.5% for larger angles where cross sections are much 
smaller. At the large angles, the bremsstrahlung tail of 
the elastic peak does not interfere with inelastic 
measurements since the ratio of inelastic to elastic 
scattering is large. This allows poorer energy resolution 
to be used. 

For angles of 100° and larger, the area under the 
elastic peak was compared with the area under the 
elastic peak at 70° which was taken in the same run. 
Corrections were made for changes in target thickness 
as the target was rotated (the normal to the target 
bisected the scattering angle) and for changes in 
absolute magnet dispersion with outgoing-electron 
energy (the relative dispersion is constant). Since the 
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Fic. 1. Scattering at 187 Mev at an angle of 110°. This is a 
composite of two runs. 


7 Hofstadter, Fechter, and McIntyre, Phys. Rev. 92,978 (1953). 

® Hofstadter, Hahn, Knudsen, and McIntyre, Phys. Rev. 95, 
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absolute value of the 70° elastic cross section at 187 
Mev had been found by comparison with elastic scatter- 
ing from hydrogen and a computation of the hydrogen 
cross section,’ the values of the cross sections at the 
larger angles could be determined. A similar treatment 
was given to the 4.43-Mev cross section. The cross 
sections for the 7.65-Mev and 9.61-Mev peaks were 
found by comparing the heights of these peaks, after 
subtraction of the bremsstrahlung tail of the elastic 
and 4.43-Mev peaks, with the height of the 4.43-Mev 
peak. 

Figure 1, which is a composite of two runs, shows the 
elastic and inelastic scattering at 110° and 187 Mev. 
The peak at 183.4 Mev is due to elastic scattering; 
that at 179.0 Mev, to the 4.43-Mev level; that at about 
175.6 Mev, to the 7.65-Mev level; and that at 174 Mev, 
to the 9.61-Mev level. The broadening of the low-energy 
edge of the 9.61-Mev peak is caused by scattering from 
the higher energy levels in C”, which are too close 
together to be resolved. 

At 80°, scattering with excitation up to about 34 
Mev was investigated. Figure 2 shows the results of a 
single run with the elastic peak at 185 Mev and the 
first three inelastic peaks at 180.5 Mev, 177.3 Mev, and 
175.4 Mev. Above 10-Mev excitation, the known 
energy levels are too close together to be resolved 
unless excitation of a particular level occurs with a 
much higher probability than excitation of neighboring 
levels. This clearly is not the case at 85°. In particular, 
the 15.2-Mev level does not show strong excitation, 
contrary to what might be expected from gamma-ray 
studies.” 


Cohen, Moyer, Shaw, and Waddell, Phys. Rev. 96, 714 
(1954); Rasmussen, Rees, Sampson, and Wall, Phys. Rev. 96, 
812 (1954); Waddell, Shaw, Cohen, and Moyer, Phys. Rev. 96, 
858(A) (1954); Fuller, Hayward, and Svantesson, Bull. Am. 
Phys. Soc. Ser. II, 1, 21 (1956). 
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A correction for the use of thick targets was found 
to be necessary. This effect arises from two sources, 
radiation by the electron of more than 1.5 Mev while 
in the target, and geometrical effects due to finite 
beam-spot size and finite magnet aperture. The former 
has been calculated by Bethe and Heitler." The latter 
was determined empirically by measuring the elastic 
scattering from four targets of different thicknesses 
at 90° and two targets at 110°. 

At angles less than 90°, the effect was small since 
variation of target thickness with angle was small 
and only variations with angle were significant. Above 
100° this effect becomes quite important, being 12% at 
120° and 24% at 138°. The thick-target radiation 
corrections at these angles were 9% and 17%, respec- 
tively. The geometric correction is not known accurately, 
and was larger than the 6% predicted by rough calcula- 
tions based on the characteristics of the analyzing 
magnet, its vacuum chamber, the magnet input 
aperture, the target size and position, and the beam- 
spot size. However, the uncertainty in this correction 
would not change cross sections by more than a few 
percent in the region from 100° to 138°. Since the 
cross sections drop by a factor of at least four for 
inelastic scattering between 120° and 138°, and by a 
factor of about twenty for elastic scattering in the 
same region, and since statistical errors are large 
because counting rates were low, an uncertainty of this 
size is not important. The possible error at 90° or less 
was negligible. 

Another correction of much less importance was due 
to the vertical opening of the spectrometer input 
aperture. The actual angle of scattering for electrons 
which passed through the top or bottom of this opening 


1H, A. Bethe and J. Ashkin, in Experimental Nuclear Physics, 
edited by E. Segre (John Wiley and Sons, Inc., New York, 1953), 
Vol. I, p. 272. 





ELASTIC AND 


INELASTIC SCATTERING 


TABLE I. Results. Differential cross sections in the laboratory system in units of 10~” cm?/sterad for angles of 90° 





E Piab 





Elastic 


4.43 Mev 





187 Mev 280 +14.0 


68.7 + 2.8 
36.3 + 1.5 
9.53 + 0.38 
0.11 
0.030 
0.015 


90° 


100° 


8.4 
2:7 


110° 0.69 


0.30 
0.15 


0.069 


120° 
130° 


138° 0.065< 0.100 


9.77 + 0.39 
3.23 + 0.13 


1.20 + 0.05 


70° 
80° 
90° 
96° 


150 Mev 


80 Mev 


2.32 +0.28 


1.41 +0.16 
1.13 +0.19 


1.46 +0.16 
1.12 +0.23 


0.724+0.087 
0.834+0.170 


0.514+0.051 
0.498+0.065 


0.300+0.036 
0.263+0.026 


0.168+0.019 
0.192+0.023 


83.6 
65.1 


33.9 
35.8 


+9,2 
+4.6 


+2.0 
+2.1 


17.3 +1.21 
8.83 +0.80 
4.29 +0.30 


0.610+0.067 
0.323+0.042 
0.170+0.019 
0.182+0.040 


“1.04 £0.22 


0.440+0.083 
0.240+0.096 


0.490+0.069 
0.391+0.090 


0.182+0.027 
0.146+0.035 


0.095+0.017 
0.082+0.027 


0.053+0.017 
0.040+0.011 


0.014+0.006 
0.022+0.006 


1.86 +0.93 


<0.305 


0.148+0.025 
0.034+0.017 
0.043+0.011 


9.61 Mev 


~ 0.48140.190 


0.185+0.087 


0.391+0.078 
0.243+0.070 


0.143+0.024 
0.122+0.031 


0.131+0.020 
0.137+0.036 


0.079+0.014 
0.072+0.013 


0.062+0.011 
0.046+0.011 


»o +0.56 
? 
2.78 111 


0.103+0.021 
0.081+0.021 
0.047+0.011 


3.48 + 0.18 





differed by a small amount from the angle of scattering 
of electrons which passed through the center of the 
slit. This difference changes the mean angle of scattering 
by an amount }¢cot@ from the nominal scattering 
angle 6, where ¢ is half the angle subtended at the 
target by the vertical opening. In this experiment ¢€ was 
0.057 radian and the correction was 7’ at 35°, 0’ at 
90°, and —5’ at 138°. This correction has been made but 
has so little effect that it could have been neglected. 
Helm” has shown that, for experiments of this type 
and with this equipment, corrections to the cross 
sections due to finite angular and energy resolution are 
negligible in the region where a Born approximation is 
valid (see next section). The effects of plural and 
multiple scattering were negligible. 

The results of this experiment are given in Table I. 
Because of the thick-target correction, the values differ 
by 1% at 35°, 0% at 50°, 3% at 70°, and 6% at 90° 
from those previously presented. The 187-Mev results 
are summarized in Fig. 3. This figure shows the angular 
distribution of the elastic scattering (Curve A) and the 
distributions of the inelastic scattering corresponding 
to the first three excited states of C” (Curve B, 4.43 


2R, H. Helm, Stanford University High-Energy Physics 
Laboratory Report No. 40 (unpublished), and to be published. 


Mev; Curve C, 7.65 Mev; Curve D, 9.61 Mev). At 
138°, only upper limits have been placed on the elastic 
and 7.65-Mev scattering since these cross sections were 
too small to be measured. 

On all of the graphs and in the table of results, only 
errors due to counting statistics are shown. These are 
a combination of standard deviations of all data used in 
determining a given cross section. Other errors effecting 
the relative values of the angular distributions are 
believed to be much less than the statistical errors. 
Since the absolute values depend upon the hydrogen- 
calibration procedure,! they are not considered as 
accurate as the relative values. An error incalibration 
would change all absolute values by the same fraction. 
The error in this scaling factor is believed to be not 
more than 10%. Commerical graphite (National 
Carbon Company, grade AVC) was used as the target. 
According to the manufacturers, this grade of graphite 
has an ash content of less than 0.1%. No indications of 
effects due to impurities were found in the scattering 
runs. 


Ill. ANALYSIS 


In analyzing the results, it is necessary to set up a 
more or less detailed model of the nucleus and to 
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deduce, from the model, cross sections which can be 
compared with experiment. One of the simplest and 
least detailed types of model is a continuous charge 
distribution in the nucleus, which has been used to 
analyze previous high-energy electron scattering meas- 
urements.':7~*.2—16 This model will be used in discussing 
the present experiment. In most cases, no attempt has 
been made to predict this charge distribution from 
nuclear theory. Recently, however, Ravenhall? has 
made shell-model calculations of the C” charge distribu- 
tions for several different types of nuclear potential 
wells. Morpurgo* has made similar calculations using a 
harmonic oscillator well, and Visscher and Ferrell!® 
have calculated root-mean-square radii for nuclei 
between lithium and oxygen based on shell model 
theory. Carbon inelastic scattering calculations have 
been made by Schiff** using both the shell model and 


3 Hahn, Ravenhall, and Hofstadter, Phys. Rev. 101, 1131 
(1956). 

4L. I. Schiff, Phys. Rev. 92, 988 (1953). 

8 Yennie, Ravenhall, and Wilson, Phys. Rev. 92, 1325 (1953); 
95, 500 (1954). 

16 W. M. Visscher and R. A. Ferrell, Bull. Am. Phys. Soc. Ser. II, 
1, 17 (1956). 


collective models, and by Ravenhall,"® Morpurgo,’ and 
others!’-!8 using the shell model. 

In the present analysis, the Born approximation is 
used, rather than the accurate phase-shift methods of 
Yennie ef al.,"° for reasons of simplicity. The validity 
criterion is that Z/137«1 where Z is the atomic 
number of the nucleus. For carbon, Z/137 is about 0.05. 
Yennie et al.® have shown that, for monotonic angular 
distributions, the Born approximation is good for 
values of the momentum transfer parameter g up to 
about 0.9 of the g value for which the theoretical cross 
section goes to zero. In this experiment, the approxima- 
tion is good up to 120°, but cannot be trusted for larger 
angles. The root-mean-square radii and surface thick- 
nesses found from these calculations are larger than the 
values which would be found from exact calculations 
since the change of the electron wave number while 
the electron is in the nucleus is ingored. An estimate? 
of this change, assuming a uniform charge distribution 
of radius R, gives a reduction in rms radius and surface 
thickness by the factor (1+3aZ/2kR)“, where Z is 
the atomic number of the nucleus, a= 1/137 is the fine 


17 J, P. Elliott, Phys. Rev. 101, 1212 (1956). 
18 P, J. Redmond, Phys. Rev. 101, 751 (1956). 
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structure constant, and k is the momentum of the 
incoming electron measured in wave numbers. This 
reduction is about 1.3% for carbon. Phase-shift calcula- 
tions have been made by Ravenhall? for a modified 
Gaussian charge distribution derived from shell-model 
theory. These calculations are valid up to 90° and show 
a deviation from the Born-approximation result at 
90° of about 6%. This would give a radius about 1.4% 
smaller than that found from the Born approximation, 
in agreement with the preceding discussion. It is 
believed, therefore, that all radii determined from the 
Born-approximation analysis of this experiment should 
be decreased by about 1.4%. 

The Born-approximation result for high-energy 
electron scattering may be written 


do /dQ= (da /dQ) point | F |*, (1) 


where (do/dQ) point is the differential scattering cross 
section of a point charge. The nuclear form factor F is 


F()= f p(rhei-"dt, (2) 


where gq is the change of momentum of the electron in 
the scattering process measured in wave numbers and 
p(r) is the nuclear charge distribution, normalized so 
that /p(r)d’*r=1. Because, as Hahn ef al." have shown, 
at these energies only a radius and a surface thickness 
can be determined, spherically symmetric charge 


distributions are assumed. The formulas then reduce to 
i 


a ‘ 


4a 
F(qg=— f p(r)(singr)rdr, (3) 


q “o 
inf p(r)rdr=1, 
0 


q= (2E/hc) sin(6/2), (5) 


where h is Planck’s constant divided by 2z, c is the 
velocity of light, E is the electron energy, and @ is the 
scattering angle. The point-charge cross section in the 
Born approximation is 


<—— 





’ 


Ze ) cos?(@/2) E? cos?(@/2) 


do /dQ) point = 
in ( sin'(6/2) q 


2pv 
where Ze is the nuclear charge, e is the charge of the 
electron, and p and » are the momentum and velocity 
of the electron, respectively. Since this experiment was 
done in the extreme relativistic region, pv is almost 
exactly approximated by E. The root-mean-square 


radius is ' 


(A= | f ro (ndt] , (7) 


where p(r) is normalized by Eq. (4). 


A. Elastic Scattering 


The differences in the scattering cross sections found 
from different charge distributions occur only in the 
form factors. Since it was more convenient to compare 
calculated form factors with the experimentally 
determined form factor than to compare the cross 
sections themselves, the former procedure was adopted. 
The square of the experimental form factor for a given 
angle was found by transforming the cross section from 
the laboratory frame of reference to the center-of-mass 
frame and dividing by the point-charge cross section 
for the angle in the center-of-mass frame corresponding 
to the experimental angle. The square root of this may 
then be compared with the calculated form factor. 

The method of comparing theory and experiment is 
that suggested by Schiff. Since the absolute values of 
the experimental cross sections are not known as 
accurately as the relative values, it is necessary to 
introduce a scale factor \. An estimate of the permissible 
deviation of the radial parameter a from the optimum 
value may be made. This was usually about 2%. 

Schiff" has suggested several possible charge distribu- 
tions which, while not necessarily realistic, are easily 
analyzed by this method. These, with their form 
factors and root-mean-square radii are 


(uniform)p(r)=po, r<a, 
=0, r>a, 
F(q)=[3/(ga)*](singa (8) 
— qa cosqa), 
(P)t= avs; 


(Gaussian)p(r) = po exp(—1?/a?), 
F(q)=exp(—¢@a?/4), 
=a; 


(exponential) (r) = poe~”’2, 
F(g)=(1+0°¢), (10) 
(r?)t= ay/12; 
(modified exponential)p(r) = po(1+1r/a)e—"*, 
F(q)= (1+ ¢@a’)>, 
(r?)4= ay/18 


(11) 


9\—2 


(inverse power)p(r) = po(1+97?/a?)-, 
Fq@)=e™, 


(r?)4= 00 , 


(12) 


These squares of these form factors, using the optimum 
radial values and scaled to fit the experimental values, 
are plotted logarithmically against g in Fig. 4. The 
experimental results are also shown. None of these 
fit, and a charge distribution lying between the uniform 
and the Gaussian models appears indicated. 

Shell model calculations by Ravenhall? and Mor- 
purgo,’ using an infinite harmonic well for the nuclear 
potential, have given the following charge distribution: 


p(r)=po(1+4r?/3a*) exp(—r?/a’). (13) 
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Fic. 4. Comparison of the square of the experimental form 
factor with the squares of the form factors for several models. 
The curves have been adjusted to give the best fit. 

This suggested trying the family of charge distributions 
p(r) =po(1+ar’) exp(—r?/a?) 
(modified Gaussian) 


2 


——) exp(—a'/4) 
F(q)= (:- —) exp(—gq’a?/4 
, 2(2+3a) 


2 


(14) 


Ciel scncecminent 


3(2+5a) ] 
a ’ 
2(2+3a) 


where a as well as a and the scale factor are free 
parameters. 

Graphical analysis showed that extremely good fits 
could be obtained between this form factor and the 
experimental form factor for values of a between 1 and 
2. A least-squares analysis of the type used by Hahn 
et al.® was made for a= 1,4/3, and 2. For any given value 
of a, a value of a differing by 1% from the optimum 
gives only 60% as large a probability of fit as the 
optimum value, but several combinations of a and a 
give high probability. The best fit is obtained with 
a= 4/3, in agreement with the shell-model calculations. 
In this case, the absolute values of the cross sections, 
as determined by this experiment, agree with theory 
within about 1%. This is better than might be expected 
considering the possible errors in the experimental 
values. The maximum probability of fit for a=1 is 
about 80% of that for a=4/3 and for a=2 is only 
60%. In these cases, the absolute values disagree by 
about 7%. This is not considered unreasonable. 

Comparison of theory with experiment for these 
three values of a, using the optimum values of a and \, 
the scale factor, is shown in Fig. 5 where the square 
of the form factor is plotted logarithmically against 


scattering angle. In order to show detail, the curves 
have been broken into two parts. The numerical values 
of F* for the ieft curve are given at the left edge, and 
those for the right curve, at the right edge. All three 
models fit the experimental points well, with a=4/3 
being slightly better than the other two. Beyond about 
120°, the Born approximation is not expected to be 
valid so that this region must be ignored in determining 
the fit. 

Another family of models suggested by Ravenhall”’ is 
(modified trigonometric) 

sin? (rr/a) 
p(r) = po(1+-an*r*/a*)—— 
: rr /a 


= Si( ae"! Si ) 4 
i ta(e/3—}iyo i(ga)—3 Si(2x+-qa) 


+} Si(2x—ga)+an"[j1(ga) 
—4j:(2m+ga)+43j1(2x—ga) }}, 
(2.79+-15.26a)! 
| — fe 
r?(1+2.79a) 





F(q) 
(15) 


where Si(ga)= /o“(1/x) sinxdx is the sine integral” 
and 7:(ga)=sin(ga)/(ga)?—cos(ga)/ga is the spherical 
Bessel function of order one. This is similar to the 
charge distribution obtained from shell-theory calcula- 
tions using an infinite square well nuclear potential. 
A fit between theory and experiment was obtained for 
a=0.0 and a=0.1, as is shown in Fig. 6. The agreement 
here is not as good as for the modified Gaussian model, 
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Fic. 5. Comparison of the square of the experimental form 
factor with the squares of the form factors for the modified 
Gaussian models; \ is the scale factor. 

















1D. G. Ravenhall (private communication). 

* Tabulated in, e.g., Tables of Sine, Cosine and Exponential 
Integrals (Federal Works Agency, Work Projects Administration, 
New York, 1940). 
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and in the case of a=0.1, the experimental values are 
about 11% less than the theoretical curve. This is 
barely within the error in absolute value which might 
be expected. 

The third of Ravenhall’s models, one with a long 
(exponential) tail in contrast to the two previous 
models, is 

p(r)=po(1+1r/a+ar?/a*)e—"/*, 


1—3a 


F(a)= (1+ 
1+ 


. 24? 1+ 2a? i, 
Ry ) ge) (16) 


(1+5a)}! 
*)=[18— a. 
(1+3a) 


This model can be made to fit the experimental results 
only with —3<a<}. These values of a require a 
negative charge at the center of the nucleus and a 
corresponding increase in positive charge near the 
surface. Since such a charge distribution seems very 
unreal, this model was rejected. 

The trapezoidal model of Hahn ef al.® was also 
considered : 


p(r) =po, r<a, 


(b—r) 

= a 
(b—a) 

=0, .2>08; 
12 


q)=- ——(ga singa— gb singb 
g'b*(1—a‘d*) 


2(1—a*/b*) 7! 
=| —__—_— Jo. 
5(1—a!/b') 


a<r<b, 


+2 cosga—2 cosgb) ; 





1.0 
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Fic. 6. Comparison of the square of the experimental form 
factor with the squares of the form factors for the modified 
trigonometric models; A is the scale factor. 
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Fic. 7. Comparison of the square of the experimental form 
factor with the squares of the form factors for the trapezoidal 
models; A is the scale factor. 


A comparison of theory with experiment for three sets 
of parameters is shown in Fig. 7. While the fit is not 
good, it appears probable that a good fit could be 
obtained by determining the correct choice of values 
for a and b, but the new information that would be 
gained by this would not justify the large amount of 
labor required. 

The three modified Gaussian charge distributions 
used are shown in Fig. 8, and the two modified trigo- 
nometric distributions in Fig. 9. The densities are 
plotted in proton charges/(10-" cm)’ and the radii in 
10-* cm. The five distributions differ only slightly for 
radii greater than 1.3 10-" cm. The radical differences 
in the central charge densities of five models are not 
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Fic, 8. Modified Gaussian charge distributions. 
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Fic. 9. Modified trigonometric charge distributions. 


significant because the amount of charge at the center 
of the nucleus is small. This may be seen from Figs. 10 
and 11, where the amount of charge at a given radius 
is plotted as a function of radius. Up to a radius of 
1.3X10-* cm there is virtually no difference between 
the five curves. 

Figures 12 and 13 show the charge distribution and 
the amount of charge at a given radius, respectively, 
for the trapezoidal models. Since none of the models 
fits the experimental data, comparisons with the other 
models are not too meaningful. It is seen, however, that 
there is little difference between the amounts of charge 
at small radial distances in any of the cases. 

The two radial parameters most frequently used are 
the root-mean-square radius of the charge distribution 
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Fic. 10. Amount of charge at a given radius as a function of 
radius for the modified Gaussian models. 


[Eq. (7) ] and ro which is the radius of a uniform charge 
distribution having the same rms radius as the model 
considered, divided by the cube-root of the atomic 


number, 
ro= (5.3) *{r?)t4-4, (18) 


The values of these constants which were found from 
the various models are given in Table IT. Also shown in 
the table are the values of ¢, the distance in which the 
charge density drops from 0.9 to 0.1 of its maximum 
value and the values of the scale factor \ needed for 
the best agreement of each model with experiment. 
Disregarding the trapezoidal models, which do not 
fit the experimental data, the (r?)! and ro values have a 
maximum spread of about 4% around the values 
obtained from the modified Gaussian model with 
a=4/3. This model also gives the best agreement with 
experiment for both the relative values as a function of 
angle and the absolute values. The values of the radial 
parameters thus determined are (r?)!=(2.37+0.05) 
X10-" cm and ro= (1.33+0.03)K10-" cm after the 
correction to the Born approximation has been made. 
This rms radius can be compared with the value 
(2.75+0.05) X 10-" cm for the rms radii of Li® and Li’? 
determined by Streib.”! It is also in good agreement with 
the value (2.400.20)10-" cm for the nuclei from 
Li® to O'* calculated by Visscher and Ferrell,’® using 
shell-model theory, harmonic well wave functions, and 
experimentally determined Coulomb energy differences. 
The value of 7) found is about 10% larger than the 
value 1.25 10-" cm found by Hahn e? al." for heavier 
elements and somewhat larger than the results obtained 
by Hahn ef al. for calcium and by Helm” for the 
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Fic. 11. Amount of charge at a given radius as a function of 
radius for the modified trigonometric models. 








21]. F. Streib (private communication to R. Hofstadter); 
the results in an earlier report have been modified. 
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Fic. 12. Trapezoidal charge distributions. 


intermediate elements. It is smaller than the value 
(about 1.90 10-" cm) found by Streib.”* It appears, 
therefore, that ro increases as the atomic number 
decreases, although local variations are possible. 

The surface thickness parameter ¢ shows considerable 
variation from model to model as would be expected 
since the maximum values for the change densities 
occur at radii less than 1.3X10-" cm. Because very 
little about the charge distribution can be determined 
in this region, not much significance can be attached to 
the value of ¢, which is (2.0+0.4)X10-" cm. The 
thickness appears to be less than the value (2.4+0.3) 
X 10-" cm found for the intermediate and heavy nuclei. 
The central charge densities of these models are 
slightly larger than those found for the larger nuclei. 


B. Inelastic Scattering 


The shell-model calculations of Ravenhall? and 
Morpurgo® have yielded predictions for the cross 
sections for inelastic scattering with excitation of the 
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Fic. 13. Amount of charge at a given radius as a function of 
radius for the trapezoidal model. 


4.43-Mev level. The nuclear potentials used were the 
infinite harmonic well,?* the infinite square well,? and 
the infinite linear well.? The assumption of an infinite 
well simplified the calculations, but cannot be expected 
to apply at large angles because of large momentum 
transfers from the scattered electrons to the nuclei. 
The configuration assumed was (1s)*(1p)*. In each 
case, there are two parameters which can be adjusted 
when comparing theory with experiment. These are a 
radial parameter and the scale factor, both of which are 
the same for elastic and inelastic scattering. Both 
parameters are fixed by making the best possible fit 
between the theoretical and experimental elastic cross 
sections. The theoretical inelastic cross section is then 
completely determined. 

A comparison of theory with experiment is shown 
in Fig. 14. Agreement can be obtained between the 
elastic scattering data and the theory up to 90° with 


TABLE II. Radial and other parameters of the various models. All lengths in units of 10~ cm; (r?)4 is the root-mean-square radius, 
ro= (5/3) (r?)tA—; tis the thickness from 0.9 to 0.1 of the maximum value of the charge density; d is the scale factor. 





Uncorrected 


Model Parameters (rt) 


Corrected* 
(r? 3 To 





Modified 
Gaussian 


a=1.696 2.46 
a=1.635 2.40 
a=1.566 2.3 


Modified 


trigonometric 


Trapezoidal 
(does not 
fit data) 


2.43 
2.37 
2.32 


2.33 
2.37 








® Corrected for breakdown of the Born approximation. (See Sec. III.) 





JEROME H. FREGEAU 





CARBON 
187 MEV 


t 
“T  A-HARMONIC WELL <>? = 2.40 
B-SQUARE WELL <r?)? = 2.23 
C-LINEAR WELL <r? S® = 2.49 











in cm*/STERAD 





10% 





io? 














10° *4L, z 
30s) 


Fic. 14. Comparison of experimental cross sections with Raven- 
hall’s shell-model calculations for elastic and inelastic (4.43 Mev) 
scattering. Scale factors and rms radii are chosen to fit the elastic 
data. 


all three models if the following rms radii are chosen: 
(r?)4= 2.40 10-* cm, 
(r*)t= 2.23 10-" cm, 
(r?)4= 2.49 10-8 cm. 


harmonic well 
square well 


linear well 


The theoretical curves shown in Fig. 14 are those of 
Ravenhall.? The results obtained by Morpurgo* for 
the harmonic well are similar, but an rms radius of 
2.23X10-" cm was found using only the data 
previously published.! The value 2.40X10-" cm is 
believed to be more accurate. 

Beyond 90°, only the harmonic well result fits the 
data, but because of the assumption of an infinite well, 
this breakdown is not significant. It should be noted, 
however, that the rms radii required for the square 
and linear wells fall outside the limits of error placed 
on the value of this radius by the interpretation of the 
elastic scattering data given in the previous section. 

In all three cases the predicted inelastic scattering is 
less than that found experimentally. The best agreement 
in angular dependence is found for the harmonic well, 
but this result is too small by a factor of two for L—s 
coupling (shown in Fig. 14) and a factor of six for 
j-j coupling, assuming a single (1p) particle excitation. 
Consideration of collective modes of excitation would 
probably remove this discrepancy since cross sections for 
collective excitations are in general an order of magni- 
tude larger than those for single particle transitions. 

A possible method for distinguishing between electric 
and magnetic transitions, which involves comparing 
cross sections at different energies, has been suggested 


by Ravenhall.?” The cross section for electron scatter- 
ing with magnetic excitation of the nucleus is a function 
of g only, while the ratios of the cross sections for 
scattering with electric excitation at the same q but 
different energies will be 


(= =) E? cos? (6/2) 
2 i Ey E,? cos*(6/2) 

Figure 15 shows the cross sections of the 4.43- and 
9.61-Mev levels determined at 187 Mev compared 
with those cross sections at 150 Mev scaled electrically 
and magnetically. Figure 16 shows a similar result for 
the 7.65-Mev level. In all cases there is good agreement 
assuming electric scaling while magnetic scaling gives 
results which are too low by a factor of two. Since the 
transition to the 4.43-Mev level is believed to be 
electric monopole,® agreement with electric scaling is 
to be expected in these cases. A similar agreement, 
assuming electric scaling, is found in the elastic scatter- 
ing at 80 Mev, 150 Mev, and 187 Mev, thus further 
demonstrating the validity of this analysis for the 
values of g involved. Figure 15 therefore suggests that 
the transition from the ground state to the 9.61-Mev 
level in C® is electric.? 

By expanding the general form of Eq. (25), reference 
4, about g=0, the dependence of F(g) upon gq can be 


(19) 
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Fic. 15. Comparisons of electric “EZ” and magnetic ““M”’ scaling 
for the 4.43 and 9.61-Mev cross sections. The 150-Mev cross 
sections are plotted for equivalent values of g. The cross sections 
for magnetic scaling are those found experimentally, while for 
electric scaling, the experimental cross sections were multiplied 
according to Eq. (19). 


2D. G. Ravenhall, Phys. Rev. 100, 1797(A) (1955). 
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found for values of g which are small compared to 
1/(r°). 

I>2, 
l=1, 
1=0, 


F(g)«q', 
F(g)=@, 
F(g«@, 


where T is the isotopic spin and where / is the multipole 
order of the transition.‘ In the cases /=0 and /=1, 
the leading term of F(q) vanishes due to the orthogonal- 
ity of the initial and final nuclear states and the next 
higher term in the expansion is given in Eq. (20); 
it is found that only monopole and quadrupole electric 
transitions have cross sections which are finite for 
g=0. The cross sections of all other transitions vanish 
at least as rapidly as g*. The 9.61-Mev level cross 
section continues to increase as g is decreased, as do 
the cross sections for the 4.43-Mev level (quadrupole). 
This suggests that the 9.61-Mev transition is either 
monopole or quadrupole. Since in these cases no 
parity change takes place and the ground state is 0*, 
the 9.61-Mev state must be either 0+ or 2+. The 
assignment 2+ would agree with the prediction by 
Morinaga* based on the alpha-particle model for 4n 
self-conjugate nuclei. It may be noted that the 9.61-Mev 
cross section is similar to that of the 4.43-Mev (2+) 
state and differs considerably from that of the 7.65-Mev 
(0+) state. The possibility of a 4+ assignment for the 
9.61-Mev level, as suggested by Kurath,™* appears to 
be ruled out as this would require the cross section to 
be proportional to g* at small angles. 

Schiff has shown that by using the ratios of the 
7.65-Mev cross sections to the corresponding elastic 
cross sections as determined in this experiment, the 
size of the matrix element for the transition to the 
7.65-Mev state may be determined. It is about 5X 10-*6 
cm?, with a probable error of about 25% due to 
statistical errors in the experiment and the fact that a 
considerable extrapolation from the present data is 
required. This is not in disagreement with the value 
3.8X10-** cm? quoted’ for the ground state to 0+ 
state transition in O'*, Schiff shows that both the 
elastic-fluid model and the alpha-particle model give 
values for this matrix element which are several times 
larger than the experimental value. He also shows that 
the independent-particle model, assuming j-7 coupling 
and a two-nucleon transition from the 1; shell to 
the 1p, shell gives a value about one-sixth of the 
experimental value. Schiff concludes that a model 
which is more collective than the independent-particle 
model and less collective than the alpha-particle or 
elastic-fluid models is required to account for the 
experimental results. 

Recently, Elliott!” and Redmond!* have questioned 
Schiff’s conclusion and suggested that an independent- 
particle model transition from the 1s shell to the 2s 


T=0T=0, (20) 


23H. Morinaga, Phys. Rev. 101, 254 (1956). 
*D, Kurath, Phys. Rev, 101, 216 (1956). 
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do 
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Fic. 16. Comparison of electric “E” and magnetic “M” scaling 
for the 7.65-Mev cross sections. The 150-Mev cross sections are 
plotted for equivalent values of g. The cross sections for magnetic 
scaling are those found experimentally, while for electric scaling, 
the experimental cross sections were multiplied according to 


Eq. (19). 


shell may give a matrix element of the required size. 
Elliott’s calculation is for the O'® monopole transition 
and may not apply to C” since the O'* lowest configura- 
tion, (1s)*(1p)", is a closed shell, while the lowest 
configuration in C™, (1s)*(1p)*, is not a closed shell, 
but has four holes. Redmond’s calculations are for 
both C” and O'*. The result for O'* gives a reasonable 
value for ro. However, inserting the value fo ro deter- 
mined by the present experiment into Eq. (6), reference 
18 gives a value for the matrix element of 3.2 10-6 
cm? which is close to, but somewhat smaller than the 
value 5X10-** cm? experimentally found. Detailed 
calculations by Sherman and Ravenhall® using the 
1p—2p transitions have also resulted in values of the 
matrix element which are too small to agree with this 
experiment. 

Ravenhall? and Helm,” using data obtained in this 
experiment, have shown that the 4.43-Mev level has a 
transition width of 12.5+2.5 mv, which corresponds to 
a mean lifetime for y decay to the ground state of 
(0.5340.11)X10-" sec. Considering the large energy 
involved, compared with the 2+ first excited states of 
other even-even nuclei, this is in reasonable agreement 
with Helm’s other results. 


IV. CONCLUSIONS 


This experiment has shown that the root-mean-square 
radius of the C” charge distribution is (2.37+0.05) 
X 10-" cm and that the surface thickness of the charge 
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distribution is (2.0+0.4)x10-" cm. Within the 
accuracy of the Born approximation, which is expected 
to be good for most carbon calculations, the independent- 
particle shell model using an infinite harmonic well 
has given the best agreement with experiment for the 
ground state and the first excited state scattering. An 
estimate of the size of the matrix element for the 
transition from the ground state to the 7.65-Mev 
state has been made. The transition to the 9.61-Mev 
level is probably electric and if this is the case, the 
possible spin and parity assignments for this state have 
been restricted to 0* and 2+. 

The author is especially indebted to Professor 
Robert Hofstadter, who suggested this project, for 
his help and advice throughout the work. I wish to 


PHYSICAL REVIEW VOLUME 


104, 


JEROME H. FREGEAU 


thank Dr. D. G. Ravenhall for many helpful discussions 
and suggestions concerning the analysis of this experi- 
ment, and for making available formulas and calcula- 
tions which have not yet been published. Thanks go to 
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accelerator, whose efforts made possible this experiment ; 
to the members of the electron scattering group, 
especially Professor Hofstadter, Dr. J. A. McIntyre, 
Dr. R. H. Helm, Lt. E. E. Chambers, A. W. Knudsen, 
and M. Yearian, for material assistance and discussion 
of the interpretation of the experimental data form 
this and other experiments; to B. Chambers and 
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NUMBER 1 OCTOBER 1, 1956 


Theory of S-Wave Pion Scattering and Photoproduction at Low Energies*} 
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A fixed-source analysis of the s-wave pion-nucleon interaction is constructed along the lines of the Chew- 
Low-Wick formalism. A bilinear s-wave interaction of the form Ax g- g¢+At-(@X) is added to the usual 
p-wave coupling (47)!(f/u)o-Y t- ¢g. Scattering equations are developed and solved in the one-meson 
approximation. Values for the renormalized coupling parameters Ao and \ are determined which give 
reasonable agreement with the s-wave phase shifts up to ~100-Mev pion kinetic energy. This s-wave 
interaction with the parameters fixed by the scattering analysis is then applied to the discussion of the x*+ 
and x® photo-production cross sections. A Kroll-Ruderman theorem is proved for the above nonlocal 
interaction and it is shown that the contributions to s-wave neutral and charged photoproduction are 
consistent with experiment. Other experimental implications, in particular as to the possible role of x-1 


forces, are discussed. 


I. INTRODUCTION 


HEW and Low’ have shown recently that a simple 

fixed-source theory of the p-wave pion-nucleon 
interaction is quite powerful in correlating low-energy 
pion scattering and photoproduction data. With a 
formalism based on a nonrelativistic approximation 
(which neglects antinucleons and recoil) to the equa- 
tions of Low,’?* they have especially emphasized 


*This work was supported in part by the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

t The term “pion” is used in discussion of the physical and 
experimental aspects of the scattering and photoproduction. In 
the more formal and theoretical developments we prefer the word 
“meson” for the nuclear field quantum. It is not intended that 
this duality of terms convey a basic reservation on our part as 
to the identity of these two. 

tNow at the Physics Department, Stanford University, 
Stanford, California. 

§ Now at the Physics Department, University of California, 
Berkeley, California. 

1G. F. Chew and F. E. Low, Phys. Rev. 101, 1570, 1579 (1956) ; 
hereafter referred to as C-L. We use the units A=c=1. Unless 
specifically displayed, the pion rest mass n= 1. 

? F. E. Low, Phys. Rev. 97, 1392 (1955). 

3G. C. Wick, Revs. Modern Phys. 27, 339 (1955). 


important conclusions in their work which are inde- 
pendent of the details of their model. We report here 
a fixed-source analysis of s-wave pion-nucleon inter- 
actions constructed along similar lines. In particular we 
study the elastic scattering of s-wave pions at low 
kinetic energy (<100 Mev) and the s-wave photo- 
production of low-energy charged and neutral pions. 
In C-L, the p-wave pion-nucleon coupling is taken 


to be 
0 


H,'= (4x) f (o-ve-o())s(3)es, (1) 
m7 


with a source density 


ds 


(2n)® 


s(a)= f oe) exp(ix: x) 


On the basis of Eq. (1) and in the “one-meson approxi- 
mation” a low-energy effective-range theory of the 
p-wave scattering phase shifts is developed. The (3,3) 
phase shift (T= $, J= %) emerges as the dominant one. 





THEORY OF S-WAVE 


C-L also apply the interaction in Eq. (1) to a discussion 
of single-pion photoproduction. Electromagnetic gauge 
invariance for a point source theory requires the sub- 
stitution 

vv —ieA, 


when operating on the charged pion field ¢ in Eq. (1). 
This added term gives rise to photoproduction of 
s-wave charged pions which is the dominant contribu- 
tion to the cross section for the process y+p—n-+-at 
at low energy. Neutral-pion photoproduction occurs 
only in the p state. 

In this paper we introduce a specific interaction to 
describe the s-wave pion scattering and study its con- 
tribution to photopion production cross sections. The 
possibility of charge exchange pion scattering leads to 
a prediction for the cross section of neutral-pion photo- 
production in the s state. 

It is clear from considerations of parity that a pion- 
nucleon s-wave interaction in a static source theory 
must be at least quadratic in the pion field. Guided by 
the form which is obtained upon application of the 
Dyson-Foldy‘ transformation to the relativistic theory, 
we add to the p-wave coupling the two terms 


H,'= J {oe PTAs: (~Xx)}s(x)d*x, (2a) 


with w the canonical momentum of the pion field. 

The terms of this form in the Dyson-Foldy trans- 
formed Hamiltonian appear with definite coefficients in 
relation with Eq. (1): 


0° = 4ar(f°)?(2M/y?), °=4ar(f°)?/?. (3) 
Nevertheless we treat these constants as free param- 
eters in this paper. Our dual motivations for this are 

(a) Equation (2a) is considered to be an approximate 
phenomenological representation of the low-energy 
s-wave pion interactions contained in a relativistic 
ys-theory, whereas Eqs. (3) are relations valid‘ only 
to order (f°). 

(b) Equations (3) express relations between the 
unrenormalized coupling constants. These ratios are 
changed in an unknown way by the different coupling- 
constant renormalizations. 

As written, Eq. (2a) includes scattering of waves of 
all angular momenta. In the interest of simplicity of 
calculation, we replace it by a separable source version: 


H,'=o°e: et+\"s: (9X2), (2) 
with 


= f o(x)s(a)arx 


The separation of the individual pion absorption and 


4S. D. Drell and E. M. Henley, Phys. Rev. 88, 1053 (1952). 
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emission points serves to suppress all but s-wave 
interactions.° 

Our first aim is to fit the low-energy s-wave scattering 
phase shifts for the T=} and } isotopic spin states. 
A close fit to the data for pion kinetic energies up to 
~100 Mev is achieved in the one-meson approximation 
with suitable choices of the three parameters Ao and A 
(the two renormalized coupling constants) and the 
cut-off energy Wmax= (Kmax’+u?)!. The experimental 
phase shifts are taken from Orear’s® analysis and can 
be approximately represented at low energies as linear 
functions of the pion momentum 


5:=0.16(x/uc), 53= —0.11(x/yc). (3’) 


In this connection, we remark that an additional 
contribution to 64 arises when nucleon recoil is taken 
into account. However, the recoil contribution to the 
scattering matrix elements and phase shifts varies as 
x? and x’, respectively for x0, and can thus be ignored. 

We also note that both interaction terms in Eq. (2) 
must be present. This statement is proved in Appendix 
II in the framework of the one-meson approximation. 
We can make it plausible here by observing that the 
first term (Ao) gives no isotopic spin dependence 
(6:=63), and the second one (A) in Born approximation 
gives 5;= —26;. A more accurate treatment of the A 
term increases 6, and decreases 63, because the former 
is an attractive and the latter a repulsive phase shift. 
Hence both terms are necessary to fit the observed 
ratio. 

It is also clear that, in the one-meson approximation, 
the s- and p-wave scattering problems can be solved 
independently because of the opposite parities of the 
states involved. Their mutual influence lies solely in 
the definitions of the renormalized coupling constants. 

We consider next the s-wave pion photoproduction 
cross sections with the coupling parameters in Eq. (2) 
fixed by the scattering analysis. The two questions of 
primary importance are: Does a Kroll-Ruderman’ 
theorem hold, and what is the effect of s-wave rescat- 
tering of the photoproduced pions on the charged and 
neutral photoproduction cross sections? 

The Kroll-Ruderman theorem states that the zero- 
total-energy limit of the matrix element for pion 
photoproduction has the same form as the Born- 
approximation result, 


M.E. (yt, 2, 7°) 
(r-, —7*,0)v2, (4) 


with the renormalized pion-nucleon coupling constant, 


5In both the weak- and strong-coupling limits, the scattering 
solutions for the scalar pair term with and without the separa- 
bility assumption are identical. See G. Wentzel, Phys. Rev. 86, 
802, (1952) and reference 4. 

6 Jay Orear, Phys. Rev. 100, 288 (1955). 

7™N. M. Kroll and M. A. Ruderman, Phys. Rev. 93, 233 (1954). 
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f, being the same as that operating in the p-wave 
scattering. This theorem has been proved in a variety 
of ways for the relativistic local pseudoscalar theory, 
an especially simple proof appearing in Low’s? work 
which makes use of the charge-current continuity 
equation. It is well known that there exists a continuity 
equation 


in a gauge-invariant formulation of electromagnetic 
processes. In a covariant local theory of pion-nucleon 
processes, the gauge-invariant introduction of electro- 
magnetic interactions is simply effected by replacing 


p—p-—eA, (6) 


when operating on the charged fields. 

In a cutoff, nonlocal model of the pion-nucleon inter- 
action, however, the prescription, Eq. (6) is not gauge- 
invariant and therefore the continuity equation fails 
within the source. Various methods of remedying this 
situation have been discussed, especially by Sachs,** 
and collaborators who introduce current threads to 
provide instantaneous charge transfer within the source 
functions as required by Eq. (5). We analyze this 
situation in Sec. III where we prove that, for arbitrary 
nonlocal interactions H, the theorem expressed in Eq. 
(4) follows as a direct consequence of the existence of 
a continuity equation alone. This proof is an extension 
of previous ones which used Eq. (6) to introduce elec- 
tromagnetic interactions. In the work of C-L, the 
emergence of a Kroll-Ruderman theorem follows from 
the fact that the photoproduced pions at threshold do 
not rescatter because of the absence of any s-wave 
interactions. 

We feel that it is of importance to establish the 
validity of the Kroll-Ruderman theorem in our work, 
since we consider the added s-wave interaction Eq. (2) 
to be an approximate low-energy representation of 
§-wave pion processes as contained in the relativistic 
ys theory, to which the Kroll-Ruderman theorem 
applies. 

The photoproduction cross sections calculated in this 
work differ from the results of C-L in two ways. First 
of all, rescattering of the s-wave photoproduced pions 
serves to increase the cross section for x* photoproduc- 
tion by 15% above the C-L prediction. Secondly, charge 
exchange scattering leads to an s-wave neutral-pion 
photoproduction which contributes 3% of the charged- 
pion cross section near threshold. The data’ are not 
sufficiently precise to support or discourage these 
predictions. 

The following sections of this paper present a further 
discussion of the experimental and theoretical numbers. 

Two other cross sections involving low-energy s-wave 


*R. H. Capps and W. G. Holladay, Phys. Rev. 99, 931 (1955). 

%” Goldschmidt-Clermont, Osborne, and Scott, Phys. Rev. 97, 
188 (1955); F. E. Mills and L. J. Koester, Jr., Phys. Rev. 98, 210 
(1955). 
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pions can also be studied in connection with Eq. (2) 
and the work reported here. These are the double 
s-wave pion photoproduction by magnetic dipole 
gamma rays and the inelastic scattering of an incident 
p-wave pion into two s-wave pions: near threshold 
these processes should dominate over those involving 
slow outgoing p-wave pions, because of phase space 
factors. Accurate cross sections for these processes have 
not yet been measured. They have been calculated on 
the basis of Eq. (2) by Bincer,' whose work will be 
reported shortly. 

The success or failure of Eq. (2) to account for this 
class of processes can serve as a basis for arguing the 
possible role of short-range pion-pion forces such as 
have been conjectured in other connections.” 


II. SCATTERING 


The Hamiltonian is written as the sum of two terms: 
(7) 
(8) 


is the Hamiltonian of the free-meson field, and H’ 
describes the interaction between meson and nucleons. 
In Eq. (8), x labels both the momentum and isotopic 
spin state of the meson. The source is restricted to 
being fixed in position, but otherwise H’ is left com- 
pletely unspecified. The scattering equations are then 
developed in a manner completely analogous to the 
C-L treatment. 
The starting point is the scattering matrix 


H= Hot+H’, 
where 
Ho= hn Ae AL 


Si= (UO |W), (9) 


where WV; is an eigenfunction of the total Hamiltonian 
H. It represents a plane-wave meson incident on a 
physical nucleon (the two being in a state characterized 
by 7), plus outgoing scattered waves. Similarly, ¥;~ 
represents a plane-wave meson and a nucleon in the 
state f, plus ingoing scattered waves. Thus 


AV;P=a¥;, (10) 


where in writing Eq. (10) the physical nucleon has been 
chosen to have zero energy. Representing the physical 
nucleon by yo (and suppressing the spin and isotopic 


spin indices) we note that 


Thus, in complete analogy to C-L, we find 


VO = axio- (12) 


1 
te 


T —wxji—e 


11 A, M. Bincer, Ph.D. thesis, Massachusetts Institute of Tech- 
nology Physics Department, 1956 (unpublished). 

1 Marc Ross, Phys. Rev. 95, 1687 (1954); F. J. Dyson, Phys. 
Rev. 99, 1037 (1955); Gyo Takeda, Phys. Rev. 100, 440 (1955). 
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Similarly, we obtain 


This is identical to the C-L form if we set 
Vag= [ H’ ax]. 


Here, however, Vx; is a function of meson field operators 
in addition to the nucleon spin and isotopic spin 
matrices. Substituting into (9) for ¥;*, and proceeding 
in the manner of C-L, we find 


Sri =5;5;— 26 (E;— E;) Ty; 


(14) 


(15) 
where 
T= (WV; ) [H’ ,ax;t | Yo)= (Wy! ~)| Vil Wo), (16) 


and on the energy shell is the conventional transition 
amplitude. We now insert (12) into (16) and, using 
closure, introduce the complete set of states V,~ (the 
index m characterizes the state of the mesons as well as 
the number present). The equation for T is 


T i= Wo| Laxs,Vui || Po) 
(Wo| Vii |V,O (V © | Vist | Wo) 
sh, casi 
(Wo| Vast | Vn OP, | Vei| Wo) 





E,—wys—ie 
It is convenient to use the following notation: 
Tri= (Wn | Ver Yo) = (Wn | LH’ ait ]| Yo), 
Sni=— (Un | Veit | Woo= (Wn© | LH’ ai] | Po). 
Thus 
Tyi= Wo| Laur, Vei ]| Yo) 


(18) 


- . (19) 
n\E,—wr—te Entoy 

If H’ is just the p-wave interaction o-¥ +: g(x), the 
inhomogeneous term vanishes, S,;=7,:, and Eq. (19) 
reduces to that considered by C-L. However, for the 
general case T,,; and S,,; are distinct, and it is necessary 
to develop an equation for S;;. This is done in the very 
same way as the development of the 7;,; equation, 
giving 
Sr= _ (Wo| [axs,Vii* ] Wo) 

Taf Sut Tai* Sng 


E,+wys 





(20) 
n 1 E,—wys—te 

Equations (19) and (20) for T;; and S;; have the 
following simple interpretation. 7;; scatters a meson 
from the state i to the state f, while 7;;* scatters one 


and 


Fic. 1. Diagrams re- 
presenting 7y;, Sy; and 
Syi* respectively. The 
blob means the com- 
plete physical interac- 
tion. 


from f to7. On the other hand, S;;(S;,*) is the amplitude 
for creating (annihilating) two mesons in the states 7 
and f. Diagrams for the amplitudes 7;; and S;; are 
given in Fig. 1. Figure 2 shows the one-meson approxi- 
mation to Eqs. (19) and (20). 

In order to proceed further, it becomes necessary to 
specify the interaction H’. We take 


H’=H,'+H,’, (21) 


as given in Eqs. (1) and (2). 
In line with this choice, Vk; may be divided into 

two parts 
Veg= Veet?+ Vux?, (22) 


where V«;*=[H,’ ,ae;t ] and Vi;?=(H,’ ,ax;t |. The s-wave 
contribution to To; and So; then vanishes; that is, 


Toi= (o| Vai | Wo) = (Wo| Vai? | Yo), 
Soi =—=— (Wo| Vuit lo) = = (Wo! Viu,Pt Wo). 


(23) 


To; represents the amplitude to emit (or absorb if 
V«;t) a meson from a physical nucleon. Since the meson 
is pseudoscalar it must be in a p state to conserve 
parity. (A detailed proof of this is given in Appendix I.) 
We thus obtain 75;=So;, and Eqs. (19) and (20) thus 
become 

To;* To = Toi*T oy 
T i= (Wo| Cans, Vii* || Yo) +— 


Wy 
1 PP Fea Seon 
~2. 1 — j= 
n>1 E,—wys—te E,+oy 


Ty*T ou To*T os 
Syi= — (vo Cay, Vei*t Yo)+— . ¥ 


} (24a) 


wy 


Pes Sad 
= 2 | _—— : 
n> 1 I 


in—wy—ve Entuy 


‘i ‘ f i fysvi 

(0) ws 
N i f 

f f j 

—— a ee 


Fic. 2. Diagrams of the one-meson approximations to the 7); 
and Sy; equations. The first pictures (with no blob) represent the 
first Born approximation, the second pictures represent terms 
Tns*T ni and Syi*Snz in the one-meson approximation to 7;;, and 
Trg*Sni and Tyi*Spz in the one-meson approximation to Sy;. 


- Pye, 
-- . (24b) 
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We shall show that the first term on the right of 
(24a) is the renormalized s-wave scattering in first 
Born approximation. The second term is identical to 
the inhomogeneous term of the C-L equation and is 
just the renormalized p-wave scattering in the first 
Born approximation.” 

We now make the one-meson approximation" to Eqs. 
(24) by dropping all but the one-meson states (n= 1). 
This restriction gives two coupled integral equations 
for T;; and S;; and has the simplifying feature of com- 
pletely separating s- and p-wave parts. Interference 
effects are present only in higher approximations in 
which odd-parity states (relative to the physical 
nucleon) can be constructed with an odd number of 
s-wave and any number of p-wave mesons. 

In terms of creation and absorption operators, the 
S-wave interaction is (restoring the isotopic spin 
indices) 


Vey*=(Hy',dey*] 


=\4!8,6 5 v(x)v(’) 


«’ WW! 


+s r se'e){| (~) - (~) fe» 
-[ (=) +(=) Jo (25) 


Repeated indices are to be summed. €asy is the anti- 
symmetric isotropic tensor equal to (+1, —1) for 
(even, odd) permutations of it indices. Introducing the 
projection operators for the isotopic spin 3 and § states, 


{Oat Oxat} 


(Qa) e= 37775, 
(Q4) = 8:—3 7773, 


§5= (Oy) rit+ Ona, 
t€iasTa= 2(04)si— (Qa) si 


The renormalization of coupling constants is effected 
in (24) with the definitions” 
A(uo| Ta| Ho)=A°Yo| Tal Ho); 
Ao(mo| %o)=Ac%(Wo| Wo); (Ao= Ac’). 


18 As in C-L, the renormalized p-wave coupling constant f is 
defined by 


(26) 
we write 


and (27) 


(28) 


Po |oira Wo) =f{uo |oita |uo), 


where to is the bare spinor corresponding to yo. Though formally 
identical with the ratio given in C-L, our //f° is different from 
theirs because of the presence of s-wave mesons in yo. 

“4 There is no quantitative criterion to justify the one-meson 
approximation. It is hoped that the larger energy denominators 
in matrix elements for low-energy processes involving more than 
one “intermediate” meson make them unimportant. We have 
just received a preprint of a paper by Dr. Earle Lomon (to be 
published) which presents an exact scattering solution of Eq. (2) 
with different ranges of coupling constants and energy cutoffs 
than used here. 
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These definitions are consistent with the fact that uo 
and Y both transform in the same way under rotations 
in (isotopic) spin space. With this notation, we find 
that the inhomogeneous term of the 7;; equation 
becomes (omitting “bare” spinors mo in the right side) 


(Wo| Laxs, Ves* ]| Yo) 
(Q3) | (xs)o( | . 

= 4) U(K)V(K 
ws f ’ 


wiwy)! 


>((2) +2) )}}+@ 
fear) +) Ik 


As previously noted, this is just the renormalized 
first Born approximation. The inhomogeneous term in 
the S;; equation is 


— (Wo| [aus Ve*t]| Yo) 


0(x;)0 (xy) 


Xo 


= (Qe 160) (e)| - 


wes)! 


+ ( &, a Se )| + (Ox v(x,)0(x,) 


do A Wy 4 Wi 4 
ge es anc le 
(ww)? 2\ Na, wy 
It is now useful to carry out a series of manipulations 
with the aim of reducing the one-meson approximation 


to (24) to convenient form for solving. First we split T 
and S into their two isotopic spin parts: 


2r 


T.=L 1 (cws,0s) (Qa) si (wy) 0(x:), 


a wy)? 


(31) 


Sh=L S*(wy,0i) (Qa) si0 (wp) v(x). 


@ (Wis 4 


Here the summation index a takes on the values } 
and 3. 

We see in Eqs. (29) and (30) that ¢* and s* are non- 
factorable functions of the energies wy and w,, in 
contrast to the p-wave case. In order to get around 
this difficulty, we construct the combinations T,;+S,; 
and 7,;—S,;, which depend on a; in a trivial manner. 
Explicitly, introducing the functions 


ha* (wy) = (wy/s) 1" (ws,01) +5% (wy) ] 


and (32) 


a (wy) 7 [ee (wy,wi) — eT (wy,w,) ], 
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and inserting (29), (30), and (31) into (24), it follows 
that: 


r wr pKdw 
ha* (ws) =T aw -— f —1"(k) 


Tv T w 





| ha (w) + (w;/w)ha* (w) hat (w) 
x oe ee bltiae . 
wW—wy—e 


hat (o)*Lis- (w) — (wy/w)hg* (w) J 


A ap , beads 
w+wy 





(33) 
N° 2d 1 
ha” (ws) =—4+-T ews -— fede) 
"8 2 


v 





[ha (w) + (ws/w)ha* (w) ha (w) 
x i . 
w—wy—1e 


| hs (w)*Lhs- (w) — (w;/ w)hs* (w) ] 
ir wtwy ' 





The indices for Aag are such that the first row and 
first column refer to the } state, while the second row 
and second column refer to the § state. Correspondingly, 
T'y=—1, and T'y=4. Aag is the crossing matrix and 
plays the same role as the analogous quantity in the 
p-wave theory. It exhibits similar properties: . 


ds A apApy=Sbay; 
Ds Aasl' p= —Ta, 
Ds Aas=1. 


Our final step is to construct linear combinations of 
h+ and hr, one of which reduces to the scattering am- 
plitude on the energy shell and thereby obeys a uni- 
tarity relation. 

Define 


(34) 


da(w) = $[ hat (w) +ha-(w) J, 
and 


ba(w) =3[ hat (w) — ha (w) J. 


In terms of ¢ and s, 


1f /w w 
da (wy) = | (“+ 1 )e (wy,ws) oa (=- 1 )s (or) (36) 
2 Wi Wi 


Thus dq(ws) =t*(wy,wy), which is precisely the quantity 
of interest. In terms of a and b, Eqs. (24), or (33), 
become 

we? pe xdwy |da(w)|? 


@a(wy) =Cot+Cil wy -—-— cope = 
7 w lw—wy—ie 


tag Ol 309, (37a) 


WT Wy 


and 
da(w)*ba(w) 


ba(wy) = —CotwsDa- nat 


us ® 


wy pe Kdw | 


2 | w—wy—ite 


ag(w)bg(w)*) 
stay, cy 


wtwy, 
where the identity 


“( 1 
Wr \W— We 


has been used. 
In Eqs. (37), Co, Cita, and D, are defined by 


(38) 


rN 1 Kdw . 
Co=— == f GartAas) |S 00, 


2x w 


d 1 ¢ xdw 
Cte e—— f agus) ho 


us T Ww 


+3 (hs*hst+-hshs**)}0"(x), (40) 
1 Kdw . 
= -f —{ (Bap— Aas) | Bg |?— (Sap+A os) 
Tv wo” 
xi (hg-*hg+— hghg**)} 0" (x). (41) 

The first of Eqs. (37) represents our final result. It 
gives a single integral equation for the quantity aa(w), 
which is related to the phase shift 6, by 


Im ag (w) = —x0?(k) | da(w) |, (42) 


so that 


sinda(w) explida(w) | 


(43) 


da (w) = ——— 
kv"(k) 


Equation (37a) is identical to the dispersion-theoretic 
result of Goldberger,'® obtained on more general 
grounds. With our specific model of the s-wave inter- 
actions, we have in addition the equation (37b) for ba 
and the relations (39)-(41), the solutions to which 
relate the parameters Cy and C; to the coupling constants 
Xo and A. With Ao and A and the cut-off energy wimax fixed 
by the scattering analysis, the interaction Hamiltonian 
of the model may be applied to a discussion of other 
low-energy processes, and thus its specific predictions 
may be compared with experiment. 

A solution of the nonlinear integral Eq. (37a) for aq 
gives the behavior of the scattering phase shifts in 
terms of the three parameters Co, Ci, and wmax. The 
first two terms of this equation describe the zero-total 
energy limiting behavior of the phase shifts. This limit 
differs from that in the p-wave theory in several 
important respects. First of all, Eqs. (37) and (43) 
show that 


5a(k)/K—Co (44) 


15 M.L. Goldberger (private communication). 
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Fic. 3. Diagrams contributing to the aero-energy limit of aq(w). 


in the limit w—0. That the phase shift is independent 
of isotopic spin at zero total energy is as required by 
the result of Deser, Goldberger, and Thirring.'* 

However, in contrast with the C-L case, Eqs. (39)- 
(41) show that this low-energy limit does not directly 
measure the renormalized coupling constants. Because 
of the pair nature of the interaction, the w singularity 
as ‘w—0 which is responsible for this very powerful 
result in C-L is not present here, and all orders in Ao 
and \ contribute to the zero-energy limit, as illustrated 
in Fig. 3. 

Another important new feature of the low-energy 
behavior of the solutions for the s-wave phase shifts is 
apparent in the comparison of Eqs. (3’) and (44). 
Whereas the phase shifts are independent of isotopic 
spin in the limit w=0, the experimental values for low 
kinetic energy are of opposite sign for the 4 and } 
states, indicating either a zero or a discontinuity in 
one of the phase shifts between w=0 and w=1. 

As a first step in constructing a solution to (37a), 
we very primitively approximate a, by 


da(w)=Cot CT aw. (45) 


This solution provides a satisfactory fit to the data at 
low energies (<100 Mev, with the parameters) 
Co=0.04 and C,=0.14. These were chosen to match 
the experimental data® at 60-Mev kinetic energy. 

It should be noted that (45) is not the first Born 
approximation. All orders of rescattering contribute to 
the integrals which relate the renormalized coupling 
constants Ap and A to Co and C;. Equation (45) is to be 
used as a guide in constructing approximate solutions 
to (37a) which satisfy more of the formal properties 
required by this equation. 

We now examine Eq. (37a) further with the methods 
discussed in C-L. Consider a_(w) to be a function of the 
complex variable z, with 


da(w)= lim a,(z), 
t-w +te 


and list the properties of a.(z) as given by its integral 
equation : 


I: (i) as 2-0, a,(z) is regular; 
(ii) as z+, a,(z) diverges with z; 
(iii) @¢(z) has branch lines from +1 to + on the 
positive and negative real axis; 
(iv) Reality: a,(2*)=a,(z)*; 
(v) Unitarity: a.(w+ie)—aa(w—ie) 
= — 2ix|aa(w)|?; 
(vi) Crossing: @4(—z)=A agdg(z). 
46 Deser, Goldberger, and Thirring, Phys. Rev. 94, 711 (1954). 


The result is proved here for a covariant local pseudoscalar renor- 
malized theory. 
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Let us define p.(z)=1/a.(z). Then 


II: (i) as 2-0, p.(z) is regular; 
(ii) as 20, pa(z)-0 like 1/2; 
(iii) pa(z) has branches from +1 to +0; 
(iv) Reality: pa(z)*=pa(z*); 
(v) Unitarity: pa(wtie)— pa(w—ie) = 2ix; 
(vi) Crossing: [pa(—z) =A asl pa(z) }7. 


In addition, p.(z) has a pole at every point in the 
complex plane at which aq(z) has a zero. 

As C-L have shown, the function p,(z) satisfying 
the above properties may be written in the form 


pol== fader 


1 1 a(—w 
x(—4+— 5 Aw : 


w-z wtsz B 


‘) +H), 46) 
paw) 


where the added meromorphic function M,(z) repre- 
sents the contribution to p.(z) coming from zeros in 
a,(z).!7 The arbitrariness of this extra term results from 
the fact that the conditions II are not sufficient to 
uniquely specify p.(z). In order to determine M,(2), 
the zeros in d,(z) implied by Eq. (42) must be known. 

In the p-wave theory, the requirement was made that 
the solution reduce to that obtained from perturbation 
theory, in the limit f-0. This condition is replaced 
here by the demand that the solution reduce to the one 
obtained by applying perturbation theory to Cy and Ci, 
namely Eq. (45). We thus require that 


pa(z) CotC Tar 


as Co, C;0. This means that a,(z) vanishes at z= 
—C/CiT., so that M,(z) cannot be dropped. In fact 
it can be seen from (37a) that a.(0) is independent of 
a, and d,(*)~T,2, so that either a; or a; vanishes 
somewhere between z=0 and z= ~, or else a resonance 
appears. 

The simplest choice which reduces to the perturbation 
limit, then, is to assume that a,(z) has only one zero 
between z=0 and z= © ; thus 


M,.(2)=Aa/(z—Ba). 


The constants Aq and B, introduced here are not 
entirely arbitrary, but must be chosen to be consistent 
with conditions II. It should be noted, however, that 
they contain the coupling constants, and therefore all 
the information of the theory. Without M,(z), Eq. (46) 
is a self-contained equation for p.(z) which does not 
involve \o and X. 


7 Castillejo, Dalitz, and Dyson, Phys. Rev. 101, 453 (1956). 
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Equation (46) may be rewritten in the form 


Ay 1 1 1 
pa(z)= + - fuao(—+—) 
2—-Ba 7 w—-Z wz 
- f kdw 4| pi— ps|? 
Tv wt+z |4pi— pal? 


xdw 2| pi— ps|? 


1 
+- f 7 ’ 
Led wts |2pst+pi|? 


As a first approximation, we drop the last parts of 
Eq. (47) and set Ag=A/T'a, Ba=B/T a, in order to 
satisfy conditions II (i)-(v). This corresponds to 
putting the crossing terms equal to unity. Corrections 
to this solution from the last parts of (47) are calculated 
to be less than 10% for w<2 and are included in the 
curves of Fig. 4. A reasonable fit to the data is achieved 
with the parameter A =6.8, B= —0.57, and wmax=4.5. 
As is evident in Fig. 4, the crude low-energy approxi- 
mation, Eq. (45), is a fairly good representation of the 
solution at low energies. 

For larger w(w>2), the deviation of the crossing 
term from unity begins to alter the p; (and a;) solution 
considerably. As can be seen from (47), the corrections 
are such as to decrease a;. We therefore expect the 
exact solution to (47) to look very much like the one 
drawn in Fig. 4 but with an effectively smaller cutoff 
which will serve to prevent a; from growing too large. 
The parameters A and B for the curve in Fig. 4 were 
chosen to fit the scattering data for pions in the 40-60 
Mev kinetic energy interval. This gives a threshold 
value of (6;—6;) =0.19y in agreement with the Panofsky 
experiment.'* Because of a partial cancellation of 
terms in the solution for a;, the high-energy (w~4) 
contributions in the integrals in Eq. (47) affect the 
behavior of 5; at the high-energy end of the curve in 
Fig. 4. Therefore the large value of 5; at n=1.5 reflects 
the cutoff and the one-meson approximation as well as 
the physics in the model being discussed. This is not 
the case for 63. 

By using Eq. (45) for a2, approximate solutions to 
the equations for b,, Ao, and A may be constructed. The 
results are given here for a cutoff of wmax=4.5 and are 
found to be very insensitive to this choice. To a good 
approximation, 6,.(z) is a constant at iow energies: 


b.(z) = —0.04+ (<0.01T.2), (48) 


and the coupling constants are 


Ao=0.4/u, A=0.4/y?. 


18B. T. Feld, “Meson physics,” lecture notes, Massachusetts 
Institute of Technology, 1955 (unpublished); H. A. Bethe and 
F. de Hoffmann, Mesons and Fields (Row, Peterson and Com- 
pany, Evanston, 1955), Vol. II, Sec. 33. Both these sources 
contain comprehensive discussions of the low-energy s-phase shifts. 
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Fic. 4. S-wave phase shifts 5; and 6; as functions of meson 
momentum n=«x/yce. The experimental points are taken from 
Orear (reference 6). The dashed curve represents the approximate 
solution, Eq. (45). The solid curve is the solution constructed 
with Eq. (47). 


These values change by less than 10% when wmax 
varies between 4 and 5y and are unaffected by the 
weak z dependence in bq. 


Ill. PHOTOPRODUCTION 


As in the case of pion scattering discussed above, 
equations for pion photoproduction may be derived 
in an analogous manner to that of C-L. We add to 
the Hamiltonian (7) a term — /j-Ad*x, describing the 
coupling of the entire pion-nucleon current j to the 
electromagnetic field. The quantity of interest is the 
transition amplitude, to first order in A, from a state 
of a free photon of momentum k and polarization of ¢ 
together with a physical nucleon, to a one-meson final 
state. This transition amplitude is 


| 
ata(p)=( #4] — finan 0), 


where Ay= (2k)~4e exp(ik- x). Using (12), we have 


aa(9)= {40 on - fi-auea] vo) 


Trp*Mx(nm) My(n)*S, 
ag [PLEA 
n Entwy, 


(49) 


E,—wyp—te 


The current j appearing in these equations may be 
most conveniently defined as the coefficient of —A in 
an expansion of the Hamiltonian density in powers of 
the electromagnetic field. The vector potential A is 
inserted into the original meson-nucleon Hamiltonian 
(7) in a local theory with the prescription Eq. (6); this 
automatically insures gauge invariance. In a nonlocal 
theory, however, such as a finite cutoff gives us, this 
replacement is not sufficient. The nonlocal property of 
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the coupling allows a meson to be created anywhere in 
an extended region, and the above prescription does not 
provide a current describing the transfer of charge from 
the nucleon core at the center to the point of creation 
of the meson. This prescription then gives gauge- 
dependent results as expressed by the violation of the 
continuity equation within the finite source. 

If the static theory is viewed as the replacement of 
the nucleon fields (x)---p(x) in a local relativistic 
theory by a source density s(x), then the transformation 
properties of the nucleon at the point x under a gauge 
transformation are lost. These transformation proper- 
ties may be imitated by replacing p---y by 


e 1+73 x 
¥(0) exp(—ie—™ f Aas) is 
0 et ; 
x¥(0) exp( ie J A-as) 
0 


times s(x), instead of just tn: 8.9 Equivalently, we may 
replace ¥(x)---w(x) by $(0)---y(0)s(x) if we multiply 
the meson fields [¢(x),¢* (x) yess by the factors 
exp[ (—1, +1, O)e /7A-ds]. 

With this modification, then, the Hamiltonian has 
been made gauge-invariant. The presence of such line 
integrals means an extra contribution to the current 
beyond that appearing in a local theory. In the ¢ 
coupling terms of (2), such factors would cancel out 
except for the fact that a separable source is being used. 

These extra currents represent exactly the propaga- 
tion of charge from the origin to the point x at which 
the coupling to the electromagnetic field occurs, the 
charge traveling along the path along which the line 
integral is evaluated. The line integral (7A-ds is 
independent of path only in the limit of zero photon 
energy, where VY XA—0; thus only in this limit is such 
a method of constructing a gauge-invariant theory 
unique. 

The use of a gauge-invariant theory, with the con- 
sequent introduction of such extra line currents, gives 
us an equation of continuity ¥-j+7[H,p]=0 (the 
operators appear in the Schrédinger representation 
throughout) holding everywhere, inside as well as 
outside the source. Furthermore, since the extra currents 
represent the instantaneous transfer of charge, their 
presence does not affect the charge density. The quan- 
tity p(x), therefore, is still given by e[(1+73)/2]6(x) 
+ie(x*~*—mg), as in a local theory. (For further 
discussion of this, see Appendix ITI.) 

Once an equation of continuity is established every- 
where, the Kroll-Ruderman theorem follows. It is 
essential that this theorem hold, since we should like to 
view the static cutoff theory as an approximation to 
a complete local relativistic theory. The static theory 
should therefore imitate such properties of a covariant 
theory as are known, and the Kroll-Ruderman theorem 
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holds for any gauge-invariant, local, covariant, and 
renormalizable pseudoscalar field theory.’ 

We now prove the Kroll-Ruderman theorem, re- 
writing Eq. (49) as 


(P= aah fircomras vo), (51) 


and studying its k, w,—0 limit. 
Using the identity” 


1 
cctsavlex f arenes} 
0 


~if(exxx] f Adde®*-*, (52) 


and the equation of continuity, we obtain, in the limit 


k-0: 
Vv, - fexie) 


amy())=—— 
eesf2e™ 


(2k)! 
v,>~ | f exter o(x) Je 


1 
xf d\e®*:* vo) 
0 


d*xe- “f dye®*-* (53) 


~ (2k)! 


~ (2k)! 
x (v4 Ca,,LH,e(x) ]] 


1 
—(H# ne ee (x) ] 


—Wp—te 


+(H, (x) ] 
H 


1 
[H',ay] bo). (54) 
+wp 


Taking next the limit w,—0 and using H|yo)=0, there 


results 
1 1 
Mx (p) =—— fexexf dd\e**:* 
, (2k)! 0 


— Ca,(H,o(x) ]]+(LH’,a, },o(x) ]| vo) 


d’xe- “f dye** = 
~ (2k)! 


X o| Lay,LHo,0(x) J] 
+[H’,[ay,0(x) ]]| Yo). 


The first term here is proportional to k, and vanishes 
in the limit k-0. The second term may easily be 


1” R. H. Capps, Phys. Rev. 99, 926 (1955). 


(56) 
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calculated directly, using 


p(x) =e (1+73)/2]6(x)+ie[n* (x) o* (x) —m(x) o(x) ]. 
(57) 


Only the second term here contributes to the com- 
mutator [@»,p(x) ]. Since p is bilinear in the meson field, 
the commutator is proportional to a, with an amplitude 
+1, —1, or 0 for positive, negative and neutral mesons, 
respectively. Then, from the identity 


(Wo|LH’,ap]|Po)=— (4n)(- *) a Tpy 


58 
(2w»)? om 


where f is the renormalized p-wave coupling constant, 
the Kroll-Ruderman theorem follows. We find, finally, 
by performing the integral over d*x and letting k—0, 


sim ae) = (an ( =~") oe C=), 
(4kw»)? 2 


which agrees with Eq. (4). 

Let us next look at the photoproduction equation 
obtained from the Hamiltonian [Eqs. (1), (2), (7), 
(8) ]. The inhomogeneous term is easily calculated: 


(vol[ on — fi-dvex]lv0) 





ief 1 T pT3— T3Tp 
=~ Vamp etek 


_20-(p— k)e-p 


at 


(|p— k |) pe! (p) 
P 


rae (2 f- ne ) 


r K°dw 
pola —1(x)v’ ®)| 
as 
ie f 1 
4 ee reens 
— (amy — oe 
r Kdw 
Xv(p) (on f —r (000). (59) 


The first two terms in (59) have been discussed by 
C-L in connection with the p-wave theory; the remain- 
ing terms come from the line integrals used in making 
the theory gauge-invariant. They arise, respectively, 
from the p-wave term, the Ao¢* term, and the last two 
from the At-(gX x) term. Using the values of A» and A 
determined from the scattering theory, we see that the 
last three gauge terms are quite smail for any reasonable 
choice of the cutoff. The contribution of the p-wave 
gauge term is proportional to »(p); since the cutoff 
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should be approximately flat up to fairly large momenta, 
this term will also be small in the region of interest. We 
therefore drop the gauge terms. It should be em- 
phasized, therefore, that the importance of the gauge 
terins lies in the fact that their presence is required for 
an equation of continuity, and hence a Kroll-Ruderman 
theorem. 

We now specialize to the one-meson approximation. 
As in the scattering problem, the equation then 
separates into s- and p-wave parts, and the photo- 
production amplitude may be written as the sum of an 
s-wave and a p-wave contribution. C-L have discussed 
the p-wave term, and treated the s-wave term in per- 
turbation theory. Since only s-wave mesons will be of 
interest here, T and S in Eq. (50) will be the quantities 
determined from the s-wave scattering, and we may 
pick out from the inhomogeneous term only those parts 
contributing to s-wave photoproduction. These will all 
be of the form o-e multiplied by a function f(k’,p?). 

The s-wave scattering amplitudes T and S are spin- 
independent, and therefore we may write 


ief\ 1 
sac= to) ne 
‘P) ) (iko,)! 


XL 24M a(p,k)(p|Qa|3), (60) 


where 


al 


M.(p,k) = — f(k,p?)— 


E owe 


t(w,wp)M a(w,k) 


Ms(w, k) *9° (wp) 
LODE OO) 


If the gauge terms are neglected, f(k’,p”) is just the 
s-wave part of the o-e and meson current contributions ; 
thus, with y= (w,?+k’)/2pk, 


p Prkocyhl 
f(l8,p*)=1-— (- ——log— +) ; (62) 
2k 2 y-1 
at low energies (k~1), 


9 


2 P 
sue p~t—(—). 
wy tk 


Since the s-wave scattering is small, a perturbation 
expansion of Eq. (61), using the values of ¢ and s 
determined from the scattering analysis, may be 
expected to be valid. One iteration of Eq. (61) gives 


(63) 


ge sg 
M.(p,1)=——T'a+—(—0.07F .+0.13), (64) 
Tv 


T 


the first term in the right-hand side being the lowest 
order result. The correction is very insensitive to the 
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effective cutoff and is calculated for the parameters in 
the discussion of scattering. The validity of the iteration 
procedure may be checked by the use of the following 
theorem. We write M.(p,k)=Ma(p,k) +Ma (p,k) 
corresponding to the two inhomogeneous terms in Eqs. 
(61), (63). The first arises from the interaction current 
and the second from the meson current. The following 
identity relates the first term with the scattering cal- 
culation: 
1 da(wp) +ba(w 
Ma" (p,k)=Ma(p)= er 


Wp 


(65) 


This is easily seen by comparing the equation for M,” 
with Eqs. (37) for a. and b,. Near threshold the con- 
tribution of the interaction term dominates, the meson 
current contribution vanishing with ~* in Eq. (63). 
Thus if M,® can be neglected, we can calculate 
M,(p,k) directly in terms of ag, ba, and \. Doing this 
gives results in reasonable agreement with the iteration 
solution, 


1.1 
M.(p)=-—Ta. (66) 
TT 


A more accurate solution for a, introduces an a-inde- 
pendent contribution which corresponds to 7° photo- 
production. 

The experimental implications of the above photo- 
production calculation are evident with Eq. (64) ex- 
hibited in terms of pion charge states: 


1 
M 0 (p,1)=+——(1.077_, —1.0774, 0.18). (67) 
. (24) 


First of all, there is a 15% increase in the charged-pion 
photoproduction cross section at low energies as a 
result of the s-wave rescattering. This means a 15% 
reduction in the magnitude of the renormalized p-wave 
coupling constant, /*, which is assigned to fit the low- 
energy photoproduction data. In C-L, the effective- 
range approximation to the p-wave scattering gives” 
f°=0.076, and the analysis of charged pion photo- 
production” gives f?=0.073+0.007. When s-wave scat- 
tering is now included, this latter number drops 15% 
to f?=0.064+0.006, and the agreement between the 
scattering and photoproduction analyses is less striking. 
However, we feel that it would be premature to interpret 
these numbers as indicating a disagreement. In par- 
ticular, the value for f? in the scattering analysis is 
uncertain by ~20% due to the extrapolation pro- 
cedure.” It also remains for a criterion to be given for 
the quantitative validity of the “one-meson approxi- 
mation” which underlies this discussion. 

The neutral-pion photoproduction predicted in Eq. 


”S. J. Lindenbaum and L. C. L. Yuan, Phys. Rev. 100, 306 
(1955). A similar number is obtained by U. Haber-Schaim (to be 
published) from the dispersion relations of Goldberger e¢ al. 

1 G. Bernardini as quoted in reference 1. 
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(67) arises from s-wave charge exchange scattering and 
has a low-energy cross section of 3% of that for x* 
production, or 


(do ¥)e= 003(—) (F)e 


This contribution is evaluated to be 1ub (1ub=10-* 
cm?) for (E,)is»=150 Mev (5 Mev above threshold), 
rising to 2ub for (E£,)i.=160 Mev, and to 3ub for 
(E,)ia»= 180 Mev. In their analysis of the threshold 7° 
production experiments of Mills and Koester,’® Bethe 
and de Hoffmann” give 1+ 1ub as a rough estimate of 
(c,*), near threshold. They arrive at this number by 
extrapolating the cross sections to threshold with the 
characteristic p-wave energy variation. In order to 
compare Eq. (68) directly with 7° production data in 
the energy range 160-180 Mev, it is necessary to know 
the p-wave contribution as calculated in C-L; this is 
~2.5ub for (Ey)ia»=160 Mev and 10ub for (E,)tap 
= 180 Mev. However, these numbers from C-L for the 
p-wave contribution are obtained by using the full 
static magnetic moments for the neutron and proton 
and may be a significant overestimate.” 

All that one can say at this time, then, is that Eq. 
(68) is not inconsistent with experiment. It would be 
of great value to measure accurately the excitation 
function for the x° production cross section in the 
energy range from threshold [(£,)1a,=145 Mev] up 
to ~180 Mev. With such information the s-wave con- 
tribution can be determined independently of the 
major uncertainties in the p-wave analysis. It is an 
elusive feature of such s-wave effects that they are 
visible only at energies near enough to threshold so 
that the generally stronger p-wave interactions are 
suppressed by phase space. At such low energies the 
cross sections are usually very small and accurate 
quantitative data exceedingly hard to obtain. 


(68) 


IV. CONCLUSION 


To summarize briefly, a fixed-source description of 
the s-wave pion-nucleon interaction has been con- 
structed along similar lines to the Chew-Low! work. 
With the bilinear s-wave interaction of Eq. (2), it 
proved possible to reproduce the low-energy scattering 
phase shifts 6, and 63. This interaction, with the (renor- 
malized) coupling parameters A» and A determined in 
the scattering analysis, was then applied to a discussion 
of the photoproduction. First of all, a Kroll-Ruderman 
theorem was established. The proof of this theorem 
was based upon two facts, the pseudoscalar property 
of the mesons and the possibility of introducing elec- 
tromagnetic interactions into a nonlocal field theory in 
a gauge-invariant way. Secondly, it was shown that 
the contributions to the photoproduction cross sections 


22 Reference 18, Sec. 36. 
3 See discussion on p. 1586 of reference 1 and reference there 
to earlier results. 
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at low energies due to s-wave rescattering are consistent 
with experiment. However, more precise data very 
near threshold are required before it is possible to say 
whether these s-wave contributions aid or injure the 
agreement. 

In that we have constructed a fixed-source theory, 
there are no nucleon recoil currents in the above con- 
siderations. Hence the plus-to-minus ratio in the two 
processes 


ytpontr, 
ytn—ptr, 


is predicted to be unity, in disagreement with experi- 
ment. A study of the plus-to-minus ratio does not lie 
within the scope of a no-recoil theory.”4 

By way of orientation, it is interesting to compare the 
values of Ao and \ given in Eqs. (48) with the unrenor- 
malized perturbation relations, Eqs. (3), as derived 
from the Hamiltonian of a relativistic ys theory. The 
definitions of the renormalized coupling constants in 
Eq. (28) and footnote 13 differ for the three constants 
Ao, A, and f. In the absence of any relation between the 
unrenormalized and renormalized constants, Ao, A, and 
f cannot be compared with do’, A°, and f° in a consistent 
way. Ignoring this fact, we have that Ao is smaller by 
a factor ~0.04 and \ is smaller by a factor of ~0.4 
than the values in Eq. (3) for Ao° and d°. It is thus seen 
that the ratio \o0/A must be about one-tenth the ratio 
of Ao*/A° given in Eq. (3) in order to reproduce the 
observed isotopic spin dependence of the s-wave phase 
shifts. 

Finally we note that the static theory developed in 
this paper can, in principle at least, be confronted with 
two additional cross sections involving low-energy 
s-wave pions. These are the magnetic dipole photo- 
production of two s-wave pions*® and the inelastic 
scattering of an incident p-wave into two s-wave pions," 
Comparison with measured cross sections for these 
processes very near threshold will help define the 
possible role of a pion-pion interaction. In particular, 
if such an interaction exists and is characterized by a 
short range, it will be most effective in processes with 
two s-wave pions. 

APPENDIX I 


We wish to prove that (Yo| V«,a*|¥o)=0. To do this. 


we formalize the previous parity argument. Let J be 


% A study of the r*+/x~ ratio and of the entire s-wave photo- 


production problem based on relativistic dispersion relations has 
been carried out by Chew, Goldberger, Low, and Nambu (to be 
published); see also Proceedings of The Sixth Annual Rochester 
High-Energy Conference (to be published). In this work rela- 
tivistic features of the theory lead also to s-wave x production. 

2° This is to be contrasted with the predominantly electric 
dipole photoproduction of one s- and one p-wave pion discussed 
by R. Cutkosky and F. Zachariasen [Phys. Rev. 103, 1108 (1956) ]. 
In analogy with the magnetic and electric dipole cross sections for 
the deuteron photodisintegration, the double s-wave production 
will be significant at threshold. 


the inversion operator for a pseudoscalar field: 


iw 
T=exp} —— > (dx, a! +0 -«, at) (Ge, at Gx, a) f- 
4 K,a@ 


Then 
IIt=I]*]=1, 
Td, al t= —@_«, a, 
Td, atIt= —a_«, a", 
I¢(x)It=—$(—x); 
In(x)It=—2(—x), 
CH.’ )=(H,’ J ]=(Ho,! ]=0. 
The above conditions express the fact that we deal 
with a pseudoscalar meson field. We now note that if 


|uo) represents a bare nucleon and |y) a physical 
nucleon, then 


\Yo)=S| uo), (I-2) 


where SS is a scalar operator; that is, it is a function of 


Ho, H,’ and H,,’ only, so that 
[1,5 ]=0. (I-3) 
Since 
I = | 
|) | to), (1-4) 
T | Yo) = IS | uo) =S| uo) = | Po). 


Therefore, 
WWo| Ve, a*| Wo) = Wo| LV, a°It| Po) 
= (Wo| 1H,’ ax, « I*| Po) 
= (o| [H.'Tax, alt | Po) 
- —Wo| [H,’,a_., «] | Po) 
= —(Wo| V_«,a*| Yo). (1-5) 


But, 
(I-6) 


V k, a= 2. K, a 
as can be seen by referring to Eq. (25) for Vx,«°. Hence, 
the required result follows. 

APPENDIX II 


We wish to verify the statement made in Sec. I 
that both the Ao and the A terms are necessary to fit (3’). 
Consider the function 


dat (w) =4[de(w)+ae(—w) ] 
= }[da(w)+A apdg(w) ] 


= [a4 (w)+ 2a; (w) J. 
Then from (37a), 


wf? fxd 1 
dat (we) =Co—— f —+? (x) —_——_—_ 


7 w w’—w/—ie 


X{|da|?+A ap|as|}. 


(II-1) 
(II-2) 
(II-3) 


(II-4) 


Referring to (39), we note that if Ax=0 then Cy <0. 
This together with Eq. (II-4) show that a,*(1) <0. 
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However, from (II-3), (43), and (3’) we note that 
@a*(1)= —}{0.16—0.22} >0 


is required by experiment. Hence we conclude that in 
the one-meson approximation we must have both 
\o¥0 and AX. 

APPENDIX III 


A gauge transformation, A~A+ x, in any field- 
theoretic Hamiltonian H(A)= (3%(A)d*x, is equiv- 
alent’® to the similarity transformation exp(iD)H (A) 
Xexp(—iD), with D= f{p(x)x(x)d*x; p(x) is the 
charge density operator. 

Consider first an infinitesimal transformation ex. We 
have 


fasvedter=HA)~f exvxi (IIT-1) 


where by definition, j is the total current operator. 
Furthermore, 


e'*PH(A)e*? =H(A)+ie[D,H(A)], (III-2) 


and hence 


- f exer i=i f exLo@),H1 (III-3) 


Integrating by parts, and observing that x is arbitrary, 
we obtain 
Vv -j(x) +7 H,o(x) J=0. 


Thus, if the Hamiltonian is gauge-invariant, an equa- 
tion of continuity holds everywhere. 

It remains to determine the form of p(x) required 
for static cut-off theories of the type considered here. 
If a p(x) can be constructed for which the similarity 
transformation 


(III-4) 


exp(iD)H (A) exp(—iD) 


produces the required gauge transformation, then this 
p(x) must satisfy the continuity equation with the total 
current. 

We first observe that for a local theory 


p(x)=e[ (1+73)/2]6(x)+ie(x*~*—ay) (III-S) 


AND ZACHARIASEN 


is the required charge density. For a nonlocal theory, 
the only modification needed is to multiply each field ¢, 
m* in H(A) by exp(—iefo*A-ds) and each field ¢*, x 
by exp(iefo*A-ds). The charge density (III-5) will 
still be correct if the similarity transformation produces 
the required gauge transformation on the line integrals. 

By charge conservation, the fields ¢ and m always 
occur in combinations of the form r,¢, ¢¢*, r_¢*, etc. 
For any Hamiltonian H(A), then, which is a poly- 
nomial in ¢ and w we have, writing H= f(r+¢, ---): 


e'DH(A)eiP 


=)( cre exp( -ie fa-ds 2, . ‘), (III-6) 


We wish to verify that this is 


j( reese f-as) e(—ief vx-as),---), 


Now, using the charge density (III-5) in D, 


eP o(x)e~*P = ex) G(x), (III-7) 
and 
(III-8) 


cP, e-iD = ciex 7, 
We thus have 


ePr, exp( —ie fA-ds ) oe 


=T49 exp| —ie f (A+-vx) as] (IIT-9) 


The charge density (III-5) therefore produces the 
required gauge transformation in the Hamiltonian even 
with the presence of the extra line integrals. It is 
easily verified that the remaining combinations of +, 
¢, and x also transform properly. 

The local charge density, then, satisfies the equation 
of continuity in a nonlocal theory. However, the current 
density is modified by the added source terms. 
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The analysis of high-energy electron-deuteron scattering depends on a knowledge of the two-nucleon 
charge density. This is proportional to the square of the two-body amplitude if meson exchanges are neg- 
lected. If these are included one may derive an effective charge density operator as an expansion in the 
number of mesons exchanged. Our work shows that the one-meson part of this operator can give a contri- 
bution of several percent to the differential cross section for electron-deuteron scattering at large angles 


and high energies. 





I, INTRODUCTION 


HE complexity of the effects which determine 
high-energy elastic electron-deuteron scattering 
depends on the magnitude of the momenta transferred 
to the electron in the scattering act. For small momen- 
tum transfers, as is well known,! the scattering is given 
by the Rutherford cross section and the second moment 
of the deuteron charge distribution. 


o(¢)=Rutn(1—9*/6(r5")w)’, (1) 


where g is the momentum transferred to the electron 
and (r,?)» is the average square proton distance from 
the center of mass. In the appendix it is shown that 
((rp))? is fixed, to within a few percent, by the triplet 
effective range and the deuteron binding energy to be 
1.96X 10-8 cm; that is to say, for small momentum 
transfers Eq. (1) obtains and the electron-deuteron 
scattering is fixed entirely by shape-independent 
parameters. 

However, for general momentum transfers, the 
scattering will depend on all of the moments of the 
charge distribution—i.e., it will depend on the details 
of the nuclear force. Figure 1 shows a comparison of 
theory and experiment both in the momentum transfer 
range where Eq. (1) obtains and for somewhat larger 
momentum transfers where other charge density mo- 
ments become important, but where almost any nuclear 
force model consistent with the general characteristics 
of the deuteron will fit the data. In this region, for 
example, both a Hulthén and a hard-core potential 
will fit. 

The Stanford group! have now succeeded in meas- 
uring elastic scattering for which the momentum 
transfers are more than twice those shown in Fig. 1. 
Theoretical work, done at Harvard and at Stanford, 
with a large variety of deuteron wave functions 


1 The principal experimental work has been done at Stanford 
by R. Hofstadter and J. McIntyre, Phys. Rev. 98, 158 (1955), and 
J. McIntyre, Bull. Am. Phys. Soc. Ser. II, 1, 137 (1956), and 
private communication. Theoretical work has been done by D. R. 
Yennie and D. G. Ravenhall at Stanford (unpublished), V. 
Jankus, Phys. Rev. 102, 1586 (1956), and Jeremy Bernstein, Bull. 
Am. Phys. Soc. Ser. IT, 1, 70 (1956). We are grateful to the entire 
Stanford group for their cordial and informative correspondence 
concerning preliminary experimental and theoretical results. 


(Hulthén, Gartenhaus, Brueckner-Watson, square well, 
etc.) predicts charge-density scattering which is con- 
siderably too large to be consistent with the large- 
momentum-transfer data. The more compact the charge 
the greater is the scattering. However, it turns out 
that even a hard-core model which yields the least 
compact charge density will not produce large-momen- 
tum-transfer elastic scattering consistent with experi- 
ment. Magnetic-moment scattering has also been 
computed, but is found to be small and in any case 
adds to the charge scattering, hence worsening the 
discrepancy. 

In these considerations the deuteron wave function 
has been interpreted as giving the probability distri- 
bution of a point proton and neutron. It has been 
suggested! that the deuteron wave function might be 
interpreted as distributing the center of mass of an 
extended proton and a point neutron. In this case the 
actual charge density which the electron sees would be 
the convolution of the deuteron probability distribution 
and the proton’s own distribution of charge. In fact, 
if one makes use of the form factors which fit the elec- 








Fic. 1. nine (1) of the text is plotted with the indicated 


values of ((r,)y)#. For comparison we have also plotted the 
differential cross section (with the Rutherford factor divided out) 
which results when the deuteron wave function is taken to be a 
Hulthén function giving the correct effective range 1.7010-" 
cm. For this Hulthén function, ((r;?)a,)#=1.92110— cm; see 
Appendix I. Thus it is clear from the figure that the expansion 
producing Eq. (1) is only valid for very small values of g. Further, 
a comparison of the Hulthén curve with the experimental points 
shows deviations even for the relatively small values of g indicated 
in the figure. The present experiments realize values of g up to 
2.59 X 105 cm™ and there is no hope of getting"agreement between 
theory and experiment without including the finite proton size. 
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(b) 


Fic. 2. Diagrams like Fig. 2(a), where the cross indicates a 
photon vertex and the dotted line is a meson line, contribute to 
the elastic scattering of electrons by the deuteron. Diagrams 
like Fig. 2(b) contribute only to inelastic processes such as 
deuteron photodisintegration and deuteron disintegration by 
electron collision. 


tron-proton scattering data in this way, then one 
obtains quite reasonable agreement with deuteron data. 

An assumption which is implicit in this sort of 
phenomenological analysis is that the charge density 
and the square of the deuteron wave function are 
simply proportional to each other. This is true if one 
ignores the fact that charged mesons are being ex- 
changed by the nucleons. For the exchange of mesons 
modifies the nucleon charge distribution ; i.e., sometimes 
there are two protons and a meson in the field, some- 
times two neutrons and a meson, and so forth. Charge 
independence demands that in elastic scattering there 
is no direct interaction between the electron and the 
meson currents, of the type that must be taken into 
account in the electrodisintegration of the deuteron; 
but the elastic scattering will be modified by the 
alterations in the nucleon charge and current distri- 
butions which arise because of meson exchanges (see 
Fig. 2). In order to compute this effect correctly, one 
needs a detailed theory of the two-nucleon system, 
which at the present time does not exist. However, we 
shall try to determine some of its general features by 
means of a formalism described in the first paper of 
this series.2 There we found an effective charge density 
operator in the presence of meson exchange in the 
two-body system. This operator was used to determine 





(1+72)1 


the exchange corrections to the deuteron’s quadrupole 
moment. These corrections were, in fact, found to be 
small. In this note we wish to use the same effective 
charge density operator in order to compute elastic 
scattering from deuterium. It will turn out that the 
two-body amplitude, which we identify with the 
phenomenological deuteron wave function, character- 
izes the scattering except for very large momentum 
transfers, where the exchange part of the charge density 
begins to be important. Our model predicts that these 
exchange terms add positively to the static terms. In 
other words, we would expect that the static picture 
would predict a scattering which is too small for the 
largest momentum transfers, the difference being made 
up by nonstatic contributions. 

Perhaps the sign of the exchange contributions can 
be understood with the aid of the following crude 
picture. In order for there to be meson exchange, the 
neutron and proton must be close together in the 
deuteron. Hence an electron suffering a large momentum 
transfer and thus penetrating deeply into the deuteron 
structure will see a charge distribution which is on the 
average more compact than the one given by the two- 
body amplitude. This compact charge distribution 
gives an enhancement in the scattering. Of course our 
numerical estimates based on the Tamm-Dancoff model 
must be taken with the skepticism appropriate to such 
meson-theory estimates. 

The experiments at Stanford will involve momentum 
transfers so large that exchange effects should begin to 
show up.! However, uncertainties in the percentage of 
D state and dispersion effects will also be involved in 
interpreting the large-momentum-transfer data, and 
may make it very difficult to sort out nonstatic phe- 
nomena. 

II 

In the presence of an arbitrary external electrostatic 
field, ¢(r), the transition element without magnetic 
terms, but including exchange effects to order eg*, can 
be written 


{|-«ferm+a pNO(a)10— op )apdps| +L1~2) 


a*(pi—_k-+-q, pot+k)((q)At(pi—k) yor) 1 (41° #2)(-Yo75)20 (Pi, 2) 





eg’ 
t aa e(pi—k+-q) — €(p2) —w(k) LW — e(pi—k) — €(p2) —w(k) J 


nsdn |+-[1~2)} 


(yos)1(*1° 2) 





gs? ¢a*(pi—k, pet+k) 
[al 
(2r)* 2w(k) 


where in each case [1~2] means the preceding expres- 
sion in square braces with indices 1 and 2 interchanged. 
The notation { ) means expectation value between 
free Dirac spinors. All other notation is conventional. 


2 J. Bernstein and A. Klein, Phys. Rev. 99, 966 (1955), denoted 
henceforth as I. 


[W—(pi—) — e(p2) —w(k) ] 


1 
(vor0(pup daniel (2) 





The second factor in Eq. (1) represents a normali- 
zation which has been discussed in I. 

In the elastic scattering of electrons by deuterium, 
the electrons can be represented by the Mller potential, 


—4r 
#(0)=— nae 3) 
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in the system in which no energy has been transferred 
to the electron’ (the electron-deuteron barycentric 
system). To reduce Eq. (2), after substituting Eq. (3), 
to a nonrelativistic adiabatic form in coordinate space 
is straightforward though tedious. The result given in 
terms of an effective charge density operator po,(r) 
reads, 


4mre? J a* (r)e**"*[1+pop Ja(r)dr 
a re ee 
f a*(t)[1+pop(t) Ja(n)dr 





Here, as elsewhere, g is the electron momentum 
transfer and a(r) is the two-nucleon relative coordinate 
amplitude. 

Pop(r) has been given in I and reads, with x=uyr, 


mine WENO 


Ki(x Ky 
A avert if Ke)—-2-—]). (5) 
x 


x 


Equation (3) has the satisfactory property that it 
reduces to the Rutherford amplitude for small g. Since 
our concern is with nuclear effects, we shall divide out 
this amplitude and write 


F*(q) 


2 


ferent tomo bOa 
= . (6) 
142 J a*(t)pop(r)a(n)dr-+ f 6 (8) pop (t)0(H)ae 





We are, of course, including implicitly the average 
and sum over initial and final deuteron spin directions. 
Further, we may expand the denominator in Eq. (6) 
and write, correct to order eg’, 


2 


feraesacey (1—2P,) 


+2/ f o*(ehePa(ear) 


x( f o* (te *pap (ater), (7) 


F°(q)= 


where P, represents the relative probability for finding 
a single meson in the field. Evidently an expansion in 


3 We ignore momenta transferred to the deuteron center of mass. 
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powers of P; can only be justified by its smallness 
compared to 1, and a satisfactory feature of our 
approach is that (P1)* is about a percent of P1, for the 
wave functions thus far used. Moreover, it is clear that 
the F*(q) of Eq. (7) reduces, as it must, to 1 for small ¢. 
Now it is natural to let 
h..-.§ Sie 
a(r)= | «+ 
/8 


(4x) w() om (8) 


\ 


and to compute the specific angular distributions which 
result. This is straightforward but yields a rather 
complicated expression which we shall not write down 
in its entirety. The leading terms are 


) 2 
r-(f (+) j(ar/2)r) (1—2P;) 
0 


oe 


+2 f (w?+w*) jo(gr, 2var)( f u? jo(qr/2)A (x)dr 


+42 f uw jo(qr/2)B(x)dr 
0 


+f wjular/DLA 2)—2B(8) Hr). (9) 


Here 


P= f uA (a)ar-tav3 f uwB(x)dr 
0 0 


+ f w°LA (2) —2B(x)Jdr 


=Pis-_st+Pis_p+Pip_p (10) 


9 


cob) Cet 
nS) Coot 


The terms not retained in Eq. (9) involve integrals with 
j2(qr/2) as part of the integrand; e.g., 


(f is/aencarr) ( [i720 


But we may remark that if g is the order of 1X10" cm— 
then je attains its maximum well into the asymptotic 
region of the wave functions u and w. Thus we may use 
the asymptotic forms of « and w in evaluating such 
integrals. When this is done one learns that even for a 


(11) 
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TABLE I. Normalization integrals, with g*/4x = 10. 
The notation is as in Eq. (10). 








Blatt-Kalos 


—0.289 X 10 
5.136 10 

—0.778X 107 
0.041 


Gartenhaus 


—0.494X 10? 
5.524 10 

—0.228 X10 
0.043 











function‘ with as much as 7% D state the integral 


f jo(gr/2)(u?+-w*)dr 


gives almost 98% of the lowest order scattering and the 
K functions present in the other 72 integrals make them 
relatively even smaller. Hence the effect of D-state 
mixing is not important in the lowest order amplitude 
and can be partially neglected in the mesonic contri- 
butions. Note again that Eq. (9) reduces to one in the 
forward direction. 

In deriving the angular distributions we have fre- 
quently employed the useful identity, 


A(|x|Je*? 1 B(\yl) 
fox r( cai (x)Si2(y))e"a-¥” y oe 


4/8 


-( ,. julge/2)A bee )( f jlay/2)B( say), (12) 


where Sz is the tensor force operator. 

It now remains to evaluate Eq. (9) numerically. The 
scale of Eq. (9) is certainly set by that of 2P1, which in 
turn is given by 


[fe] Mae) 
~007| f f jdeew'l, 


Hence we would predict that the exchange effects on 
this model may be several percent of the lowest order 
term for large g. 


TABLE II. The percentages plotted below as a function of q 
are the ratios of the electron-deuteron scattering amplitudes 
without and with exchange effects; i.e., (0° folu?+w* jdr)*/F?, 
where F? is defined by Eq. (9). We have used the Gartenhaus 
wave function and g*/4r= 10. 








(¢ X10-#), cm=! 1.0 1.3 1.5 1,7 
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‘The Gartenhaus wave function [S. Gartenhaus, Phys. Rev. 
100, 900 (1955) ]. We are grateful to Dr. Gartenhaus for supplying 
us with his wave function and to D. G. Ravenhall for indicating 
an error in our computations with it. 


The actual normalization integrals have been worked 
out for the Gartenhaus and Blatt-Kalos wave functions, 
and the results are given in Table I. 

We have evaluated Eq. (9) numerically for a few 
values of g. The results are indicated in Table II. It 
will be noted that our model predicts meson corrections 
of a few percent at the largest angles. 

A program is started here to compute the scattering 
with the covariant equation, which will provide yet 
another meson model and will enable us to estimate the 
model dependence of the meson effects indicated above. 


APPENDIX 


In this appendix we shall discuss the material con- 
nected with Eq. (1) of the text. Our starting point is 
the Born-approximation expression for the differential 
cross section for an electron scattering from deuterium, 
where F,*(q) is the proton charge form factor, m(r) 
the deuteron wave function, and g the electron momen- 
tum transfer, 

e weed se call @)| 
= F e q 2 
sin*(@/2)q4 ‘ 


2 


1 
x |- dre't* Ym*(t)m(r)| . (Al) 


If we expand e*4-'/? and set F,*(g) equal to one we 
obtain Eq. (1) of the text. We may write, 


© x2 


(rw = f  hatiiealaad 


"  ® g2 2a 
= f “em ( )ar 
0 4 1 —ar. 


oo r. 
“ f —(Ue—1—w*)dr, (A2) 
o 4 


(A3) 


has, in virtue of its normalization, the same asymptotic 
behavior as the sum of the squares of the deuteron 
radial functions, « and w; r, and 1/a are the triplet 


TABLE III. Deuteron mean square radii with 
various wave functions. 








((rp®)ay)? in units of 10-3 cm 


1.948 
1.921 
1.934 
1.993 
1.96 


Wave function 


Blatt-Kalos 
Hulthén 
Gartenhaus 
Brueckner 
Effective range 
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effective range and “deuteron radius” respectively. If is seen from computing ((r,”)«)! directly, with the wave 
r, is taken as 1.70 10-" cm and a=0.231X10" cm, functions given below; see Table III. 

then ((r,”)w)!= 1.96 10- cm, providing the last inte- In Fig. 3 these wave functions are plotted in con- 
gral in Eq. (A3) can be ignored. That this is reasonable venient units. 
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T. D. LEE, Columbia University, New York, New York 


AND 


C. N. YAnG,t Brookhaven National Laboratory, Upton, New York 
(Received June 22, 1956) 


The question of parity conservation in 8 decays and in hyperon and meson decays is examined. Possible 
experiments are suggested which might test parity conservation in these interactions. 





ECENT experimental data indicate closely iden- 
tical masses! and lifetimes? of the 6+(=K,2*) and 
the 7+(=K,;*) mesons. On the other hand, analyses* 
of the decay products of r+ strongly suggest on the 
grounds of angular momentum and parity conservation 
that the r+ and @ are not the same particle. This poses 
a rather puzzling situation that has been extensively 
discussed.‘ 

One way out of the difficulty is to assume that 
parity is not strictly conserved, so that 6+ and 7+ are 
two different decay modes of the same particle, which 
necessarily has a single mass value and a single lifetime. 
We wish to analyze this possibility in the present paper 
against the background of the existing experimental 
evidence of parity conservation. It will become clear 
that existing experiments do indicate parity conserva- 
tion in strong and electromagnetic interactions to a 
high degree of accuracy, but that for the weak inter- 
actions (i.e., decay interactions for the mesons and 
hyperons, and various Fermi interactions) parity con- 
servation is so far only an extrapolated hypothesis 
unsupported by experimental evidence. (One might 
even say that the present 6—7 puzzle may be taken as 
an indication that parity conservation is violated in 
weak interactions. This argument is, however, not to 
be taken seriously because of the paucity of our present 
knowledge concerning the nature of the strange par- 
ticles. It supplies rather an incentive for an examination 
of the question of parity conservation.) To decide 
unequivocally whether parity is conserved in weak 
interactions, one must perform an experiment to deter- 
mine whether weak interactions differentiate the right 
from the left. Some such possible experiments will be 
discussed. 


* Work supported in part by the U. S. Atomic Energy Com- 
mission. 

t Permanent address: Institute for Advanced Study, Princeton, 
New Jersey. 
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Phys. Soc. Ser. II, 1, 184 (1956); Barkas, Heckman, and Smith, 
Bull. Am. Phys. Soc. Ser. IT, 1, 184 (1956). 

2 Harris, Orear, and Taylor, Phys. Rev. 100, 932 (1955); 
V. Fitch and K. Motley, Phys. Rev. 101, 496 (1956); Alvarez, 
Crawford, Good, and Stevenson, Phys. Rev. 101, 503 (1956). 

3 R. Dalitz, Phil. Mag. 44, 1068 (1953); E. Fabri, Nuovo cimento 
11, 479 (1954). See Orear, Harris, and Taylor [Phys. Rev. 102, 
1676 (1956) ] for recent experimental results. 

4 See, e.g., Report of the Sixth Annual Rochester Conference on 
High Energy Physics (Interscience Publishers, Inc., New York, 
to be published). 


PRESENT EXPERIMENTAL LIMIT ON 
PARITY NONCONSERVATION 


If parity is not strictly conserved, all atomic and 
nuclear states become mixtures consisting mainly of 
the state they are usually assigned, together with small 
percentages of states possessing the opposite parity. The 
fractional weight of the latter will be called $. It is a 
quantity that characterizes the degree of violation of 
parity conservation. 

The existence of parity selection rules which work 
well in atomic and nuclear physics is a clear indication 
that the degree of mixing, S*, cannot be large. From 
such considerations one can impose the limit 5?< (7/))?, 
which for atomic spectroscopy is, in most cases, ~10~°. 
In general a less accurate limit obtains for nuclear 
spectroscopy. 

Parity nonconservation implies the existence of inter- 
actions which mix parities. The strength of such inter- 
actions compared to the usual interactions will in 
general be characterized by &, so that the mixing will 
be of the order S*. The presence of such interactions 
would affect angular distributions in nuclear reactions. 
As we shall see, however, the accuracy of these experi- 
ments is not good. The limit on $* obtained is not better 
than $?<10~. 

To give an illustration, let us examine the polarization 
experiments, since they are closely analogous to some 
experiments to be discussed later. A proton beam 
polarized in a direction z perpendicular to its momentum 
was scattered by nuclei. The scattered intensities were 
compared! in two directions A and B related to each 
other by a reflection in the «-y plane, and were found 
to be identical to within ~1%. If the scattering origi- 
nates from an ordinary parity-conserving interaction 
plus a parity-nonconserving interaction (e.g., @-r), then 
the scattering amplitudes in the directions A and B 
are in the proportion (1+)/(1—S), where & represents 
the ratio of the strengths of the two kinds of interactions 
in the scattering. The experimental result therefore 
requires § <10-*, or ¥°<10~. 

The violation of parity conservation would lead to 
an electric dipole moment for all systems. The mag- 
nitude of the moment is 


moment~eS X (dimension of system). (1) 


5 See, e.g., Chamberlain, Segre, Tripp, and Ypsilantis, Phys. 
Rev. 93, 1430 (1954). 
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QUESTION OF PARITY CONSERVATION 


The presence of such electric dipole moments would 
have interesting consequences. For example, if the 
proton has an electric dipole moment eX (10-'* cm), 
the perturbation caused by the presence of the neigh- 
boring 2p state of the hydrogen atom would shift the 
energy of the 2s state by about 1 Mc/sec. This would 
be inconsistent with the present theoretical interpre- 
tations of the Lamb shift. Another example is found 
in the electron-neutron interaction. An electric dipole 
moment for the neutron eX (10-!* cm) is the upper 
limit allowable by the present experiments. 

By far the most accurate measurement of the electric 
dipole moment was made by Purcell, Ramsey, and 
Smith. They gave® an upper limit for the electric dipole 
moment of the neutron of eX (5X 10-*° cm). This value 
sets the upper limit for 5 as 5°<3X10-", which is 
also the most accurate verification of the conservation 
of parity in strong and electromagnetic interactions. 
We shall see, however, that even this high degree of 
accuracy is not sufficient to supply an experimental 
proof of parity conservation in the weak interactions. 
For such a proof an accuracy of $*<10~* is necessary. 


QUESTION OF PARITY CONSERVATION IN $ DECAY 


At first sight it might appear that the numerous 
experiments related to 8 decay would provide a veri- 
fication that the weak § interaction does conserve 
parity. We have examined this question in detail and 
found this to be not so. (See Appendix.) We start by 
writing down the five usual types of couplings. In 
addition to these we introduce the five types of 
couplings that conserve angular momentum but do not 
conserve parity. It is then apparent that the classi- 
fication of 8 decays into allowed transitions, first for- 
bidden, etc., proceeds exactly as usual. (The mixing of 
parity of the nuclear states would not measurably affect 
these selection rules. This phenomenon belongs to the 
discussions of the last section.) The following phe- 
nomena are then examined: allowed spectra, unique 
forbidden spectra, forbidden spectra with allowed 
shape, 8-neutrino correlation, and 8—y correlation. It 
is found that these experiments have no bearing on the 
question of parity conservation of the 8-decay inter- 
actions. This comes about because in all of these 
phenomena no interference terms exist between the 
parity-conserving and parity-nonconserving interac- 
tions. In other words, the calculations always result in 
terms proportional to |C|? plus terms proportional to 
|C’|*. Here C and C’ are, respectively, the coupling 
constants for the usual parity-conserving interactions 
(a sum of five terms) and the parity-nonconserving 
interactions (also a sum of five terms.) Furthermore, it 
is well known’ that without measuring the spin of the 


6 E. M. Purcell and N. F. Ramsey, Phys. Rev. 78, 807 (1950); 
Smith e¢ al, as quoted in N. F. Ramsey, Molecular Beams (Oxford 
University Press, London, 1956). 

7C. N. Yang and J. Tiomno, Phys. Rev. 79, 495 (1950). 
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neutrino we cannot distinguish the couplings C from 
the couplings C’ (provided the mass of the neutrino is 
zero). The experimental results concerning the above- 
named phenomena, which constitute the bulk of our 
present knowledge about 8 decay, therefore cannot 
decide the degree of mixing of the C’ type interactions 
with the usual type. 

The reason for the absence of interference terms CC’ 
is actually quite obvious. Such terms can only occur 
as a pseudoscalar formed out of the experimentally 
measured quantities. For example, if three momenta 
Pi, Pz, Ps are measured, the term CC’p,: (p2X ps) may 
occur. Or if a momentum p and a spin ¢ are measured, 
the term CC’p-@ may occur. In all the 8-decay phe- 
nomena mentioned above, no such pseudoscalars can 
be formed out of the measured quantities. 


POSSIBLE EXPERIMENTAL TESTS OF PARITY 
CONSERVATION IN § DECAYS 


The above discussion also suggests the kind of 
experiments that could detect the possible interference 
between C and C’ and consequently could establish 
whether parity conservation is violated in 8 decay. A 
relatively simple possibility is to measure the angular 
distribution of the electrons coming from @ decays of 
oriented nuclei. If @ is the angle between the orientation 
of the parent nucleus and the momentum of the 
electron, an asymmetry of distribution between @ and 
180°—@ constitutes an unequivocal proof that parity 
is not conserved in 6 decay. 

To be more specific, let us consider the allowed 8 
transition of any oriented nucleus, say Co®. The 
angular distribution of the 6 radiation is of the form 
(see Appendix) : 


1 (0)d0= (constant) (1+-a@ cos@) sinédé, (2) 


where a is proportional to the interference term CC’. 
If a0, one would then have a positive proof of parity 
nonconservation in 8 decay. The quantity a can be 
obtained by measuring the fractional asymmetry 
between 6 <90° and @>90°; i.e., 


| f " 1(0d0— ; ; 100] / f " 1()db. 
; va ‘ 


It is noteworthy that in this case the presence of the 
magnetic field used for orienting the nuclei would 
automatically cause a spatial separation between the 
electrons emitted with 6<90° and those with @>90°. 
Thus, this experiment may prove to be quite feasible. 

It appears at first sight that in the study of y-radia- 
tion distribution from §-decay products of oriented 
nuclei one can form a pseudoscalar from the spin of the 
oriented nucleus and the y-ray momentum p,. Thus it 
may seem to offer another possible experimental test 
of parity conservation. Unfortunately, the nuclear 
levels have definite parities, and electromagnetic inter- 
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actions conserve parity. (Any small mixing of parities 
characterized by §<3X10-" would not affect the 
arguments here.) Consequently the y rays carry away 
definite parities. Thus the observed probability function 
must be an even function of p,. This property eliminates 
the possibility of forming a pseudoscalar quantity. It 
is therefore not possible to use such experiments as a 
test of parity conservation. 

In 8-7-7’ triple correlation experiments one can, by 
some rather similar but more complicated reasoning, 
prove that a measurement of the three momenta cannot 
supply any information on the question of parity con- 
servation in 8 decay. 

In 8-y correlation experiments the nature of the 
polarization of the y ray could provide a test. To be 
more specific, let us consider the polarization state of 
y rays emitted parallel to the 6 ray. If parity conser- 
vation holds for 8 decay, the y ray will be unpolarized. 
On the other hand, if parity conservation is violated in 
B decay, the y ray will in general be polarized. However, 
this polarization must be circular in nature and therefore 
may not lend itself to easy experimental detection. 
(The usual ways of measuring polarization through 
Compton effect, photoelectric effect, and photodisin- 
tegration of the deuteron are all incapable of detecting 
circular polarization. This is because circular polariza- 
tion is specified by an axial vector parallel to the 
direction of propagation. From the observed momenta 
in these detection techniques such an axial vector 
cannot be formed.) For other directions of y-ray 
propagation, elliptical polarization will result if parity 
is not conserved. This effect will thus be more difficult 
to detect. 


QUESTION OF PARITY CONSERVATION IN 
MESON AND HYPERON DECAYS 


If the weak interactions, such as the 6-decay inter- 
actions or the decay interactions of mesons and 
hyperons, do not conserve parity, parity mixing will 
occur in all interactions by means of second-order 
processes. To examine this effect let us consider, for 
example, the decay of the A°: 


AM p+r-. 


The assumption that parity is not conserved in this 
decay implies that the A° exists virtually in states of 
opposite parities. It could therefore possess an electric 
dipole moment of a magnitude 


moment~eG?X (dimension of A°), (3) 


where G is the coupling strength of the decay interaction 
of the A°. (G?<10-".) The electric dipole moment of 
the A° is therefore <eX (10-** cm). 

Clearly the proton would have an electric dipole 
moment of the same order of magnitude. The existence 
of such a small electric dipole moment is, as we have 
seen, completely consistent with the present experi- 
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mental information. Another way of putting this is to 
observe that by comparing Eq. (3) with Eq. (1), one 
has 

FrC?, 


Since all the weak interaction including 6 interactions 
are characterized by coupling strengths S?<10-", a 
violation of parity in weak interactions would introduce 
a parity mixing characterized by an $?<10-*. This is 
outside the present limit of experimental knowledge, as 
we have discussed before. 

If the weak interactions violate parity conservation, 
parity would be defined and measured in strong and 
electromagnetic interactions only, just as strangeness is. 
Furthermore it is important to notice that with the 
conservation of strangeness, as with every conservation 
law, there is an element of arbitrariness introduced 
into the parity of all systems. The parity of all strange 
particles would be defined only up to a factor of (—1)%, 
where S is the strangeness. The parity of the A° (relative 
to the nucleons) is therefore a matter of definition. But 
once this is defined, the parity of other strange particles 
would be measurable from the strong interactions. 


POSSIBLE EXPERIMENTAL TESTS OF PARITY 
CONSERVATION IN MESON AND 
HYPERON DECAYS 


To have a sensitive unequivocal test of whether 
parity is conserved in weak interactions, one must 
decide whether the weak interactions differentiate 
between the right and the left. This is possible only if 
one produces interference between states of opposite 
parities. The mere observation of two decay products 
of opposite parities originating from a “particle” cannot 
provide conclusive evidence that parity is not con- 
served. Such indeed is the state of affairs of the present 
6—r puzzle. 

As we have discussed before, these interference terms 
are possible only if the observed quantities can form a 
pseudoscalar such as pi: (p2X ps). The observation of 
A° decays in association with their production does 
provide such a possible pseudoscalar and hence a pos- 
sible test of whether parity is conserved in the A° decay 
interaction. Let us consider the experiment 


r+ poN+O, A°>p-tar, (4) 


Let Pin, Pa, 2nd Pout be, respectively, the momenta in 
the laboratory system of the incoming pion, the A°, and 
the decay pion. We define a parameter R as the pro- 
jection of Pout in the direction of pinXpa. The value 
of R ranges from approximately —100 Mev/c to 
approximately +100 Mev/c. Switching from a right- 
handed convention for vector products (which we use) 
to a left-handed convention means a switch of the 
sign of R. Parity conservation in the weak decay inter- 
action of A° can therefore be experimentally checked 
by investigating whether +R and —R have equal 
probabilities of occurrence. 





QUESTION 


To see more clearly the meaning of the parameter R, 
one transforms Pour(—p’) into the center-of-mass 
system of A°. The new vector p’ has a constant mag- 
nitude 100 Mev/c. The frequency distribution of 
this vector p’ can then be plotted on a spherical surface. 
Taking the z axis for this sphere to be in the direction 
of pin Pa, one can prove the following two symmetries: 

(a) The frequency distribution on the sphere remains 
unchanged under a rotation through 180° around the 
z axis. This symmetry follows from parity conservation 
in the strong reaction producing the A°. It does not 
depend on the nature of the weak interaction. 

(b) If parity is conserved in the decay interaction of 
A°®, the frequency distribution on the sphere is un- 
changed under a reflection with respect to the produc- 
tion plane of A°. 

To prove statement (a), one need only consider the 
invariance of the production process under a reflection 
with respect to the production plane defined by pin 
and py. This reflection is the resultant of an inversion 
and a rotation through 180° around the z axis (which 
is normal to the production plane). The state of 
polarization of A° is thus invariant under a 180° rotation 
around the z axis, leading to the stated symmetry.*® 

Statement (0) follows® directly from the assumption 
that the weak interaction as well as the strong inter- 
action conserves parity. A reflection with respect to 
the production plane must then leave the whole process 
invariant. 

The frequency distribution of R is just the projection 
of the distribution on the sphere onto the z axis. An 
asymmetry between +R and —R therefore implies 
parity nonconservation in A° decay. However, if the 
spin of A° is unpolarized, no asymmetry® can obtain 
even if parity is not conserved in A° decay. To obtain 
a polarized A° beam, the experiment is therefore best 
done at a definite nonforward angle of production of A° 
and at a definite incoming energy. , 

The above discussions apply also to any other strange 
particle decay if (1) the particle has a nonvanishing 
spin and (2) it decays into two particles at least one 
of which has a nonvanishing spin, or it decays into 
three or more particles. Thus the above considerations 
8 This proof for statement (a) is correct only if A° exists as a 
single particle with a definite parity in the strong interactions, 
(as discussed in the last section); i.e. if A° does not exist as two 
degenerate states A, and A? of opposite parity, as has been sug- 

ested [T. D. Lee and C. N. Yang, Phys. Rev. 102, 290 (1956)4 
Fit is to be emphasized, that if parity is indeed not conserved in 
the weak interactions, there would be (at present) no necessity 
to introduce the complication of two degenerate states of opposite 
parity at all.) On the other hand, statement (6) is correct even 
if A° exists as two degenerate states A;° and A.° of Ayr arity. 
To summarize, violation of the symmetry stated in (a) implies the 
existence of the parity doublets Ayo and A2® with a mass difference 
less than their widths. Violation of the symmetry stated in (b) implies 
the nonconservation of parity in A decay. See also footnote 12 and 
T. D. Lee and C. N. Yang, Phys. Rev. (to be published). f 

* Also the interference may accidentally be absent if the relative 

hase between the two parities in the decay product is 90°. This, 
aah, cannot be the case if time-reversal invariance is pre- 
served in the decay process. 
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can be applied also to the decays of 2+ and maybe also 
to Ky2*, K,y3* and Ky3*+ (=r+). 

In the decay processes 


mut V; (S) 
u—e+r+y, (6) 


starting from a w meson at rest, one could study the 
distribution of the angle @ between the u-meson mo- 
mentum and the electron momentum, the latter being 
in the center-of-mass system of the u meson. If parity 
is conserved in neither (5) nor (6), the distribution will 
not in general be identical for @ and r—@. To understand 
this, consider first the orientation of the muon spin. If 
(5) violates parity conservation, the muon would be in 
general polarized in its direction of motion. In the 
subsequent decay (6), the angular distribution problem 
with respect to @ is therefore closely similar to the 
angular distribution problem of 8 rays from oriented 
nuclei, which we have discussed before. (Entirely 
similar considerations can be applied to Z-—A°+2- 
and A°>p+7-.) 
REMARKS 


If parity conservation is violated in hyperon decay, 
the decay products will have mixed parities. This, 
however, does not affect the arguments of Adair” and 
of Treiman" concerning the relationship between the 
spin of the hyperons and the angular distribution of 
their decay products in certain special cases.” 

One may question whether the other conservation 
laws of physics could also be violated in the weak 
interactions. Upon examining this question, one finds 
that the conservations of the number of heavy par- 
ticles, of electric charge, of energy, and of momentum 
all appear to be inviolate in the weak interactions. The 
same cannot be said of the conservation of angular 
momentum, and of parity. Nor can it be said of the 
invariance under time reversal. It might appear at first 
sight that the equality of the life times of + and of 
those of 1+ furnish proofs of the invariance under charge 
conjugation of the weak interactions. A closer examina- 
tion of this problem reveals, however, that this is not so. 
In fact, the equality of the life times of a charged par- 
ticle and its charge conjugate against decay through a 
weak interaction (to the lowest order of the strength 
of the weak interaction) can be shown to follow from 
the invariance under proper Lorentz transformations 
(i.e., Lorentz transformation with neither space nor 
time inversion). One has therefore at present no experi- 
mental proof of the invariance under charge conjugation 
of the weak interactions. In the present paper, only the 
question of parity nonconservation is discussed. 


1 R. K. Adair, Phys. Rev. 100, 1540 (1955). 

1S, B. Treiman, Phys. Rev. 101, 1216 (1956). 

2 The existence of A,° and A2° of opposite parity may affect 
these relationships. This is similar to the violation of symmetry 
(a) discussed in footnote 8. See T. D. Lee and C. N. Yang, Phys. 
Rev. (to be published). 
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The conservation of parity is usually accepted 
without questions concerning its possible limit of 
validity being asked. There is actually no a@ priori 
reason why its violation is undesirable. As is well 
known, its violation implies the existence of a right-left 
asymmetry. We have seen in the above some possible 
experimental tests of this asymmetry. These experi- 
ments test whether the present elementary particles 
exhibit asymmetrical behavior with respect to the 
right and the left. If such asymmetry is indeed found, 
the question could still be raised whether there could 
not exist corresponding elementary particles exhibiting 
opposite asymmetry such that in the broader sense 
there will still be over-all right-left symmetry. If this 
is the case, it should be pointed out, there must exist 
two kinds of protons pr and pz, the right-handed one 
and the left-handed one. Furthermore, at the present 
time the protons in the laboratory must be predomi- 
nantly of one kind in order to produce the supposedly 
observed asymmetry, and also to give rise to the 
observed Fermi-Dirac statistical character of the 
proton. This means that the free oscillation period 
between them must be longer than the age of the 
universe. They could therefore both be regarded as 
stable particles. Furthermore, the numbers of pr and 
px must be separately conserved. However, the inter- 
action between them is not necessarily weak. For 
example, pr and pz could interact with the same 
electromagnetic field and perhaps the same pion field. 
They could then be separately pair-produced, giving 
rise to interesting observational possibilities. 

In such a picture the supposedly observed right-and- 
left asymmetry is therefore ascribed not to a basic non- 
invariance under inversion, but to a cosmologically 
local preponderance of, say, pr over pz, a situation not 
unlike that of the preponderance of the positive proton 
over the negative. Speculations along these lines are 
extremely interesting, but are quite beyond the scope 
of this note. 

The authors wish to thank M. Goldhaber, J. R. 
Oppenheimer, J. Steinberger, and C. S. Wu for inter- 
esting discussions and comments. They also wish to 
thank R. Oehme for an interesting communication. 


APPENDIX 


If parity is not conserved in 8 decay, the most general 
form of Hamiltonian can be written as 


Hint= Wo'vabn) (Chery t+Cs'pe'viyey) 
+ Wolvern) (Crbelver he t+Cv belvev vr) 
+3 Woptysonwn) (Crbelyiorwy 
+ Cr'Peryioruyr) + Wotvevuyn) 
X (—Cabelyev ry —Ca'veverw) 
+ Wolyevn) (Crbebyevas +Cr'.va,), 


where oy,=—}1(yx¥,.—Veva) and ys=yrvzvs7v4. The 
ten constants C and C’ are all real if time-reversal 


(A.1) 
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invariance is preserved in 8 decay. This however, will 
not be assumed in the following. 

Calculation with this interaction proceeds exactly 
as usual. One obtains, e.g., for the energy and angle 
distribution of the electron in an allowed transition 


g 
N(W,0)dw eer (Z,W) pW (Wo—W)? 


ap b 
x (14 cond+— a7 sinéd@, (A.2) 
W W 
where 


f= (|Cs|?+|Cv|*+|Cs’|?+ |Cv’|*) | Mr. |? 
+(|Cr|?+|Ca|?+|Cr’|?+ |Ca’|?)|Ma.7.|*, (A.3) 
af=$3(|Cr|*— |Ca|?+|Cr’|?— |Ca’|?)| Ma.r.|? 
—(|Cs|?— |Cv|?+|Cs’|*— |Cv’|*)|My.|?,  (A.4) 
bE=y[ (Cs*Cyt+CsCy*)+ (Cs'*Cy'+Cs'Cy'"*) ]| Mr. |? 
t+yL(Cr*CatCa*Cr)+ (Cr’*Ca'+Ca'*Cr’) ] 


X|Moa.7.|?. (A.5) 


In the above expression all unexplained notations are 
identical with the standard notations. (See, e.g., the 
article by Rose.!*) 

The above expression does not contain any inter- 
ference terms between the parity-conserving part of 
the interactions and the parity-nonconserving ones. It 
is in fact directly obtainable by replacing in the usual 
expression the quantity |Cs|* by |Cs|?+|Cs’|?, and 
CsCy* by CsCy*+Cs'Cy"™*, etc. This rule also holds 
in general, except for the cases where a pseudoscalar can 
be formed out of the measured quantities, as discussed 
in the text. 

When a pseudoscalar can be formed, for example, 
in the 8 decay of oriented nuclei, interference terms 
would be present, as explicitly displayed in Eq. (2). In 
an allowed transition J-J—1 (no), the quantity a is 
given by 


a=({J,)/J, 


Zé 
B= Rel CrCx'*—CaCal*4i—(CaCr™+C,'Cr"| 
cp 


x | Mo..|— ——————, 
c &£+(&/W) 


where Mg_r., &, and b are defined in Eqs. (A.3)—(A.5), 
v, is the velocity of the electron, and (J,) is the average 
spin component of the initial nucleus. For an allowed 
transition J-J+1 (no), @ is given by 


a= —B(J,)/(J+1). (A.7) 
The effect of the Coulomb field is included in all the 


above considerations. 


13M. E. Rose, in Beta- and Gamma-Ray Spectroscopy (Inter- 
science Publishers, Inc., New York, 1955), pp. 271-291. 
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It is conjectured that the S matrix, expressed in terms of rigorous one-particle states, is insensitive to a 
substitution for the rigorous one-particle states of any approximate state which, by adiabatic switching-on 
of the interaction, is carried:into a rigorous one-particle state. This conjecture, first suggested by the fact 
that the usual form of the S matrix contains bare-particle states, is supported by the proof that the 
S-matrix element between one bare and one “‘real”’ particle (e.g., bare meson and real nucleon, bare nucleon 
and real meson, one bare and one real nucleon) is exactly correct. The equivalence of our S-matrix element 
with Low’s form of the S-matrix element for nucleon-meson scattering is one of the above cases. It is pointed 
out that great simplifications in calculations could be secured if the conjecture were verified. 





I, INTRODUCTION 


T is well known that the bare particles of field theory, 
described by eigenvectors of the zero-order Hamil- 
tonian, have no direct relation to physically observable 
particles.! This is also true for the bare particles with 
renormalized (observed) masses; they differ from 
physical particles by the absence of the well-known 
clouds. Nevertheless, the observed cross sections are 
calculated as though the incident and outgoing par- 
ticles were bare. This procedure is usually justified by 
a formal modification of the expression for the S matrix? 
or of the equations of motion® which simulates a slow 
switching-on and off of the interaction, and by an 
appeal to the adiabatic hypothesis which states that an 
infinitely slow switching-on carries a zero-order eigen- 
state into one of the full Hamiltonian.‘ A formal proof 
of this latter statement for the vacuum state was given 
by Gell-Mann and Low,’ and, according to a remark of 
Low,® it can be generalized for one-particle states. For 
states with several particles, however, no such proof 
has been given, and, in fact, none could be given in 
absence of an unambiguous definition of a basis vector 
which represents several physical noninteracting par- 
ticles. 

In a previous paper,’ one of the authors has given a 
definition of the S matrix based on asymptotic ob- 
servables. This S matrix was expressed in terms of 
basis vectors which represent products of physical 
(noninteracting) particles. It can then be shown that,’ 
in the absence of composite particles, the new definition 


* Work performed under the auspices of the U.S. Atomic Energy 
Commission at Argonne National Laboratory. 

t Now at Argonne National Laboratory. 

1 E.g., P. T. Matthews and A. Salam, Phys. Rev. 94, 185 (1954). 

2 F, J. Dyson, Phys. Rev. 75, 486 (1949). 

3G. Kallen, Arkiv Fysik 2, No. 37 (1951). 

4F. J. Dyson, Lecture Notes, Cornell University 1951 (un- 
published). 

5 M. Gell-Mann and F. Low, Phys. Rev. 84, 350 (1951). 

*F, E. Low, Phys. Rev. 97, 1392 (1955). 

7H. Ekstein, Phys. Rev. 101, 880 (1956); H. Ekstein, Pro- 
ceedings of the Midwest Conference on Theoretical Physics, 
State University of Iowa, 1956 (unpublished); H. Ekstein 
(to be published). 


agrees conditionally (i.e., for renormalizable theories) 
with Dyson’s S matrix.2* From this viewpoint, the 
adiabatic hypothesis can be visualized as follows: In 
the first phase of the scattering process, two distant 
wave packets of bare particles are converted, by the 
artifice of the slow switching-on, into wave packets of 
physical particles, still very distant from each other; 
in the second phase, the interaction and scattering 
between the physical particles takes place; and in the 
third phase, the now-distant physical wave packets are 
reconverted into the corresponding packets of bare par- 
ticles. This is an intuitive interpretation of the simple 
pragmatic result that, in some cases, the bare-particle 
state vectors may be substituted for the ‘“uncondi- 
tionally correct” basis vectors in the S matrix without 
altering the result. 

A similar result, obtained in reference 7, was the 
following : Low’s equation, for meson-nucleon scattering, 
without the “contact term’ has been derived from the 
general integral equation of scattering, by the appar- 
ently arbitrary substitution of a basis state with one 
bare meson and one physical nucleon, for the correct 
basis vector with two physical particles, i.e., by omitting 
vacuum polarization. According to the intuitive inter- 
pretation given above, one would conclude that in this 
case the bare meson is first converted into a physical 
meson, the nucleon remaining in its physical state, and 
that the inverse process takes place during the third 
phase. 

On the other hand, the bare particle is just one 
possible approximation to the physical particle, and is 
distinguished only by its mathematical simplicity. 
Hence, one is led to conjecture that a large class of 
other approximate forms also have the property that 
they can be substituted in the S matrix for the correct 
basis functions. More precisely, the following con- 
jecture is suggested: if 


Wex=CoxVo, Werk = Cen’ Vo 
8S. Gupta, Proc. Phys. Soc. (London) A64, 426 (1951). 
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are one-particle eigenfunctions of the Hamiltonian, 
each describing one particle of species s(s’) and mo- 
mentum k(k’), respectively, and the corresponding 
basis vector Px, »’ iS CCskCs’Vo,? (Wo is the physical 
vacuum state) then any substitute state Xsx=(sVo, 
etc., which is converted into ¥.x by adiabatic switching- 
on, may be used as a substitute for yx. In other words, 
a substitute basis vector 


Xax, s’k’ =BxBex'Vo 


may be used instead of ® in the S matrix without altering 
the result (not as an approximation). In particular, one 
would expect that the correct result is unaltered if a 
two-particle state vector ® is replaced by 


Xex, sk’ = Osx 'Ws'k', 


where a,x! is the creation operator for a bare particle, 
boson or fermion. This particular consequence of the 
conjecture is, in the following, verified by explicit 
calculation. 


II. ASYMPTOTIC EQUIVALENCE OF BARE 
AND PHYSICAL PARTICLES 


The S matrix in its general form is’ 


San= lim Unm(t,7), (1) 


t=—o ,r=—— 
Uam(t,7) =e? - 2»), 64 Fm), J. (2) 


These equations are symbolic abbreviations for the 
statement that the observable probability amplitudes 
for the distant future, c,(m), are connected to those 
specifying the state in the distant past, c_(m), by 


c,(n)= tim J eon(t)-(m)am, (3) 


i.e., U must be first integrated, after multiplication 
with a normalizable function, and the double time-limit 
taken subsequently. It is reasonable to assume that this 
limit may be replaced by the more conventional “adi- 
abatic switching-on” limit: 


c4(n)= lim J 
e,e'=0+ 


lim (e1(H—-Ent ie), 


(=o ,.r=——oo 


XK ef A-Em-ie’) 1h, )c_(m)dm. (4) 


Hence, we shall consider as the substitute for the 
S matrix the double time-limit with the exponentials 
which ultimately approach 1. In the following, these 
convergence factors will be omitted except when neces- 
sary, as usual. 


*The operator c.x is a linear combination of products of 
N-ordered bare-particle creation and destruction operators. The 
product of two such physical one-particle states is defined in 
reference 7 as Pox, sk’ =CCexCe’k’Vo, where C is a normalization 
constant. 
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Before proceeding, we show that Dyson’s S matrix 
results from Eq. (1) by the apparently arbitrary sub- 
stitution of eigenvectors x, and x» of the unperturbed 
Hamiltonian Ho, for the rigorous basis vectors ®, and 
®,,. Then we have 


Siam= lim 
t 


=o T= 


xaeilte i e-Ygittry) 
= lim (xn,U(t,7)xm) 
t=—oo ,r=—oo 


a (xn, U( sa eae )xm) 
i (xnySDXm); (5) 
where Sp is Dyson’s S operator. 


We begin by expressing the S matrix in a more useful 
form. We put temporarily 


(H—E,)=An. 
From 
OU nm(t,7)/d7=1(e*An'h,, c'Amrh,,), (6) 


we have, by integration 


t 
Ura(tr)=—if (e'Kbae4nrebdya+ Vam(l) 


Partial differentiation with respect to ¢ and integra- 
tion gives 


t 
Unm(t,7) = Uon(ti+(—i f dx (e'Anro,,,¢'Am704 Py, ) 


t zo 
+(-f a f dyo 


X (e'4n704 Pp e'Amv04 Dn). 
Hence, the S matrix is 


Sam = lim Unn(bi)+(—a f dxy(e ‘Anz, ,c'Amz04 .@,,) 
t=0oo 


+(-9f aso f dy 


X (e14m204 ,@,,€'4m004 Pm). (Sa) 


The first term is 


lim Unm(t,t) = (Wn Wm) = Sam; 


since ¥,~, Wm are orthonormal functions. Therefore, 
e Snm=SumtS nm +S nm’, (6a) 
Saai= -if dxo(e'(4- Enzo, ¢(H-Em)20(H] — F,,)®,), 
a ° ! (6b) 
Snt=(— 9 f deaf alei-™=(1—-E,), 


—— —o 


Xei(#-Em)vo( H] — En.) Pm). (6c) 
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These equations are considered to be generally and 
unconditionally correct, if the basis vectors ®, are 
defined as “products” (defined in Sec. I) of one-particle 
(elementary or composite) solutions of the time-inde- 
pendent Schrédinger equation. According to our con- 
jecture, the S matrix should be unaltered if certain 
simpler state vectors are substituted instead of the ®, 
in Eq. (6). We shall denote these expressions which 
apparently are only approximations to Sam, by lower- 
case letters Sam. In particular, we consider basis vectors 
in which two elementary particles appear. One of these 
physical particles will be replaced by a bare particle, as 
follows: Let ¥, be an eigenvector of the Hamiltonian 
which describes a single particle (say, meson or nucleon) 
with momentum p. Let at(k) be a creation operator for 
a bare particle with momentum k; the second particle 
may be of the same species as the first. We have sup- 
pressed the internal variables such as isotopic spin, etc. 
In Eq. (6b) we substitute 


Dn isie Cat(k)yp, 


with E,.= (m?+ p*)!+ (w+k?)!=potko, where m and 
u are the observed masses and C is a renormalization 
factor. Equation (6b) becomes 


o 


Sam = —ic f da(e'* 2a! (KY yr, 


0 


Xe '#20(H — po— ky)at (k)p,)e~ i(potko—po’—ko’ )z0, (7) 
By commuting H with at(k), one finds 


(H— po—ko)at(k)p, 
= {[Ho,a'(k) ]+[H7,a'(k) J+-a'(k)H 
— (pot+ho)a'(k)}¥p=[H7,a'(k) Wp, (8) 


where Hy is the usual unperturbed Hamiltonian with 
observed masses which has the commutator koat(k) with 





BARE NUCLEON| | PHYS. NUCLEON| | BARE MESON 
PHYS. MESON | | PHYS. MESON PHYS. NUCLEON 
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BARE NUCLEON 
BARE MESON 


2 PHYSICAL 
NUCLEONS [>. 
to 
2 BARE 
NUCLEONS 


| PHYSICAL NUCLEON 
2 PHYSICAL 


MESONS ® 














| BARE 
| PHYSICAL MESON 





2 BARE 
MESONS: 


Fic. 1. Equivalence of different basis vectors in the S matrix. 
Full lines: equality shown. Dashed lines: apparently arbitrary 
replacement of physical particles by bare particles. 
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at(k), and y, is an eigenfunction of H with eigenvalue 
po. The interaction Hamiltonian H; includes renor- 
malization counter terms. 

The Heisenberg operators 


A(x0) =¢ iHz0 4 (O)e- iHx0 (9) 


associated with the Schrédinger operators A used thus 
far, will be distinguished by bold-faced letters. 
We have, from Eqs. (7) and (8), 


wo 
Snmt= —iC? f dixo(e'#20q! (k’)e~ 20g iHz0y .,, 


X e'#=0o[ H,a' (k) Je~ iHz0¢ iHzoy ») 


Xe — i(pot+ko—po’—ko’ )xo 


_ of dxo(at (k’xo)W p,LH1 (xo) ,at (ko) Wp) 


—o 


x ei (ko’—ko) zo 


© 
_ -ic f dice (ko’—ko) 20, a (k’x0) 
—o 


X[3€7(x),at (kao) ¥,), (10) 


where dx means integration over four-space, and 3;(x) 
is the interaction density in Heisenberg representation. 
By using Eq. (8), one obtains similarly from Eq. (6c): 


ry x0 
Sam?= (-o f as f dye ‘(ko’20—kavo) 
—2 —oo 


X Wp,La(k’x0), 5er(x) JL Ir (y),at(Kyo) Wp). (11) 


~ 


It has been shown in reference 7 that the S matrix 
defined in Eq. (1) is, in the absence of bound states, 
equal to Dyson’s § matrix for renormalizable theories. 
In Fig. 1, this equality is shown by the vertical full 
lines. If we denote the S matrix with bare particles by 
Spnm, then, by showing the equality of Sam and Spam, 
(i.e., the oblique solid lines in Fig. 1), we will also have 
shown the equality of Sam and Spm (i.e. the oblique 
dashed lines). Consider the corresponding matrix ele- 
ments of Spam, Which may be obtained by substituting 
the eigenvectors xn, Xm Of Ho for the basis vectors ®,, 
@,, in Eq. (1) and expanding: 


‘ (—i)" i) Cs) 
SDam>= (ob xe, : ” pie nag f ses f dt, “dtp 
n=0 n! 


—o -—e 


X P{Hi(th):- Hy(t)}0'(Wxs), (12) 


where all operators are in the interaction representation. 
Following Low,*® we commute first at(k) through to the 
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left and then a(k’) to the right: 


SDam= ~i f dre (xy, a(k’) r 04 


n=0 7! 
x f dty- + -dtyP{Hy(th)+ «+ Hy(ty) 


XL 3er(0),01(koa) Vx») 


x fas + +dtyP{ H1(ts) - --Hy(tn) 


XLo(h’y) 9r(9) IE (2) 0k) Dx) 
= (-i" 


+ (=i f dxcio-w0>( xy, s 


n=0 1! 


x f dts dtgP (E(t): -+ H(t) 


X Lath’) 9r(s)o1(kes) Dx. (13) 


We have omitted the trivial case p=’, k=k’ which 
contributes the unit operator. Using the result of 
Gell-Mann and Low,® Eq. (13) may be expressed in 
terms of one-particle eigenfunctions of the total Hamil- 
tonian and of Heisenberg operators: 


SDam>= (—ap fdrdyes vor boyy PE [a(k’y0), 37 (9) ] 
X[3er(x),at (kare) ]}¥ )-+(—Z) f dine (bo’—bo)20 


X (¥»,La (k’xo),[3r (x),at (kao) |W). (14) 


In particular, for pseudoscalar meson-nucleon inter- 
action, one obtains Low’s result for the S matrix.® 

The commutator in the second integral gives rise to 
two terms, the second of which we rewrite as 


fats f dueitte’—20(y,,,[ 50; (2),at(K’x0)] 
Xeitlng(WOe-MeY,) (15) 


by using the explicit time-dependence of the Heisenberg 
operator a(kxo) according to Eq. (9). A calculation 
analogous to Eq. (8) gives: 


Ha(k)y,= {(H,a(k) ]+ poa(k)}y, 
= {[H1,0(k) ]+ (po—ho)a(k)}yp. (16) 
The equation 


(H+ ko— po)a(k)y,=0 (17) 
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has obviously no solution. Hence, the formal solution of 
Eq. (16) for a(k)y, may be written 


a(k’)) p= (H+ko' — po—ie)“*LH,a(k’) Wp 


=z0 
* haere: | dye**0'l 5€;(y),a(k’yo) Wp, 
ie" (18) 
where the Schrédinger operators have again been 
replaced by Heisenberg operators through Eq. (9). 


Substituting Eq. (18) into Eq. (15), we have after 
some manipulation 


+e 20 
[=— -af ax f dye ‘(ko'vo— koro) 


X pL Hr (x),at(k’0) La(k’y0),5r(y) Wp). (19) 


If the time-ordered P product in the first term of Eq. 

(14) is written explicitly, then the term referring to the 

time-order x»> yo is precisely canceled by the integral J. 
Hence, we obtain finally for spam: 


ba v0 
SDnm= (—f ay f dace *(o'vo— kore) 
2 2 


X Wp ,La(k’y0), 5€r(y) JL 5r(x), at (kro) Wp) 


=i f dxeto wy, 0(k') 
X37 (x),at (kao) Wp). 


This is, by Eqs. (10) and (11), indeed equal to Sam. The 
normalization constant C? is set equal to Z;7? Since 
the constant Z; is introduced by physical arguments 
rather than deductively,? we do not believe that an 
explicit justification for this identification is necessary. 


(20) 


III. DISCUSSION 


Since no special assumption about the form of the 
Hamiltonian and the nature of the bare and physical 
particle was made, the foregoing results apply to any 
theory, as long as composite particles either do not 
exist or are not involved. Figure 1 summarizes the 
results. While these results do not prove the conjecture 
formulated in the introduction, they supply a plausi- 
bility argument. 

Mathematically, there is nothing strange about the 
results or about the more general conjecture. The 
S matrix is the double time-limit of a time-dependent 
function, and there can be evidently many functions 
which have the same limit. Alternatively, one may 
consider the S matrix as being given essentially by the 
R matrix which is the solution of one of the integral 
equations given in reference 7. But since only the 
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values of the R matrix on the energy shell enter into 
the S matrix, there can evidently be an infinite number 
of different R matrices, hence of integral equations, 
which lead to the same S matrix. 

It is clear that calculations would be enormously 
simplified if our conjecture could be proved generally. 
The correct one-particle eigenfunctions are, of course, 
not known in field theory, and they probably do 
not exist, strictly speaking, in a local theory. If, 
however, the substitution of an approximation, e.g., 
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the Tomonaga intermediate-coupling approximation,” 
would still leave the integral equation rigorous, then a 
large variety of equivalent equations would become 
available which would differ in the ease of mathematical 
handling; in particular, one would think of the usual 
iteration scheme which would give more or less con- 
vergent results, according to the substitution chosen. 

The authors wish to thank Dr. F. Coester and Dr. 
M. L. Goldberger for helpful discussions. 
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Rotation Cooling in Cerium Magnesium 
Nitrate* 


J. C. WHEATLEY AND T. L. EstTLE 


Department of Physics, University of Illinots, Urbana, Illinois 
(Received August 10, 1956) 


OOLING by rotation was suggested by Bogle, 
Cooke, and Whitley! and has been applied in the 
present experiments to cerium magnesium nitrate. In 
this salt, at sufficiently low temperatures, the only level 
occupied by the cerium ion is a Kramers doublet. There 
is no hfs. In a magnetic field H, the level splits by g6H. 
Cooke ef al.? found g to be symmetric about the trigonal 
axis with g,,=0.25+0.05 and g,=1.84+0.02. For an 
angle @ with the axis g is defined by 


g= (g,,? cos’0+-g,? sin’#)}. (1) 


If the sample is isothermally magnetized, the entropy 
removed is a function of the quantity «=g8H/2kT. In 
a subsequent isentropic process, « is constant as long as 
g8H is much greater than the dipole-dipole interactions. 
Thus in ordinary adiabatic demagnetization T de- 
creases directly with H. On the other hand, cooling is 
produced with H constant in an isentropic rotation 
since in this case T is proportional to g. 

The experiments were performed on a 2.8-g single 
crystal of Ce2Mg;(NO3)12°24H2O oriented so that the 
trigonal axis could make an arbitrary angle with the 
strong field. The g value parallel to the measuring 
coils was g,. Extremely rigid mounting was necessary 
because of the high torques at intermediate angles. 
After isothermal magnetization, the field was reduced 
to a value which permitted the guard rings to absorb 
the residual gas and reduce the conduction heat leak. 
The magnetic temperature 7* was then obtained ballis- 
tically as a function of angle. In order to obtain the 
Kelvin temperature 7, it was necessary* to correct the 
magnetic temperature only for the nonspherical shape 
of the sample and for paramagnetic saturation. We then 
obtained 

T= (T*+<A)a“ tanha, (2) 


where A= 2.5X 10-* K°. 

The results of the rotation experiment for three 
magnetic fields are shown in Fig. 1. If interactions may 
be neglected, T is proportional to g, so that the ratio 
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Fic. 1. Absolute temperature of the crystal as a function of the 
sine of the angle of the magnetic field with the trigonal axis. 
Each solid curve was calculated using Eq. (1) from the values 
of x, H (in kilogauss), and 790/77» characteristic of the curve. 


To0/To of the temperatures at 90° and 0° is g,/g,, if 
the crystal is perfectly aligned. The experimental results 
show that T/T is 57 at H=4.10 kilogauss, 50 at 
H=2.49 kilogauss, and 33 at H=1.27 kilogauss. The 
ratio changes with H as a result of the interactions, so 
only a lower limit may be placed on go0/go. Suscepti- 
bility measurements gave a Curie constant of (4.1+0.1) 
X10~ g-, in agreement with Cooke,? from which was 
calculated g,=1.77+0.04. Based on this value of g,, 
the upper limit on g,, is then 0.031. However, the data 
are also consistent with g,,=0 and a misalignment of the 
crystal of about 1°. Since g,,/g,<1, one expects T 
« sin@ over a wide range of angle as shown in Fig. 1. 
The slopes of the three straight lines are internally con- 
sistent. The foregoing value of g,, is in disagreement with 
that given by Cooke.’ On the basis of Judd’s‘ theory, the 
ground state of the cerium is a linear superposition 
of a number of |/,J,> states. It is remarkable that a 
cancellation occurs such that g,-~0. 

Rotation cooling does not itself permit lower tem- 
peratures to be reached than were heretofore attainable. 
However, it does have the advantages that a low tem- 
perature is produced in a strong magnetic field and that 
the specific heat remains constant during rotation. 
Moreover, the initial field may be chosen so that the 
specific heat has the maximum value of 0.439 per ion. 
Most rare earth and many iron group salts have suffi- 
cient magnetic anisotropy to make them useful for 
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rotation cooling. It is possible that they would be useful 
working substances for a magnetic refrigerator using a 
rotating magnet. 

Work is in progress to extend the measurements to 
other crystals and to measure the effect of rotation on 
the nuclear resonance of the protons in the water 
molecules of the cerium magnesium nitrate. 

We are indebted to Mr. H. R. Hart, Jr., for growing 
the crystal. 

* Assisted by the joint program of the Office of Naval Research 
and the U. S. Atomic Energy Commission. 

1 Bogle, Cooke, and Whitley, Proc. Phys. Soc. (London) A64, 
931 (1951). 

2 Cooke, Duffus, and Wolf, Phil. Mag. 44, 623 (1953). 

3J. M. Daniels and F. N. H. Robinson, Phil. Mag. 44, 630 


(1953). 
4B. R. Judd, Proc. Roy. Soc. (London) A232, 458 (1955). 


Changes in Thermoelectric Power of Copper 
with Cold Work at Liquid Nitrogen 
Temperature 


E. W. KAMMER 


Naval Research Laboratory, Washington, D. C. 
(Received August 13, 1956) 


HANGES in the thermoelectric power of copper 
were measured after the metal had been plasti- 
cally deformed at the temperature of liquid nitrogen. The 
plastic deformation consisted in permanently elongating 
a wire specimen, having a diameter of about 0.001 inch 
and a length of 9 inches, which was initially annealed 
above the recrystallization temperature. Figure 1 
shows a typical graph of the thermoelectric power at 
successive stages of permanent elongation. For points 
above the axis, the electrons flow from the reference 
copper wire to the cold-worked specimen at the cold 
junction. During each measurement the tensile stress 
was reduced to zero in order to eliminate the effects 
that elastic deformation would have upon the thermo- 
electric power.' This elastic deformation effect on the 
thermoelectric power in copper at the temperature of 
liquid nitrogen has a coefficient of about 12 microvolts 
per degree centigrade per unit strain and has a polarity 
which makes the electrons flow to the reference copper 
from the cold-worked specimen at the cold junction with 
the application of simple tension. The experimental 
uncertainty associated with each point in Fig. 1 is 
sufficiently small that the successive intervals of rising 
and precipitously falling magnitudes are entirely real. 
At point “A,” the specimen was allowed to remain at 
room temperature for 16 hours and the thermoelectric 
power was remeasured at liquid nitrogen temperature 
without any intervening plastic or elastic deformation. 
The imperfection structure partially removed by this 
mild heat treatment is similar in its effects to the one 
observed in the experiments of Molenaar and Aarts? 
where electrical resistivity was found to change in a dis- 
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continuous manner after anneal, the effect being at- 
tributed to vacancies? To account for the abrupt 
changes in value of the thermoelectric power in the in- 
tervals preceding point “A” and following (not shown) 
it is necessary to assume further that large-scale removal 
of vacancies from their positions in the lattice is possible 
after the density of population reaches some limit. This 
removal could be accomplished by accumulation at 
grain boundaries, escape ‘o the surface of the specimen, 
or annihilation within the lattice. A similar suggestion 
was earlier advanced to explain abrupt changes in the 
ratio of resistance changes to elastic strain, (AR/R), 
(AL/L), observed in cold-worked copper.4 These 
resistance changes are now known to occur simul- 
taneously with a discontinuous change in the thermo- 
electric power. 
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Fic. 1. Variations produced in the thermoelectric power of copper 
by plastic elongation at liquid nitrogen temperature. 


A general trend, having a negative slope in Fig. 1, is 
superimposed upon the “saw tooth” variation. After 
sufficient elongation (about 11% in this instance) the 
points cross the zero axis and the polarity of the couple 
is reversed, signifying that the structural damage in the 
specimen portion of the circuit is equivalent to or 
greater than that present in the reference copper. 
This trend has been shown by Druyvesteyn and Ooijen® 
to depend upon the increasing dislocation density and 
can be influenced only by annealing above the recrystal- 
lization temperature. If these imperfection structures 
introduced by cold work have been correctly identified, 
then the trends shown in Fig. 1 require that the effect 
of vacancies on the thermoelectric power is of opposite 
sign to that for dislocations. 


1C. Crussard, Bristol Conference on Strength of Solids, 1947 
(The Physical Society, London, 1948), p. 119. 

2 J. Molenaar and W. H. Aarts, Nature 166, 690 (1950). 

3 T, Broom, Advances in Phys. 3, 74 (1954). 

4E. W. Kammer, Phys. Rev. 99, 594 (1955). 

5M. J. Druyvesteyn and D. J. Ooijen, Appl. Sci. Research 5, 
437 (1955). 





LETTERS TO 


Pion and Muon Masses* 


E. RicHARD COHEN, Atomics International, 
Canoga Park, California, 
KENNETH M. Crowe,t High-Energy Physics Laboratory, 
Stanford University, Stanford, California, 
AND 
Jesse W. M. DuMonn, California Institute of Technology, 
Pasadena, California. 
(Received August 6, 1956) 


ESONIC x-rays have been shown by Koslov 

et al.' and Stearns ef al.* to provide accurately 
defined limits to the values of the muon and pion 
masses. Direct precision mass measurements have been 
up to now several times more accurate than that deter- 
mined from the x-ray limits. Barkas ef al.’ have ob- 
tained + and a masses relative to the proton mass 
which have been converted to electron mass units m,: 


M += (273.3440.33) me, (1) 
Mx-=(272.8 +0.45)m,. (2) 


All errors are standard deviations. 
Crowe and Phillips‘ have obtained a x mass from 
the x~ capture gamma-ray spectrum in hydrogen: 


r-= (272.744+0.40)m.. (3) 


Barkas ef al.* also have obtained an accurate measure 
of the decay momentum po for the *+—y* decay, and 
deduce an accurate s—y mass difference: 


M,+—M,+= (66.41+0.10)m,. (4) 


The purpose of this note is to point out that if one 
assumes that the masses of the positive and negative 
pions are identical, the mass difference combined with 
the mesonic x-ray limits gives a much narrower limit 
on the pion and muon masses than heretofore available. 
Table I shows the limits and the combination with the 
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mass difference. The mesonic x-ray limits shown in this 
table come from determining for a given mesonic x-ray 
line the discontinuity in the absorption coefficient as 
one varies the Z of an absorber placed between the 
x-ray source and the poor-resolution NaI detector. The 
break occurs when the x-ray energy is between the 
K-absorption edges of the absorber material. 

The measured values of the K-absorption edges for 
some of the heavy elements have appreciable errors, 
which in one particular case—the lead K edge used in 
the yu-mesonic x-ray measurement—gave a poorly 
defined limit. On re-examination of the errors of the 
limits, it was realized that it is better to use the meas- 
ured energies® of the L edges and the K, lines to arrive 
at the K edge. The mass limits in Table I have been 
recalculated with these revised data. 

The value and the standard deviation for the pion 
and muon masses as obtained from the x-ray limits and 
the r—, difference are calculated to be 


M,= (273.344£0.13)m., 
M,= (206.93+0.13)m.. 


(S) 
(6) 


The situation with regard to the other pion mass 
measurements is shown graphically in Fig. 1. There is 
no evidence of disagreement other than that attributed 
to the stated errors of the data. 

If all the data are combined, the best light-meson 
mass values are 

M,= (273.25+0.12)m., 


M,= (206.84+0.12)m.. 


(7) 
(8) 


In conclusion, we should like to caution the reader 
with regard to the assumptions involved in arriving at 
these mean values, as well as to the genuine statistical 
uncertainties. We have assumed the exact equality of 
the positive and negative masses. The accuracy of the 
direct measurements does not itself justify such an 
assumption as to the accuracy of the final result. To our 


TABLE I. Mesonic x-ray limits on the pion and muon masses. All errors are standard deviations. 








Transition K-absorption edges 


Vacuum polarization Mass limit 





(a) Upper and lower limits on the pion mass 


4F—3D 
4F—3D 
4F—3D 


above Ce, 40.440+0.006 kev 
below Sb, 30.489+-0.004 kev 
below Hf, 65.347+0.003 kev 


> (272.2 +0.03)m, 
< (273.51+0.04)m, 
< (273.520.04)m, 


+0.100 kev 
+0.065+0.003 kev 
+0.190+0.010 kev 


(b) Upper and lower limits on the muon mass 


2P—1S 
3D—2P 
4F—3D 


below Ir, 76.123+0.015 kev 
above Pb, 88.015+-0.002 kev 
above Cd, 26.713+0.006 kev 


< (208.950.04)m, 
+0.325+0.016 kev > (206.77+0.04)m, 
+0.045 kev > (206.47+0.04)m, 


+0.38 kev 





n Method 





(c) Summary. The +-y difference, Eq. (4), has been used to convert 
pion measurements to muon values and vice versa. 


272.2 +0.03—273.51+0.04 
273.1840.11—275.362-0.10 


205.8 +0.10—207.10+0.11 
206.77 +-0.04—208.95-0.04 


m-mesonic x-rays 
u-mesonic x-rays 


(273.18+0.11)m,. < My < (273.51+0.04)m, 
(206.77+0.04)m, <M, < (207.10+0.11)m, 
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Fic. 1. Graphical summary of the data 
on the pion and muon mass values. 








knowledge, the r— mass difference is the only appreci- 
able source of error in the derivation of masses from the 
x-ray limits. However, even if the error of the r—y 
difference were doubled, the final error would be raised 
only to +0.15 m,. Errors in the K edges, and un- 
certainties in and corrections to the mesonic x-ray 
levels due to vacuum polarization, finite nuclear size, 
pion-nucleon interactions, etc., contribute a negligible 
error. 


* A more detailed discussion will appear in Cohen, Crowe, and 
DuMond, The Fundamental Constants of Physics (Interscience 
Publishers, Inc., New York, to be published). 

t Supported by the joint program of the Office of Naval Re- 
search and the U. S. Atomic Energy Commission. 
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Mass Difference of + and Their 
Anomalous Magnetic Moments* 


E. C. G. SupARsHANt AND R. E. MARSHAK 


Department of Physics, University of Rochester, Rochester, New York 
(Received August 7, 1956) 


HE idea that the various hyperons constitute 
definite isotopic multiplets is finding increasing 
use in the explanation of the interactions of strange 
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particles. One would then expect that the relatively 
small mass difference between components of the same 
multiplet is due to interactions which are electro- 
magnetic in origin. In another connection Feynman and 
Speisman! and Peterman? have shown that the mass 
difference between neutron and proton can be under- 
stood in terms of electromagnetic self-energies, if their 
anomalous moments are taken into account. Unlike 
the proton-neutron case, it will turn out that, since 
+ are both charged, a much larger mass difference is 
possible for comparable values of the anomalous 
moments. 

The mass measurements on the 2 hyperon® indicate 
that 

m(2~-)—m(Z+*)= (16.2+5.5) electron masses. 


If we assume that the 2 is a Dirac particle, we find that 
the observed mass difference requires that the sum of 
the magnetic moments of the 2+ and =~ is positive and 
of the order of 3 to 4 nucleon magnetons. 

The self-energy contribution to the mass of a fermion 
of charge e and anomalous moment uy is given by (for 
notation see reference 1) 


e m 


=————a(p) | a 
"Oni ED rf 


m 
4m 


X (PRM) at — 
4m 


a0) 
X (skh. JG(H)| al), () 


where G(k) and C(k) are invariant cut-off factors for the 
divergent integrals. Performing the indicated integra- 
tion leads to an expression of the form 


Am/m= (a/4r){ 20 oF 3ul 1+ 3712} ’ (2) 


where Jo, J;, and J, are positive functions of the mass of 
the particle and of the cutoffs; the + signs correspond 
to positively or negatively charged particles, respec- 
tively. We have chosen two typical forms of cutoff : 


C(k) G(k) 
A*/(A?—#?) »?/(—#) 
A‘/(A?— k*)? d?/(\?— R?). 


Type 
(A) 
(B) 


From (2), the mass difference of the charged = 
hyperons, can be written in the form 
m(Z-)—m(2*) 
= (am/4r){3I,—fT2(ut—u-)} (ut+u-). (3) 


We note that the sum of the anomalous moments has 
to be positive in order to explain the observed mass 
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difference. Typical numerical values are given in 
Table I; the cut-off parameters A’, \? were chosen soas to 
reproduce the observed neutron-proton mass difference. 

The anomalous moments in Table I indicate a 
significant contribution from the virtual emission and 
reabsorption of mesons. To judge the qualitative im- 
plications of these anomalous moments, we have per- 
formed a second-order calculation of the anomalous 
moments due to the virtual intermediate states in 
which the hyperon dissociates into a baryon and a 
meson (and still conserves the strangeness quantum 
number).‘ Thus, the anomalous moments may be due 
to the following virtual interaction schemes: 


(1) 
(2) 
(3) 
(4) 


Nonvanishing contributions come from two different 
types of processes, which may be called the baryon 


> nt+K-, 
DE + K°, 
+++ 9". 


rt p+ KR, 
tt + Kt, 
2+ 2+ z+, 


p+ —A°+ at, 


TABLE I. Electromagnetic self-energy 
differences of the charged hyperons. 
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Cut-off type A? » 


(A) 2m? 
2m? 





weir 


m? 
me 


num 


(B) 


(B) 
(B) 


5 
0 
1.5 
3.0 
5 
0 
5 
0 


wom 








current term (denoted by B, below) and the meson 
current term (denoted by B, below). An examination 
of the symmetry properties of the hyperon and pion 
multiplets shows that, in all orders, the contributions 
of the reactions (3) and (4) to the anomalous moments 
of 2+ and =~ are equal and opposite. There are two 
further contributions to the moments, from a fermion 
(boson) current from reaction (1) and from a boson 
(fermion) current from reaction (2) for the anomalous 
moment of =+(2~). The evaluation of the various terms 
is straightforward’ if we assume that the K meson is a 
spin-zero particle ; we find 
ut= (SNR) B,(2NK)—}¢°(2EK)B2(2EK) 
+ ¢(22n){Bi(22x)—$Bs(22n)} 
—}g?(ZAr)B(ZAzm), 
u-=4¢2(2NR)B.(2NR)—g?(S=K)B, (SEK) 
— g?(2Dr){ By (2Er)—4B2(ZE)} 
+3¢°(ZAr)B2(ZAr), 
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where g?= (G?/4mhc) and the functions B,; and B; of the 
masses have the numerical values given in Table II; 
the + signs are to be taken consistently according as the 
coupling chosen is scalar or pseudoscalar, i.e., the K 
meson is scalar (pseudoscalar) or pseudoscalar (scalar), 
respectively, assuming the parity of the 2 hyperon to be 
the same as (opposite to) the parity of the nucleon. 

Apart from the coupling constants which are still 
arbitrary, we notice that the scalar and pseudoscalar 
coupling give similar results, except for a scale factor 
and a change of sign. This change of sign was already 
noted by Case® in his calculations of the nucleon 
anomalous moments and is connected with the parity 
difference of the virtual bosons. 

The sum of the anomalous moments of the charged 
hyperons is given by 
ut+p-= g?(ZNK){0.76+ 1.39} — g*(2EK){0.2340.71}. 
Combining this with the earlier quoted results of the 
value of the same quantity estimated from the mass 


difference, we obtain an estimate of the coupling con- 


stant, 
g~2.4 to 3.2, 


for scalar coupling, assuming that 
g(ZNR)~g(ZER). 


TABLE II. Baryon and boson current contributions 
to the anomalous moments. 








Interaction Bi Bz 


=NK 0.45+0.97 0.31+0.42 
D=K 0.16+0.54 0.07 +0.16 
pes 0.38+0.81 0.52+0.71 
DAr 0.43+1.24 0.90 1.04 











Pseudoscalar coupling gives the wrong sign of the 
anomalous moments so that 2+ would be heavier than 
~~. It is obvious that the value of the estimated coupling 
constant is too large for a second-order perturbation 
calculation to be reliable. However, calculations in the 
analogous case of the strongly coupled pion-nucleon 
system reproduce the correct signs of the proton and 
neutron anomalous moments. We would like to believe 
that the signs of the anomalous moments are significant 
in the present case also. 

It is clear from experiment that, if the K meson 
possesses spin 0, both parities are present. If this is so, 
both types of coupling (scalar and pseudoscalar) must 
occur for the K meson. From the foregoing calculations, 
we would conclude that the observed sign of the mass 
difference of 2+ is an argument for the presence of 
strong scalar coupling of the K meson to the baryons. 

Similar calculations have been done for the anomalous 
moments and the mass spectrum of the other hyperons 
and the contribution of the virtual emission of K 
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mesons to the nucleon anomalous moments. These 
results will be published in a separate note. 

* This work was supported in part by the U. S. Atomic Energy 
Commission. 

¢ On leave of absence from Tata Institute of Fundamental 
Research, Bombay, India. 
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Suggestion Concerning the Nature of the 
Cosmic-Ray Cutoff at Sunspot 
Minimum 
F. Hoyie* 

Mt. Wilson and Palomar Observatories, Carnegie Institution of 


Washington, California Institute of Technology, 
Pasadena, California 


(Received August 6, 1956) 


NDER quiet solar conditions near sunspot mini- 
mum, no cosmic rays with magnetic rigidity less 
than ~1.5 Bev appear to reach the earth.!:* An attempt 
to explain this cutoff as arising from a solar magnetic 
field of dipolar form was made many years ago by 
Janossy.* The solar magnetic moment demanded by 
this explanation is too high, however, by a factor ~10 
to be in accord with the modern solar magnetic meas- 
urements of Babcock and Babcock.‘ The present note 
offers a suggestion for explaining the cutoff, not in 
terms of a solar field, but of an interstellar magnetic 
field, the possible importance of which has been noted 
by Davis.® 
Two main steps are concerned in the following argu- 
ment, one a consideration of the magnetic field of the 
earth and the other a consideration of the interstellar 
field. Both these issues are concerned with the diffuse 
gas that probably exists in interplanetary space.* The 
density of the gas in the neighborhood of the earth is 
usually set? at ~10- g/cm*. With the gas mainly com- 
posed of hydrogen atoms, this density corresponds to 
~10* atoms/cm*. Since a considerable fraction of the 
atoms appears to be ionized, there must be a strong 
interaction between the gas and the terrestrial magnetic 
field. The interaction must produce a gross modification 
of the earth’s field at distances away from the earth 
where the magnetic energy density is less than }pv", p 
being the gas density and v the streaming velocity 
relative to the earth. That is to say, there must be a 
gross modification of the earth’s field at and beyond 
a distance where the magnetic intensity is of order 
(4pv”)'. With p10 g/cm* and »~30 km/sec, this 
gives an intensity ~3X10~ gauss, and the terrestrial 
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field falls to such an intensity at a distance of about 10 
earth radii. Beyond this distance gross modification 
from a dipolar form of field must occur. It is emphasized 
that the general orders of magnitude appearing in this 
result are quite insensitive to the particular values 
chosen for p and »—the distance in question being pro- 
portional to p! and too. 

The question now arises as to what form the modifica- 
tion will take. Two possibilities seem to exist. If the 
lines of force of the terrestrial field extend outwards 
into the gas beyond about 10 earth radii, they will be 
twisted and contorted by the motion of the gas, the 
nature of the deformation depending on the detailed 
flow of the gas. The other possibility is that the lines of 
the earth’s field close up within a distance of ~10 earth 
radii and that they do not penetrate outwards beyond 
this distance and are then not subject to violent deforma- 
tion. In this case, any gas that is present within a dis- 
tance of order 10 earth radii will have its motion con- 
trolled by the terrestrial field; it will move along with 
the earth around the sun and it will rotate with the 
earth. Of these two possibilities the second seems the 
more likely, although a strict proof appears difficult. 
In what follows, the second possibility will be assumed. 

Turning now to the interstellar gas, it is at once ap- 
parent that cosmic rays within the interstellar gas 
cannot reach the neighborhood of the earth unless the 
interstellar gas itself approaches close to the earth—at 
any rate this is so if the magnetic field within the gas 
has an intensity comparable with the average value of 
order 10-* gauss that is currently supposed. Thus, 
for example, a proton of energy 10 Bev moves around 
the lines of force of a field of intensity 10~° gauss in a 
circle with radius close to 3X 10" cm. Unless the inter- 
stellar gas approaches within this distance of the earth, 
or unless the interstellar magnetic field happens to be 
much less than 10~® gauss in the vicinity of the solar 
system, such a particle cannot reach the earth; it 
remains “attached” to the interstellar magnetic field 
which it cannot leave. Since a distance of 3X10” cm is 
small compared with the dimensions of the solar system 
and since an exceptionally weak field in the vicinity of 
the solar system seems implausible, it is reasonable to 
conclude that the interstellar gas penetrates the solar 
system. Accordingly the interplanetary gas apparently 
cannot be derived wholly from the sun as some authors 
have supposed, unless the cosmic rays are wholly of 
solar origin which again seems unlikely. 

One point remains before the main conclusion is 
reached. The value of 10-° gauss usually quoted for the 
interstellar magnetic field refers to the average situa- 
tion within the interstellar medium. In particular, it 
refers to a gas density of order 10-4 g/cm*. Any com- 
pression of the interstellar gas by the gravitational 
field of the sun must increase the magnetic intensity, 
an isotropic compression causing an increase by the two- 
thirds power of the gas density. Thus if we regard the 
interstellar gas as supplying a major contribution to an 
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interplanetary gas density of order 10-*! g/cm’, the 
enhancement of the magnetic intensity by compression 
is likely to be of order 10°, yielding a field ~10- gauss. 

Recapitulating the various points of the above argu- 
ment, it is plausible to suppose that the earth’s field 
becomes closed at a distance from the earth of about 10 
radii. At this distance we pass from a terrestrial field 
of order 3X 10~ gauss to a magnetic field derived from 
the interstellar medium, the latter probably having an 
intensity of a similar order. 

The question now arises as to whether a cosmic-ray 
particle initially attached to the lines of force of the 
interstellar field can make a transition to the lines of 
force of the earth’s field, which it must do if it is to 
reach the surface of the earth. A reasonable criterion 
for such a transition to be possible is that the radius of 
the orbit of the particle be comparable with, or greater 
than a distance ~10 earth radii. With an interstellar 
magnetic intensity ~10~ gauss, the least proton energy 
that satisfied this criterion is ~1 Bev. Although no 
reliance can be placed on exact numerical values, it is 
clear that the cutoff provided by the present considera- 
tions agrees in order of magnitude with the observed 
cutoff. 

No attempt can be made within the scope of this 
Letter to discuss modifications that might be produced 
by streams of particles and perhaps by cosmic rays 
ejected from the sun. It is believed, however, that such 
events can be fitted into the above scheme in a satis- 
factory way. 

* Permanent address: St. John’s College, Cambridge, England. 
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Mass Difference between the z+ 
and =~ Hyperons and the Mass of 
the K~ Meson* 

W. F. Fry, J. ScHNneps, G. A. SNow,t 
M. S. Swami, AND D. C. Wop 
Department of Physics, University of Wisconsin, 
Madison, Wisconsin 
(Received August 13, 1956) 


N a systematic study of 900 K- stars found in 

emulsion by area scanning, two events were found 
which are interpreted as the capture of K~ mesons at 
rest by hydrogen. One event produced a 2+ hyperon and 
the other a ~ hyperon, via the following reactions: 


(1) 
(2) 


K-+p2++r- +01, 
K-+po2-+0t+02. 
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The principal basis for interpreting these two events 
as captured in hydrogen is the collinearity of the 2 
hyperon and the x meson. In the first case (event 788), 
the 2+ hyperon and the z~ meson tracks have a dip of 
only 5° and therefore the collinearity could be tested 
with some precision. The two tracks were found to be 
collinear within one-half of a degree, which is about the 
precision of the measurement of the dip angle. The 
projected angle was measured to be 180° to within 10’. 
In the second case (event 818) the dip angle of the 2- 
hyperon and the w+ meson is 37 degrees. The hyperon 
and the meson were found to be oppositely directed 
within 0.4+1.0 degree. The projected angle was found 
to be 180° 12’+15’. 

It might be argued that these two events may be the 
capture of a K~ meson in a heavy element with an 
invisible recoil, and that the collinearity is due to a 
chance coincidence. An estimate of the probability of 
finding one such event out of 900 stars is about 2X 10~*.! 
This probability is further reduced because in general 
the range of the  hyperon from a nonhydrogen capture 
will be substantially different from that in a hydrogen 
capture. The absence of Auger electrons in both events 
is consistent with hydrogen captures. 

In the first case (event 788), the 2+ hyperon decayed 
from rest into a proton of range 1609+ 23 microns. The 
range of the proton from the + hyperon is strong 
evidence that the 2+ hyperon decayed from rest. The 
range of the 2+ hyperon was found to be 804+ 5 microns. 
Using these data, one can proceed in either of two ways: 
if the mass of the K~ meson is assumed to be that of the 
K* meson, the mass of the 2+ hyperon can be found; or 
if the known mass? of the 2+ hyperon is used, the mass 
of the K~ meson can be determined. Since the 2+ 
hyperon mass has been measured to a greater pre- 
cision than the K~ meson mass, we take the latter ap- 
proach. Using the range-energy relationship of Barkas,’ 
the energy of the 2+ hyperon is found to be 13.87+0.16 
Mev, where the mass of the + hyperon is taken to be 
2327.4 m.. The error in the energy of the 2+ hyperon 
includes the uncertainties due to straggling and varia- 
tions in stopping power. The kinetic energy of the r 
meson is then calculated to be 89.5+0.8 Mev. The Q; 
of reaction (1) is 103.4+1.0 Mev. The mass of the K- 
meson is then 966.72 m,. This mass measurement 
agrees very well with previous K~-meson mass meas- 
urements.® The equivalence of the mass of the K~ 
meson and the mass of the r+ meson® (966.1+0.7 m.) 
confirms the hypothesis that the K~ meson is the charge 
conjugate of the K+ meson. 

In the second case (event 818) the 2~ hyperon 
track travels into an adjacent pellicle, and stops after 
a total range of 670+ 15 microns. The 2~ hyperon does 
not produce a visible star at the end of its range but 
there appears to be a short track of a low-energy elec- 
tron, suggesting the capture of a negative particle. The 
energy of the =~ hyperon is 12.5+0,2 Mev assuming 
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that the 2- hyperon mass is 2343.3 m,.7 The error in the 
2 hyperon energy includes uncertainties due to 
straggling, range-energy relationship, measurements in 
true range, and stopping power. Equating the momenta 
of the ++ meson and the =~ hyperon, we obtain 82.8 
+1.1 Mev for the kinetic energy of the r+ meson. The 
Q+ for reaction 2 is 95.3+1.3 Mev. The mass of the 2- 
hyperon is found to be 2343.343.1 m,. The mass 
difference Mz-—Mzt=Q,—Q2=15.942.9 m,. This 
determination of the mass difference is independent of 
an exact knowledge of the stopping power of the emul- 
sion and independent of the absolute value of the mass 
of the K~ meson. 

The above mass difference is in excellent agreement 
with the value >14+6 m,, given by Chupp et al.8 
and the value of 165.4 m, given by Chretien et al. 

We wish to thank Dr. E. J. Lofgren and others at 
Berkeley who have made this work possible by their 
wholehearted cooperation. 


* Supported In part by the U. S. Atomic Energy Commission 
and by the Graduate School from funds supplied by the Wisconsin 
Alumni Research Foundation. 

t On leave from the Naval Research Laboratory, Washington, 


1 Out of 206 K~ stars, 14 consist of only a meson and a hyperon. 
The probability that the = hyperon and the x meson are collinear 
within 1 degree is 3.1 10~, if one assumes that the hyperon is 
distributed uniformly over a solid angle of x steradians. 

2 Fry, Schneps, Snow, and Swami, Phys. Rev. 103, 226 (1956). 

3 We are indebted to Dr. W. H. Barkas for sending us a pre- 
publication copy of his latest range-energy relationship. 

4 Throughout this work the masses of the mesons used were 
mat =mx-=139.5 Mev; Barkas, Birnbaum, and Smith, Phys. 
Rev. 101, 778 (1956). 

5 J. Hornbostel and E. O. Salant, Phys. Rev. 98, 339 (1955) 
obtained 931-24 m,; Chupp, Goldhaber, Goldhaber, Iloff, and 
Webb reported >966+6 m, and >935+5 m,; Gilbert, Violet, 
and White, Phys. Rev. 103, 248 (1956), give 966.2+5 m,. 

®See Proceedings of the Sixth Annual Rochester Conference 
on High-Energy Physics, 1956 (Interscience Publishers, Inc., New 
York (to be published) ] and the earlier report by Whitehead, Stork, 
Peterson, Perkins and Birge, University of California Radiation 
Laboratory Report UCRL 3295 (unpublished). Also Heckman, 
Smith, and Barkas, Nuovo cimento 4, 51 (1956). 

7A self-consistent procedure was followed whereby the mass 
assumed here for the 2~ hyperon had to agree with the final result 
for the 2~ hyperon mass. 

8’ Chupp, Goldhaber, Goldhaber, and Webb, University of 
California Radiation Laboratory Report UCRL 3044 (unpub- 
lished). 

® Chretien, Leitner, Samios, Schwartz, and Steinberger (to be 
published). 


Nuclear Quadrupole Resonance in Metals* 


W. D. Kyicut, R. R. Hewitt, AND M. PoMERANTz 
Department of Physics, University of California, Berkeley, California 
(Received August 16, 1956) 


HE nuclear quadrupole interaction in solids is a 
sensitive indicator of structures! and of the 
structural changes? which accompany phase transitions. 
Previous reports of the observation of quadrupole in- 
teractions have been restricted to nonmetals, except 
for some results concerning the nuclear magnetic 
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resonance in several metals and alloys,’ and in beryl- 
lium.‘ In the former report® evidence is given for the 
effects of lattice imperfections and impurities; the 
quadrupole interaction here is inhomogeneous, and the 
experiments set a lower limit to the range of the inter- 
action. The latter experiment shows that the quad- 
rupole interaction in pure Be metal, on the other hand, 
is homogeneous (i.e., approximately the same for all 
nuclei), since the quadrupole satellites of the central 
magnetic resonance are quite sharply resolved. There- 
fore, we thought it worthwhile to search for the nuclear 
quadrupole resonance (zero dc magnetic field) in those 
metals for which the size of the quadrupole interaction 
is large enough to prohibit observation of the nuclear 
magnetic resonance. 

Gallium was chosen for the initial searches, which 
were made at 0°C. Two strong lines appear at 10.908 
Mc/sec and 6.866 Mc/sec. These we attribute to 
Ga® and Ga”, respectively. The ratio of the frequencies 
gives the ratio of the nuclear quadrupole moments, 
Qaase/Qaari= 1.589+0.002 which is in agreement 
with atomic beam measurement.® The line frequencies 
increase by about 3% when the sample is cooled to 
—196°C. The line widths at half the maximum in- 
tensity are approximately 8 kcps and 9 kcps for Ga® 
and Ga”, respectively. This is consistent with the as- 
sumption that the nuclear magnetic moments are 
primarily responsible for the broadening. 

The sample was prepared by stirring molten Ga in 
mineral oil. Following this, the mixture was frozen. The 
apparatus is similar to that described in reference 2. 

We believe that the nuclear quadrupole resonance is 
observable in a number of metals, alloys, and inter- 
metallic compounds. The results of such observations 
should provide unique information regarding the 
crystalline electric fields and the role of conduction 
electrons in metallic structures. 

* This work has been partially supported by the Office of Naval 
Research and by a grant from the Alfred P. Sloan Foundation. 

1H. G. Dehmelt, Am. J. Phys. 22, 110 (1954). 

2 R. M. Cotts and W. D. Knight, Phys. Rev. 96, 1285 (1954). 

3N. Bloembergen and T. J. Rowland, Acta Metallurgica 1, 
731 (1953). 


4W. D. Knight, Phys. Rev. 92, 539 (1953). 
5R. T. Daly, Jr., and J. H. Holloway, Phys. Rev. 96, 539 (1954). 


Inelastic Scattering of Low-Energy 
Neutrons by Lattice Vibrations 
of Vanadium* 


R. S. CARTER, D. J. HucHes, AND H. PALEvsKy 
Brookhaven National Laboratory, Upton, New York 
(Received August 17, 1956) 


ERY low-energy neutrons are inelastically scat- 
tered by the lattice vibrations of materials, 
usually gaining energy, by absorption of one or more 
phonons, in the scattering process. A recent discussion 
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Fic. 1. Experimental frequency distribution of the normal 
modes of elastic vibrations in vanadium, compared with theoret- 
ical distributions based on the simple Debye model and a modified 
model, which includes the different modes of polarization and the 
geometrical effects of the Brillouin zone. 


of this phenomenon by Placzek and Van Hove! gives 
the relationship between the properties of the lattice 
vibrations and the energy distribution of the scattered 
neutrons. If the scattering cross section of the material is 
coherent, the energy distribution of the inelastically 
scattered neutrons exhibits discrete peaks, whose 
energies are related to the wavelengths and energies 
of the lattice vibrations. If the cross section is in- 
coherent, however, the energy distribution of the 
scattered neutrons is continuous and is related in a 
simple manner to the frequency distribution of the 
lattice vibrations. 

For the incoherent case, the energy distribution of the 
neutrons scattered from a polycrystalline sample of a 
material with a cubic lattice structure is 


d(mv) 1 “aw hho)? 1 


g(w). (1) 





=—E 
dk Bk? ehelkT— 1 
Here nv is the flux of scattered neutrons, e~?” is the 
Debye-Waller factor, 1/(e/*7—1) is the Boltzmann 
factor for the population of the normal modes of the 
lattice vibrations, k is the wave vector of the scattered 
neutron, ko is the wave vector of the incident neutrons, 
and g(w) is the frequency distribution of the normal 
modes. The measurement of g(w), one of the funda- 


THE EDITOR 


mental properties of the lattice vibrations, is the object 
of the present experiment. Fortunately an element 
exists, namely vanadium, whose cross section is almost 
entirely incoherent and which has a cubic lattice struc- 
ture, thus satisfying the conditions for the validity of 
Eq. (1). 

A beam of low-energy neutrons with small energy 
spread was obtained by filtering pile neutrons through 
beryllium. (See sketch in Fig. 1.) The mean wavelength 
of the filtered neutrons was 4.5 A. The energy distri- 
bution of the neutrons scattered at 90° to the incident 
beam from a polycrystalline sample of vanadium was 
determined by standard chopper time-of-flight tech- 
niques. The frequency distribution, g(w), can be ob- 
tained directly from the measured distribution d(mv)/dk 
by use of Eq. (1). The angular frequency, w, of the 
phonon absorbed is known because the phonon’s 
energy, iw, must equal the change in energy of the 
neutron. The Debye-Waller factor is computed, ko is 
obtained from the incident wavelength, and k is given 
by the measured time of flight of the scattered neutrons. 
Hence all the quantities except g(w) are known and so 
g(w) is determined. 

The experimental result for g(w) of vanadium is 
shown by the solid curve in Fig. 1. Obviously, a simple 
w* Debye distribution, shown by the broken line as 
modified by instrumental resolution, does not fit the 
experimental data. Also, a more realistic distribution 
(dotted curve), still based on the Debye model but 
modified to include the geometrical effects of the 
Brillouin zone and the presence of both transverse and 
longitudinal modes of vibration, fails to fit the data. A 
Debye temperature of 338°K, obtained from specific 
heat measurements,’ was used in the calculations. In 
order to compare the computed and experimental fre- 
quency distributions, the area under the measured and 
computed curves have been made equal and the com- 
puted curves were modified by the instrumental resolu- 
tion shown by the triangles in Fig. 1. 

A general discussion by Van Hove* shows that the 
frequency distribution of the normal modes will exhibit 
discontinuities and cusps at certain critical frequencies. 
The resolution is not yet good enough to allow observa- 
tion of these effects, but with better resolution it should 
be possible to observe the details of the distribution. Im- 
provements now being made in the apparatus will in- 
crease the resolution about threefold. 


* Work performed under contract with the U. S. Atomic Energy 
Commission. 

1G. Placzek and L. Van Hove, Phys. Rev. 93, 1207 (1954). 

2 Corak, Goodman, Satterthwaite, and Wexler, Phys. Rev. 102, 
656 (1956). 

3 L. Van Hove, Phys. Rev. 89, 1189 (1953). 
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